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On the connectivity of seams of conical intersection: Seam curvature
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The seam of conical intersection of two electronic states is said to be curved when the span of the
basis vectors describing the branching plane varies along the seam. In this work degenerate
perturbation theory is used to determine an approximately diabatic Hamiltonian that can reliably
reproduce the potential-energy surfaces in the vicinity of a point of conical intersection. This
Hamiltonian provides a rigorous description of seam curvature, and a means for obtaining the full
�Nint−2�-dimensional seam of conical intersection connected to a point of conical intersection.
© 2005 American Institute of Physics. �DOI: 10.1063/1.2114827�
I. INTRODUCTION

For a conical intersection of two states the branching
plane,1 the subspace of nuclear coordinate space in which the
degeneracy is lifted in a linear manner, has dimension 2. Its
orthogonal complement, the seam space, the subspace of
nuclear coordinate space in which the degeneracy is pre-
served, has dimension Nint−2. Here Nint is the number of
internal nuclear coordinates. In a triatomic X3 molecule, with
C3v symmetry the branching plane for the archetypical
symmetry-required Jahn-Teller conical intersection2 is de-
fined by two nuclear displacements with ex and ey symme-
tries, respectively, while the seam space is described by a
single coordinate with a1 symmetry, the breathing mode.
This partitioning of the nuclear coordinate space is deter-
mined by symmetry and is independent of the seam point,
that is the breathing coordinate always defines the seam
space and never mixes with the coordinates describing the
branching plane. Plotting the locus of seam points for the
C3v, symmetry-required conical intersection using an
�a1 ,ex ,ey� coordinate axis yields a straight line. When the
symmetry is reduced as in the case of a symmetry-allowed
A1-B2, C2v conical intersection in an YX2 molecule, the seam
space is described by a single nuclear coordinate of a1 sym-
metry. However, this coordinate can change along the seam,
as it is an admixture of two distinct a1 coordinates. Plotting
the locus of the seam points for this C2v symmetry-allowed
conical intersection using an �a1 ,a1 ,b2� coordinate axis re-
sults in a curve.

In the symmetry-required, linear seam case, although
their magnitudes may change, the span of the branching
plane vectors is unchanged along the seam. However, in the
symmetry-allowed case the orientation of �one of� the vec-
tors describing the branching plane changes as the result of
seam space–branching plane mixing, along the seam. The
notion of seam curvature is readily extended to general poly-
atomic systems using this relation between seam curvature
and the orientation of the branching plane. A seam is said to
be linear, provided the span of the vectors defining the
branching plane is independent of the seam point. When the
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converse holds the seam is said to be curved. It is this
�coordinate-system-dependent� curvature that is the subject
of this work.

Seam curvature has important conceptual and practical
implications. In the absense of seam curvature the descrip-
tion of nuclear dynamics in an adiabatic state representation
is greatly simplified as a single set of branching plane and
seam space coordinates form a convenient coordinate system
for describing nuclear motion. In this coordinate system, the
orthogonal intersection-adapted basis1,3 discussed in Sec.
II C, the singularity in the derivative coupling attributable to
the conical intersection, which is readily characterized using
perturbation theory,4 is confined to a single angular coordi-
nate in the branching plane. Seam curvature on the other
hand, by mixing seam and branching plane coordinates, pre-
cludes the global use of this coordinate system and compli-
cates the determination of the seam space. Indeed to our
knowledge, despite its fundamental importance, there have
been no determinations of the full �Nint−2�-dimensional
seam space in the vicinity of a conical intersection for mol-
ecules larger than triatomics. In this work an effective
method for accomplishing this will be demonstrated.

The mixing of seam and branching plane coordinates is
also reflected in the shape of the electronic potential-energy
surface in the seam space. At the extrema of the electronic
energy in the seam space the curvature or second derivative
of the energy is of interest. This related but alternative ap-
proach to seam curvature has recently been discussed by
Paterson et al.5

In this work seam curvature is described using a 2�2
Hamiltonian constructed from a quasidiabatic basis. The
spectrum of this Hamiltonian agrees with the full electronic
Hamiltonian through second order in the nuclear displace-
ments from a conical intersection. The construction involves
two transformations: �i� the configuration state function6

�CSF� basis for the electronic state is transformed to the
crude adiabatic basis, a basis that diagonalizes the electronic
Hamiltonian at a particular point of conical intersection Rx

and �ii� the atom-centered nuclear displacement basis for the
nuclear coordinates is transformed to an orthogonal

1 7
intersection-adapted basis including gateway coordinates, a
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potentially efficient basis for characterizing nuclear motion
near a conical intersection. Section II reviews the perturba-
tion theory that provides the theoretical underpinning of this
work. Section III shows how that treatment can be used to
provide a rigorous description of seam curvature. Section IV
illustrates that analysis using a point on the recently reported
seam of conical intersection of the 1 ,2 2A� states in
H2CCHO.8 Section V summarizes and concludes.

II. THEORETICAL APPROACH

The theoretical underpinning of this work is a perturba-
tive treatment of a general accidental conical intersection.4

That analysis, which was recently presented in some detail,7

represents an extension of our earlier analysis4 which was
based on a key work of Mead.9 Here we begin with an alter-
native derivation of key points of that analysis. The alterna-
tive derivation presented here will help to clarify the limits
of validity of this approach.

A. Change of electronic state basis:
The crude adiabatic basis

The adiabatic wave functions, � j�r ;R�, which satisfy

�He�r;R� − Ej�R��� j�r;R� = 0 �1�

are expanded in a CSF basis ��r ;R�, which is

� j�r;R� = �
�

c�
j �R����r;R� , �2a�

so that

�HCSF�R� − IEj�c j�R� = 0, �2b�

where HCSF�R� is the electronic Hamiltonian in the CSF ba-
sis. Here r�R� denote the coordinates of the Nel electrons
�Nnuc nuclei�.

In the vicinity of Rx
K,L, a point of conical intersection of

states K and L, it is convenient to replace the CSF basis with
the crude adiabatic basis,

�k
c�r;R;Rx

K,L� � �
�

c�
k �Rx

K,L����r;R� for k = 1 − NCSF.

�3�

Below �k
c�r ;R ;Rx

K,L� will be abbreviated �k
c�r ;R� and Rx

K,L

will be abbreviated Rx when no confusion will result. The
electronic state �J�r ;R� is expanded in the crude adiabatic
basis as

�J�r;R� = �
k

�k
J�R��k

c�r;R� . �4�

B. Partitioning theory and the perturbation
expansion

The crude adiabatic basis is partitioned into a Q space
consisting of the two functions which are degenerate at Rx

and its orthogonal complement the P space. Then Eq. �2b�

can be rewritten as
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�HQ,Q − E HQ,P

HP,Q HP,P − E
���Q

�P � = �0

0
� , �5a�

where Hk,l
A,B�R��ck�Rx�†HCSF�R�cl�Rx� for k�A and l�B.

Equation �5a� can be solved for �Q to yield

�H� Q,Q�E� − EI��Q = 0 , �5b�

where

H� Q,Q�E� = HQ,Q + HQ,P�EI − HP,P�−1HP,Q. �5c�

We are interested in Eqs. �5b� and �5c� to second order in
�R, �atom-centered� displacements from Rx. To this end we
expand HCSF�R� in a Taylor series

HCSF�R� = HCSF�Rx� + �HCSF�Rx� · �R

+ 1/2�R† · ��HCSF�Rx� · �R �6a�

and transform to the crude adiabatic basis giving

Hk,l
A,B�R� 	 Ek

0�Rx��k,l + ck�Rx�† � HCSF�Rx� · �Rcl�Rx�

+ 1
2ck�Rx�†��R† · ��HCSF�Rx� · �R�cl�Rx�

�6b�

�E0�Rx� + hk,l · �R + 1
2�R† · qk,l · �R , �6c�

where R=Rx+�R ,E0�Rx� is the diagonal matrix of the ei-
genvalues of HCSF at Rx.

Since the ck satisfy Eq. �2b� at Rx ,HQ,P �and HP,Q� begin
at first order in �R ,HQ,P�R�
�HQ,P�Rx� ·�R, the second
term in Eq. �5c� begins at second order, and to first order in
�R Eq. �5b� becomes

�H�ca1� − �M
�1�I��̃M,0,Q = 0 , �7�

where HM,N
�ca1��R�=hM,N�Rx� ·�R for M ,N�K ,L and �M

�1�

=EM
�1�−EK

�0��Rx�. Here the superscript 0 denotes the zeroth-
order contribution, in the expansion

�M,Q�R� = �̃M,0,Q�Rx� + �M,1,Q�R� + �M,2,Q�R� , �8a�

�M,P�R� = �M,1,P�R� + �M,2,P�R� , �8b�

for M �K ,L. The � over the �M,0,Q indicates the particular
linear combinations of the degenerate crude adiabatic states
at Rx required by Eq. �7�.

The second-order contribution is given by

�H�ca2� − IEM
�2���̃M,0,Q + �h · �R − EM

�1�I��M,1,Q

+ �E�0��Rx� − EM
�0�I��M,2,Q = 0, �9a�

where from Eqs. �5c� and �6c�

H�ca2� = �R† · H�2��Rx� · �R , �9b�

H�2��Rx� � qQ,Q�Rx�/2 + �HQ,P�Rx�

��EK
�0��Rx�I − E�0��Rx�P,P�−1 � HP,Q�Rx� ,

�9c�
and
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EM�R� = EM
�0��Rx� + EM

�1��R� + EM
�2��R� = �M + EK

�0��Rx� .

�9d�

Adding

�H�ca2� − IEM
�2���M,1,Q + �h · �R − EM

�1�I��̃M,0,Q = 0, �10a�

which is correct to second order, to Eq. �9a� gives

�H�ca2� + h · �R − I�M��̃M,12,Q � �H�12� − I�M��̃M,12,Q = 0.

�10b�

Equation �10b�, which as indicated by the superscript 12, is
correct through second order is the starting point of the
present analysis.

H�ca2� contains contributions from both the Q and P
spaces whereas H�ca1� is determined entirely in the Q space.
This result should be contrasted with Eqs. �4�–�7� in Ref. 5
which appear to be incomplete. The first-order terms are
readily computed with analytic gradient techniques10 using
the zeroth-order wave functions at the conical intersection.
However, the contribution from H�ca2� is much more difficult
to compute. From Eqs. �9c� and �10b� we must evaluate

�qQ,Q�Rx�/2 + �HQ,P�Rx��EK
�0��Rx�I

− E�0��Rx�P,P�−1 � HP,Q�Rx���M,0,Q, �11a�

which can be rewritten as

1/2qQ,Q�Rx��M,0,Q + �HQ,P�Rx�nM,P,Q,

where

nM,P,Q, = �EK
�0��Rx�I − E�0��Rx�P,P�−1 � HP,Q�Rx��M,0,Q,

�11b�

so that

�EK
�0��Rx�I − E�0��Rx�P,P�nM,P,Q = �HP,Q�Rx��M,0,Q.

�11c�

Equation �11c� is just the coupled-perturbed configuration-
interaction �CPCI� equations,11 written in the crude adiabatic
basis. The CPCI problem requires the solution of, in general,
3Nnuc systems of linear equations each with the dimension of
the CSF space. Using analytic gradient techniques to effi-
ciently evaluate the right-hand side of Eq. �11c�, this can be
done,12 but it is quite costly and we use an alternative ap-
proach espoused in Ref. 7.

C. Intersection-adapted coordinates
and the second-order expansion

To describe the vicinity of a conical intersection of states
K and L is convenient to replace the atom-centered displace-
ments �R with the orthogonal3 Cartesian intersection-
adapted coordinates,1 v�i�, i=1− �Nint−2�.

v�i� = �
j

Tj,iR̂ j , �12�
where
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v�l� = x̂, v�2� = ŷ and v�k+2� = ẑ�k�, k = 1 − �Nint − 2�

and x̂ = gK,L�Rx�/g, ŷ = hK,L�Rx�/h,

g = �gK,L�Rx��, h = �hK,L�Rx�� �13a�

gK,L�Rx� = �hK,K�Rx� − hL,L�Rx��/2. �13b�

The ẑ�j�, j=1− �Nint−2� need only be orthogonal to x̂ and ŷ.
x̂ and ŷ are, in turn, orthogonal by virtue of the fact that gK,L

and hK,L, which define the g-h or branching plane, can be so
chosen.3,13 It will also be convenient to define cylindrical
polar intersection-adapted coordinates, �� ,	 ,z�j��, j=1
− �Nint−2�, where x=� cos 
 and y=� sin 
. Then denoting
x= x̂ ·�R, y= ŷ ·�R, z�k�= ẑ�k� ·�R, Eq. �7� can be rewritten as

�H�ca1� − �̃�1�I��0,Q = �− gx�z + hy�x − �̃�1�I��0,Q = 0,

�14a�

where the �w are the Pauli matrices

�̃�1� = E�1� − �EK
�0��Rx� + �

j�Nint

sz�j�z�j�
 � ��1� − ��R�

�14b�

and

2sK,L�Rx� = hK,K�Rx� + hL,L�Rx� . �14c�

Now define

u��� = � cos � sin �

− sin � cos �
� . �15�

Then

H̃�1� − �̃�1�I � u��/2�†�H�ca1� − �̃�1�I�u��/2�

= − �q�
��z − �̃�1�I = 0 , �16�

that is, H̃�1� is diagonal and has eigenvalues ±�q, provided

tan ��
� = hy/gx = h sin 
/g cos 
 �17a�

and

q�
�cos ��
� = g cos 
, q�
�sin ��
� = h sin 
 .

�17b�

The transformation in Eq. �16� is equivalent to the change of
basis

�̃K,0,Q = cos��/2��K,0,Q − sin��/2��L,0,Q, �18a�

�̃L,0,Q = sin��/2��K,0,Q + cos��/2��L,0,Q. �18b�

From Eqs. �9b� and �9c� H�ca2��R� consists exclusively
of terms quadratic in displacements �R that is, polynomials
with terms, x2, xy, y2, xz�k�, yz�k�, and z�k�z�l�. Then Eq. �10b�
becomes

�H̃�12� − I�̃M��̃M,12,Q = �− �Ag
�ca2� + gx��z + �Ah

�ca2� + hy��x

− I�̃M��̃M,12,Q = 0, �19a�
where
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�̃M = EM − EK
�0��Rx� − ��R� − As

�ca2�, �19b�

and the Aw
�ca2� are polynomials of degree 2

Aw
�ca2� = Aw�x,y,z� + Aw

�c��x,y,z� , �20a�

Aw = Axy,w�x,y� + Azxy,w�x,y,z� , �20b�

Aw
�c� = �

k,l�seam
bk,l

�w�z�k�z�l�, �20c�

A�xy,w� = a1
�xy,w�x2 + a2

�xy,w�y2 + a3
�xy,w�xy , �20d�

A�zxy,w� = Azx,w�x,z� + Azy,w�y,z�

� �
k=1

Nint−2

�ak
�zx,w�x + ak

�zy,w�y�z�k�, �20e�

for w=s ,g ,h. The parameters, a�w�,w� and b�w� are evaluated
by comparison with numerical ab initio results. Note that if
Ag

�c� and/or Ah
�c� are nonvanishing there will be conical inter-
sections for ��0 and therefore seam curvature.

results—discussed in Sec. IV B—although the criteria for the
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The eigenvalues of H̃�12� are

�̃± = ± ��Ag
�ca2� + gx�2 + �Ah

�ca2� + hy�2

= ± ��Ag
�ca2� + �q cos ��2 + �Ah

�ca2� + �q sin ��2

	 ± ���q�2 + 2�q�Ag
�ca2� cos � + Ah

�ca2� sin �� , �21a�

which using �1+x�1/2
1+1/2x, becomes correct to second
order

	 ± ��q + �Ag
�ca2� cos � + Ah

�ca2� sin ��� . �21b�

For Eq. �21b� to be valid

Aw
�ca2�/�q��, w = g,h must be small, that is of order � .

�22�

An equivalent result is obtained from

u�
/2�†�H̃�12� − �̃I�u�
/2� = 0 , �23a�

with 
 evaluated through first order. Using tan�x+��
2
	 tan x+� / cos x, gives
tan 
 =
�hy + Ah

�ca2��
�gx + Ag

�ca2��
=

��q sin � + Ah
�ca2��

��q cos � + Ag
�ca2��

= tan �
1 + Ah

�ca2�/��q sin ��
1 + Ag

�ca2�/��q cos ��
	 tan ��1 +

Ah
�ca2�

�q sin �
−

Ag
�ca2�

�q cos �
�

= tan � +
Ah

�ca2� cos �

�q cos2 �
−

Ag
�ca2� sin �

�q cos2 �
	 tan�� +

Ah
�ca2� cos � − Ag

�ca2� sin �

�q
� , �23b�
so that


 = �� +
Ah

�ca2� cos � − Ag
�ca2� sin �

�q
� . �24�

Again for this result to be valid the criteria in �22� must hold.
Equations �21b� and �24� are the linchpins of the analysis
that follows.

D. Derivative couplings

The derivative couplings, neglecting the �small� gradi-
ents of the crude adiabatic basis functions, are given by

��̃L,12,Q���̃K,12,Q� = − �
/2

= − ��/2 − ��Ah
�ca2� cos � − Ag

�ca2� sin �

2�q
� .

�25�

From Eq. �20a� Aw
�ca2� /�=Aw�x ,y ,z� /�+Aw

�c��x ,y ,z� /�. As �
→0, Aw�x ,y ,z� /� is finite while Aw

�c��x ,y ,z� /� diverges.
Thus in the absence of seam curvature the derivative cou-
plings attributable to the second term in Eq. �24� are finite.
The contribution from the seam curvature terms are singular
when �=0. This is consistent with our computational
validity of the perturbation expansion in �22� fails in general
as �→0, provided the numerator in Eq. �22� does not also
vanish.

E. Determining the coefficients

In Ref. 7 we explained how the a�l,w� can be evaluated
using ab initio energies, energy gradients, and derivative
couplings. It therefore only remains to evaluate the b�w�.
From Eq. �25�

− fz�k� =
�

�z�k�
�Ah

�c� + A�zxy,h��cos � − �Ag
�c� + A�zxy,g��sin �

2�q
,

�26a�

while from Eq. �21b�, the energy difference gradient is given
by

���̃+ − �̃−�
�z�k� � �k�± = 2

�

�z�k� ��Ag
�c� + A�zxy,g��cos �

+ �Ah
�c� + A�zxy,h��sin �� . �26b�

Since �� /�z�k��Aw
�c��x ,y ,z�=−�� /�z�k��Aw

�c��x ,y ,−z�, while
�k� �zxy,w� �k� �zxy,w�
�� /�z �A �x ,y ,z�= �� /�z �A �x ,y ,−z� we have
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− �q
�fz�k��x,y,z� − fz�k��x,y,− z��

2
= cos � �

l�seam
bk,l

�h�z�l�

− sin � �
l�seam

bk,l
�g�z�l� � ��q/2��fz�k�, �27a�

��k�±�x,y,z� − �k�±�x,y,− z��
8

= cos � �
l�seam

bk,l
�g�z�l�

+ sin � �
l�seam

bk,l
�h�z�l� � �1/8����k�±� , �27b�

which can be combined to give
cal intersection which we take as the origin.
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�q�fz�k� cos � + 1/4���k�±�sin � = 2 �
l�seam

bk,l
�h�z�l� �28a�

− �q�fz�k� sin � + �1/4����k�±�cos � = 2 �
l�seam

bk,l
�g�z�l�.

�28b�

Thus given the derivative coupling and the energy difference
gradients at ±z�j� gives the rows bk,j

�w�, k=1− �Nint−2�.
Since the A�zxy,w� are already known we can also define
�q�fz�k� � �q�− fz�k� −
�xak

zx,h + yak
zy,h�cos � − �xak

zx,g + yak
zy,g�sin �

2�q

 = �

l�seam
bk,l

�h�z�l� cos � − �
l�seam

bk,l
�g�z�l� sin � , �29a�

1

4
���k�±� =

1

4
� ���̃+ − �̃−�

�z�k� − 2��xak
zx,g + yak

zy,g�cos � + �xak
zx,h + yak

zy,h�sin ��� = �
l�seam

bk,l
�g�z�l� cos � + �

l�seam
bk,l

�h�z�l� sin � .

�29b�

Then Eqs. �28a� and �28b� can be used to obtain b�w� with the replacements �fz�k�→2�fz�k�, and ���k�±�→2��k�±. The use of
Eqs. �29a� and �29b� in lieu of �28a� and �28b� replaces centered differences with either forward or backward differences,
reducing the cost of determining the b�w�, but potentially reducing their accuracy. In Sec. IV it will be shown that the use of
Eqs. �29a� and �29b� can actually improve the accuracy of the b�w� in some cases.

The b�s� are obtained from the gradient of the average energy using centered �or forward or backward differences�

2 �
l�seam

bk,l
�s�z�l� = � �

�z�k�ELK�x,y,z� −
�

�z�k�ELK�x,y,− z��/2. �30�

The derivative couplings defined in Eq. �26a� satisfy

�

�z�i� fz�k� = −
�2

�z�i��z�k�
�Ah

�c� + A�zxy,h��cos � − �Ag
�c� + A�zxy,g��sin �

2�q
=

�

�z�k� fz�i�, �31a�
that is

�

�z�i� fz�k� −
�

�z�k� fz�i� = 0. �31b�

Derivative couplings that satisfy Eq. �31b� are said to be
removable.14 However, it is known that Eq. �31b� is not in
general true for derivative couplings14 and is certainly not
true for the derivative couplings based on multireference
configuration-interaction �MRCI� wave functions used in this
work. As a consequence the b�w�, w=g ,h obtained from the
above approach are not exactly Hermitian. This limitation is
resolved by averaging the off-diagonal matrix elements of
the b�w�, w=g ,h.

III. SEAM CURVATURE

In this section we consider the locus of the seam of
conical intersections in the vicinity of an initial point of coni-
A. General considerations

The situation we wish to describe is illustrated in Fig. 1.
There are depicted two points of conical intersection with
attached axis systems �x ,y ,z� and �x� ,y� ,z��. In the absence
of seam curvature the primed axes differ from the unprimed
axes by at most a mixing of the g and h directions, see
Eqs.�38a� and �38b�. In Fig. 1 the g-h planes are tilted with
respect to each other as a consequence of seam curvature.

The Hamiltonian H̃�12� contains information about the
curvature in the vicinity of the origin. To extract this infor-
mation we write the primed axes as shifted and tilted with
respect to the original axes, that is

x = x� + � ,

y = y� + � , �32�

zk = z� + �k.
k
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These replacements are then inserted into H̃�12�, giving

H̃�12� = �− g�x� + �� − Ag
�ca2��x� + �,y� + �,z� + �� − h�y� + �� − Ah

�ca2��x� + �,y� + �,z� + ��
g�x� + �� + Ag

�ca2��x� + �,y� + �,z� + ��
� . �33�
The condition that the point �� ,� ,�� correspond to a conical
intersection is that the constant terms, the terms involving
only �� ,� ,��, vanish in each �only two are unique� matrix

element of H̃�12�, that is

g� + Ag
�ca2���,�,�� = 0, �34a�

and

h� + Ah
�ca2���,�,�� = 0, �34b�

specifically

0 = ��g + a3
xy,g� + �az,x,g†

��� + a1
xy,g�2 + a2

xy,g�2

+ �azy,g†
��� + �

i,j
bi,j

�g���i���j� �35a�

and

0 = ��h + a3
xy,h� + az,y,h†

�� + a1
xy,h�2 + a2

xy,h�2

+ �azx,h†
��� + �

i,j
bi,j

�h���i���j�, �35b�

where azw,w�†
���kak

zw,w���k� for w=x ,y and w�=g ,h.
The linear terms, those involving x�, y�, or z��k� to the

first power, for H̃1,1
�12� determine g at �� ,� ,�� while the linear

terms for H̃1,2
�12� determine h. Thus g�� ,� ,�� has components

along the x̂�, ŷ�, and ẑ��k� directions with

g��,�,�� · �R� = �g + a1
xy,g2� + a3

xy,g� + azx,g†
��x�

+ �a2
xy,g2� + a3

xy,g� + azy,g†
��y�

+ �
k
��ak

zx,g� + ak
zy,g��

+ �
i

�bi,k
�g� + bk,i

�g����i�
z��k�, �36a�
and similarly for h
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h��,�,�� · �R� = �h + a2
xy,h2� + a3

xy,h� + azx,h†
��y�

+ �a1
xy,h2� + a3

xy,h� + azy,h†
��x�

+ �
k
��ak

�zx,h�� + ak
�zy,h���

+ �
i

�bi,k
�h� + bk,i

�h����i�
z��k�, �36b�

where we have suppressed the state labels on g and h. The g
and h determined by Eqs. �36a� and �36b� define a unique
plane, the g-h or branching plane. However, g and h ob-
tained from Eqs. �36a� and �36b� need not be orthogonal
which makes them difficult to compare with ab initio results
which routinely use orthogonal g and h.3,13 In this regard the
magnitude of the cross product of g and h �a vector perpen-
dicular to the g-h plane�

�g � h� = �g� �h�sin � , �37a�

where

cos � = �g · h�/��g� �h�� �37b�

is a particularly useful quantity. It is invariant to the rotation
used to make the g, h perpendicular and hence is directly
comparable to the corresponding ab initio quantity.

B. The linear seam limit

When the b�w�=0, w=g ,h, the linear seam limit, Eqs.
�35a� and �35b� have solutions �� ,��=0. In this case Eqs.
�36a� and �36b� give

g�0,0,�� · �R� = �g + azx,g†��x� + azy,g†�y�, �38a�

h�0,0,�� · �R� = �h + azy,h†��y� + azx,h†�x�, �38b�

that is the orientation of the g-h plane remains unchanged.

IV. NUMERICAL EXAMPLE: 1 2A-2 2A SEAM
IN H2COOH

The ideas developed above are illustrated and tested us-
ing a point on the 1 2A-2 2A seam of conical intersection in
H2CCOH pictured in Fig. 2. The description used here is
based on our recent treatment8 of conical intersections in this
system which we briefly describe below. The goal here is to
illustrate both the potential of the present approach and the
numerical issues encountered in its application rather than to
provide an in-depth analysis of the H2CCOH seam.

A. Level of treatment

The 1 2A and 2 2A states �abbreviated as the 1 and 2

states� of vinoxy are described at the MRCI �Ref. 10� level.
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The molecular orbitals were expanded in an atomic-orbital
basis comprised of Dunning’s cc-pvtz basis on each atom
and determined from a complete active space, state-averaged
multiconfigurational self-consistent-field �SA-MCSCF�
procedure15 which averaged two states with equal weights.
No spatial symmetry was used. In the SA-MCSCF treatment
the molecular orbitals were partitioned into eight doubly oc-

FIG. 1. Two representative points on a curved seam separated by �� ,� ,��.
The �x ,y ,z� and �x� ,y� ,z�� axes are parallel. The second axis system at
�� ,� ,�� indicates the orientation of the g-h plane tilted relative to the
�x� ,y� ,z�� axes owing to seam curvature.

FIG. 2. Rx, the geometry of the H2CCHO 1,2 2A conical intersection used
in this study. Distances in a0 using plane-type face, and angles in degrees

using italic-type face.
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cupied orbitals and an active space of seven electrons in five
orbitals. The MRCI expansion was a first-order
configuration-interaction expansion relative to a 3-orbital
6-electron core space and a 10-orbital 17-electron active
space and consists of 65 020 CSFs. The MRCI calculations
reported here were performed with the COLUMBUS �Ref. 16�
codes.

B. Fitting procedure

The geometry of the �partially� energy-optimized point
of conical instruction used in this work is illustrated in Fig.
2. This point was taken as the origin of a �3Nnuc−6
=12�-dimensional internal coordinate system. H�12� were de-
termined in three steps. In step 1, the internal coordinates
were partitioned into two branching plane coordinates �x ,y�

�k�

FIG. 3. fz�k� from ab initio calculations �open markers� from perturbation
theory �filled markers�, for k=1–3 plate �a� and k=4–6 plate �b�. Using
perturbation theory fz�k� =0 for k�4 since gateway modes are used. Note the
change in the ordinate scale as k increases.
and ten seam space coordinates, z , with the branching
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plane modes constructed as in Eq. �13�, that is, they are
parallel to g1,2 and h1,2. The first-order coefficients in the g
-h plane, see Eqs. �14a�–�14c�, are g=0.042 938 0, h
=0.007 152 3, sx=−0.220 170 0, and sy =0. This is an asym-
metric double cone, strongly tilted in the positive x
direction.17

In the second step, using an initial set of arbitrary seam
space coordinates, the a coefficients were determined using
the three-point fitting procedure described in Ref. 7 with �
=0.03; 
=0°, 45°, 90°; and all z�i�=0. In that approach,
which is a generalization Eqs. �28a� and �28b�, the a are
determined from the results of MRCI calculations and per-
turbative expressions for the energy, energy difference, their
gradients, and the derivative couplings in the g-h plane. As
explained in Ref. 7 the a coefficients are sufficient to trans-
form the seam space coordinates into four gateway coordi-
nates z�k� ,k=1–4, and six unoptimized coordinates, z�k� ,k
=5–10. The gateway coordinates, as discussed in Ref. 7, are
a transform of the seam space basis, which consolidates the

ak
�zw�,w� so that at most the first four components are nonzero

in any ak
�zw�,w�, w�=x ,y, w=g ,h. In the gateway representa-

tion the derivative couplings with respect to z�k�, k=5–10 for
nuclear configurations in the g-h plane vanish for H�12� and
are expected to be small for the MRCI calculations. These
expectations are confirmed in Figs. 3�a� and 3�b� which re-
port fz�k��� ,
 ,0� for �=0.03. Figure 3�a� reports the results
for k=1–3 while Fig. 3�b� reports the results for k=4–6.
Note that the range of the ordinate scale decreases dramati-
cally as k increases. The systematic reduction in the �fz�k�� in
the g-h plane is characteristic of the gateway transformation.

In the third step the b�w� are determined. Unless other-
wise noted, for w=g ,h, the bm,n

�w� m�n were evaluated using
Eqs. �28a� and �28b� while the bm,m

�w� were evaluated using Eq.
�21b�, that is the diagonal matrix elements were chosen on
the basis of the total energies while the off-diagonal matrix
elements were determined using energy gradients and deriva-
tive couplings. In the remaining cases, as a form of sensitiv-
ity analysis, all b�h� and b�g� were determined from Eqs. �28a�
and �28b�. The b�s� were determined using Eq. �30�. Four
distinct orientations of �R, given by the spherical polar co-
ordinates �r ,	 ,
� where r= ��R�, x=r sin 	 cos 
, y
=r sin 	 sin 
, z0=r cos 	 were considered. They will be de-
noted fit k, for k=1–4 and correspond to �r ,	 ,
�

TABLE I. Seam points from H�12�. Energies from H�

predictions from H�12�. Energies in cm−1 relative to
E1=−152.397 054 838 a.u. and E2=−152.397 054
= ��1 ,�2 , . . . ,�nseam� are indicated. Fit 1 used r=0.0
=45°. The superscript �nc� uses x=y=0 and �, as ind

� � �

0.1176�−2� 0.2�−5� 0.3�−1�2

0.489�−3� 0.101�−3� 0.02122 ,0.0212
= �0.03,10° ,0° �, �0.03, 10°, 45°�, �0.03, 80°, 45°� and �0.01,
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45°, 45°�, respectively. For each choice of �r ,	 ,
� calcula-
tions were carried out for �R= �x ,y ,0 ,0 , . . ±z�k�

=z0 ,0 ,0 , . . . � with k=1− �Nint−2�. With these data the H�12�

are constructed and used to determine and analyze the seam
space. If higher-order terms were completely negligible these
H�12� would be identical but is not the case. Here we will
focus on modes z�k� ,k=1, 2, 3, and 6.

It will be shown below that there is virtually no curva-
ture along mode 6, but that modes 1 and 2 exhibit a signifi-
cant curvature. Consistent with this observation is the com-
putational finding, suggested in Sec. II D, that for fit 2 where
	 is small, 10°, fz�k� for k=1 a large curvature direction, will
be large. It is much larger than fz�k� for k=6, a small curva-
ture direction and too large to be handled by perturbation
theory. However, for fit 3 where 	 is large, 80°, the fz�k� are
all small. These observations reflect the fact that as 	 ap-
proaches 90°, �
r sin 	 increases and the z�k�
z0 decrease,
so that criteria �22� are satisfied whereas for 	 small criteria
�22� may not hold.

C. The seam space

To determine a seam point near Rx one fixes the values
of z�k�=��k�, k=1− �Nint−2� and then determines the �x ,y�
= �� ,�� that yield degenerate energies. This process is re-
peated until seam points have been determined for all desired
�. Here this is accomplished by fixing the ��k� separately or in
combination and then solving Eqs. �35a� and �35b� to obtain
the �� ,�� that give rise to a seam point, �Rsp= �� ,� ,��. For
each �Rsp E1 and E2 were obtained from H�12� and from the
MRCI wave functions. To provide an estimate of the size of
the seam curvature correction, E1

�nc� and E2
�nc� were deter-

mined for �Rnc= �0,0 ,��, the seam point in the absence of
seam curvature, using both H�12� and the MRCI wave func-
tions. Figures 4�a�–4�c� depict the seam for displacements
along the z�2�, z�6�, and z�1� directions, respectively, and Table
I reports additional results. In general the agreement between
the H�12� predictions �solid lines� and MRCI results is excel-
lent, provided �z��0.03 and deteriorates somewhat for
larger displacements and is not the same for ±z�k�.

In Fig. 4�a� � is seen to increase approximately quadrati-
cally with ��2�. The differences between Ei �open and filled
squares� and Ei

�nr� �� and �� are significant. Thus the seam is
curved. This situation should be contrasted with that for z�6�,

ove results from MRCI wave functions based on the
y at the origin, a point of conical intersection with
a.u. Only nonvanishing components of �
10°, and 
=0. Fit 2 used r=0.03, 	=10°, and 

d.

E1 E2 E1
�nc� E2

�nc�

56.02 56.02 126.60 104.43
55.44 56.39 104.94 125.88

56.67 56.67 76.65 85.75
55.98 57.46 76.20 86.10
12� ab
energ
838

3, 	=
icate

Fit 1

Fit 2

3

in Fig. 4�b�. The deviation of � from zero is so small that

AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



204101-9 Seams of conical intersections J. Chem. Phys. 123, 204101 �2005�
linear seam approximation holds. Interestingly seam curva-
ture is small for z�k� outside the gateway coordinates space,
that is k�4, although a convincing argument for the origin
of this observation is not obvious.

In addition to these single direction seam points Table I
also reports a mixed axis seam point. Such points test the
off-diagonal matrix elements of the b�w� w=g ,h. Again here
predicted values are seen to be in good accord with the
MRCI results.

In the case of limited seam curvature �� ,�� are small so
fit k parameters with 	 close to 0 are desirable. However, this
is only true provided �
r sin 	 does not become so small
that the criteria �22� fail. Figure 4 addresses this issue com-
paring the predicted Ei and x=��
�� for z�2�=0.03 a.u. using
fits 2–4, which have 	=10°, 80°, 45°, respectively. The pre-
dictions are seen to be in reasonable accord.

While the above results paint a justifiably positive pic-

FIG. 4. A description of the seam space based on mode z�2� �plate a�, on mod
are in cm−1 relative to the energy at Rx where E1=E2=−152.397 054 838 a.u
The left ordinate reports x �
y�, the x ,y coordinates, such that �x=� ,y=
right-hand ordinate. The remaining markers on plate a compare fit 2 with fit
tilted triangle gives x=� for fit 4. The squares with diagonal lines with a pos
a negative slope give the MRCI energies for fit 4. The fit 4 squares largely
centered differences.
ture of this method, the approach is not problem-free. The
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seam points for fits 2–4 occur largely for �
�, that is, 


45°. However, when fit 1 is used �see Table I� at z�2�

=0.03 a.u. the solution has �
0. Comparing the solutions in
Table I and Fig. 4�a� one finds that fit 1 provides a somewhat
better description, although the differences are small, ap-
proximately 4 cm−1. This lack of precision in � is attribut-
able to the small value of h compared to g which reduces the
sensitivity of the fitting procedure to changes in y. Indeed
when Eqs. �28a� and �28b� are used exclusively the magni-
tude of y=� decreases.

The z�1� mode offers interesting challenges. Curvature is
larger along z�1� than along the remaining z�k�, as can be seen
from the scale on the left-hand ordinate in Figs. 4�a�–4�c�.
The larger curvature for mode 1 complicates its numerical
description near z�1�=0.03 since the derivative couplings be-
come large so that the criteria �22� are violated. Using cen-
tered differences and comparing fits 1–3 which each have r

�plate b�, and on mode z�1� �plate c� in the vicinity of Rx in Fig. 2. Energies
solid lines are the results from H�12�. The “�ab�” indicates the MRCI results.
. . .z�i�=��i� , . . . ,0� is a point of conical intersection with energy given by
nd 4 at z�2�=0.03 a.u. The filled tilted triangle gives x=� for fit 3. The open
slope give the MRCI energies for fit 3. The squares with diagonal lines with
ure the fit 3 squares. On plate c the z�1�=0.03 results are from fit 3 using
e z�6�

. The
� ,0 ,
s 3 a
itive

obsc
=0.03 only fit 3, with 	=80° satisfies criteria �22�. However,
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the extrapolation from 	=80° to small 	 is not sufficiently
accurate—in this region—to produce a seam point �see Fig.
4�c��. When this region is avoided by using a backward dif-
ference in Eqs. �29a� and �29b� better results are obtained. In
fact, Fig. 4�c�, unlike Figs. 4�a� and 4�b�, is based on back-
ward rather than centered differences. The success of the
backward difference approximation is encouraging since it
can significantly reduce the computational effort required to
determine H�12�. The difficulty with the region near z�1�

=0.03 can be overcome by a careful choice of r and 	 or if
need be by interpolation. This point will be addressed in
future work.

At each of the predicted points of conical intersection
Eqs. �36a� and �36b� give the g1,2 and h1,2 relative to the
predicted point of conical intersection. While we do not tabu-
late these vectors in this work the concurrence of the results
of ab initio calculations and the predictions of Eqs. �36a� and
�36b� are evinced by the agreement of the cross product
g1,2�h1,2 discussed above. While expected this result is
gratifying.

Finally, it should be noted that the Hamiltonian H�12�

constructed as described in this work provides a quasidia-
batic representation of a generally curved seam of conical
intersection while reliably reproducing the adiabatic energies
in the vicinity of a point of conical intersection. In future
work it will be important to assess the range of nuclear dis-
placements for which this approach is valid and how it re-
lates to the degree of seam curvature.

V. SUMMARY AND CONCLUSIONS

This work addresses two key issues in describing the
connectivity of a seam of conical intersection. A convenient
way of determining the curvature of a seam of conical inter-
section is developed, as is a practical method for determining
the entire �Nint−2�-dimensional space of conical intersec-
tions in the vicinity of a point of conical intersection. These
goals were achieved using perturbation theory to expand the
energy and derivative couplings in a power series in dis-
placements �R from a point of conical intersection. This
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to 
analysis was then used to construct a 2�2 Hamiltonian �in a
quasidiabatic basis� whose spectrum reproduces that of the
original NCSF�NCSF Hamiltonian to second order in dis-
placements. The parameters of this Hamiltonian are deter-
mined from a knowledge of energies, energy gradients, and
derivative couplings at as few as Nint+1 points near the ori-
gin. This Hamiltonian can then be used to determine the full
�Nint−2�-dimensional seam of conical intersection in the vi-
cinity of a single point of conical intersection and readily
accommodates seam curvature.
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