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On the properties of the seam and branching spaces of conical
intersections in molecules with an odd number of electrons:
A group homomorphism approach
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The properties of the branching and seam spaces of conical intersections in a molecule with an odd
number of electrons are explored for the general case, where the molecule has no spatial symmetry
and the Hamiltonian explicitly includes the spin—orbit interaction. A realization of the
homomorphism connecting the symplectic group of order 44)Sgand the group of proper rotations

in five dimensions S®) is used to find an orthogonal representation of the branching space that
preserves the standard form of the electronic Hamiltonian near a conical intersection. An invariant
property of the branching space is also identified. These findings extend previous results for the
nonrelativistic Hamiltonian and the relativistic Hamiltonian witBg symmetry. A model
Hamiltonian representing a tetra-atomic molecule with three coupled doublet electronic states is
used to demonstrate the efficacy of the approach and illustrate possible seam loci. The seam of
conical intersection is shown to have two distinct branches, one bounded and one infinite in extent.
The branching spaces of these seams are characterized00® American Institute of Physics.
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I. INTRODUCTION istic case withC4 symmetry, wheren=3,'? and suggested
that a similar result is also possible for the=5 case-> For

In the vicinity of a conical intersection the difference of =2 and 3, thep(7—1)/2 equations defining the orthogonal
the energies of the two adiabatic potential energy surfaces igpresentation of the branching space can be readily ex-
lifted in a linear manner if the displacement includes a compressed in terms of the parameters defining the unitary trans-
ponent of the branching spate, vector space of dimension formation of the electronic states. Fge=5 this approach is
7. In other words the distinguishing property of the branch-impractical and an alternative approach is required.
ing space is that, regardless of the number of internal coor- Near a conical intersection the electronic Hamiltonian,
dinates, then internal coordinates spanning this space alonéncluding the spin—orbit interaction, of a system with an odd
are responsible for the double cone topography of the intemumber of electrons, can be expanded in terms of five basic
secting adiabatic potential energy surfaces. The orthogondx4 Hermitian matrices. The use of these basic matrices
complement of the branching space is the seam space. Fgreatly simplifies the treatment of such systems. For ex-
the nonrelativistic Hamiltonian, which describes spin-ample, this representation was used by Mead to describe the
conserving, electronically nonadiabatic procegsésy=2.  Jahn—Teller effect in tetrahedral GHwith the spin—orbit
When the spin—orbit interaction is included the situation re-interaction explicitly included? Here we show how these
mains unchanged, provided the molecule has an even numrmatrices can be used to determine the unitary transformation
ber of electrons. However for molecules with an odd numbeof the electronic states that produces the orthogonal repre-
of electrons, odd-electron molecules, including the spin-sentation of the =5 branching space. Using Weyl's
orbit interaction changes the situation qualitatively. In thiswell-known'® method for demonstrating the homomorphism
casen is 5 in general, or 3 wherC, symmetry can be of SU(2) onto SG3), we generate an explicit representation
imposed© of homomorphism of S@)!*’ onto S@5), in the space

It is highly desirable to describe the branching space irspanned by five basic matrices. Here 8l(s the group of
terms of an orthogonal set of nuclear displacemédunex-  NXN unitary matrices with determinantl, and SOi) is
tors). This requires a particular choice, unitary transforma-the group of proper rotations M dimensions. Sp(2) is the
tion, of the degenerate electronic states at the conical intesympletic group of order 2, here a subgroup of SB),*’
section. Previously we have determined this transformatiofior 2n=N. This homomorphism associates with a rotation of
in the nonrelativistic case, wherg=2"* and in the relativ- the branching space vectors, an element of53Ca unitary

transformation of the electronic states, an element ¢#)Sp

30n sabbatical leave at Department of Chemistry, Johns Hopkins UniverThe eXplICIt form for this homomorphlsm deduced here ob-

sity, Baltimore, MD 21218; Electronic mail: sshan@miju.ac.kr yiates the _construction of thg(»— 1)/2 orthogonality equa-
PElectronic mail: yarkony@jhu.edu tions and is the key to the present approach.
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While this unitary transformation changes the overlap ofHere VH®SF is the gradient of the electronic Hamiltonian
the branching space vectors, in the2 and 3 cases a quan- matrix in the CSF basis. It is important to recall that tile
tity was found that is invariant under this transformation. Inare readily evaluated using analytic gradient technidfies.
the nonrelativistic case this invariant proved useful in locat- H is a specific example of a matrM composed of two
ing the special set of nuclear configurations referred to amdependent square submatricagndb,
confluences where two branches of the same seam of conical
intersections interse¢t:*® Nuclear dynamics near a conflu- :(
ence of seam branches is expected to differ significantly —b* a*

from that near a true conical intersection since the potent|a|.hIS form for M reflects the use of an OTRA basis, the fact
energy surface topography is dramatically different in thes%hat_l_ is antiunitary, that is

=[ab]. (33

two regions®®

In Sec. Il we describe the homomorphism and how it can (| ¢)* :<Tz,//|T¢>> (3b)
be used to determine the transformation of the electronic
states and the associated invariant for #€5 case. In Sec. and thatT?= 1 for an odd electron systeffl.in an OTRA

lll, the efficacy of this approach is established, branchingoasis the matrix of any linear operator that commutes With
spaces are characterized, and possible connectivities of corias the form oM, will be referred to as d-typematrix and
cal intersection seams illustrated in the=5 and 3 cases Will be denoted a;b]. Note that ifM is Hermitiana too is
using a model Hamiltonian corresponding to three couplediermitian, butb is antisymmetric.

doublet states in a tetra-atomic molecule. Section IV summa- Equation(2a) is the starting point for present analysis.

rizes and discusses directions for future study. The five real vectorsy®, ... v(), with
hil — hil = 2y(3),
Il. THEORY hil =y —jy(2), (4

For a molecule with an odd number of electrons all elec-  h"TI=v(*—jv(®),
tronic eigenstates come in_degenerate paf¢q;Q) and
TV(q;Q)=V+i(q;Q). HereT is the time reversal operator
and q[ Q] denote the electronifnucleat coordinates. See
Refs. 10, 13, and 20 for a discussion of time reversal anqu i This is a consequence of the fact that¥t! the ¥, ,
electronic states. In this work th_e elecj[ronic states are ag_; T j andTj, are defined only up to @-type unitary
sumgd to_be expanded_to a baS|st of time reversal adaptet'FJansformatlonLJ In the following we demonstrate how this
configuration state function&CSFs: unitary transformation can be chosen so thatufYebecome

form the basis for the branching spaceXt!. These vectors
are in general linearly independent but need not be orthogo-
nal. Indeed they are not even continuous as a function of

NCSF orthogonal and consequently continuous. In addition this
¥ (q;Q)= 2 c';(Q)¢a(q;Q). (1) choice ofU provides a valuable tool for analyzing a conical
a=1 intersection.

In a time reversal adapted basis the CSFs come in gairs s A compact representation of the electronic
andepa The basis is referred to as an ordered time reversaiiamiltonian near a conical intersection
adapted(OTRA) _basis provided the functions are ordered,
VoW, Wy, o Ty, Thg, T, ... . The construction of

. o . : scribing the vicinity of a conical intersection. FaA!
a time reversal adapted CS_F basis is described in Ref. 20. — (x.y,2,v.W), where the subscriptdenotes the transpose, a
As a consequence of time reversal symmetry, a conical,.

: . . ; 4 i displacement in these scaled intersection adapted
interaction of potential energy surfaceandj, atQ*", rep-

coordinates, Eq. (2a) becomes
resents an intersection of two pairs of degenerate states

The v provide a convenient coordinate system for de-

(b, ,T‘If) and (¥ ,T\If) Then, as discussed in detail in z X—iy 0 v—iw
Ref. 13, nearQ*", W|th_ the states in the ordeW;, Wy, X+iy —z —(v—iw) 0
Wi, W1, the electronic Hamiltoniam® and its traceless H(Q)= . .
| . . - 0 —(v+iw) z X+i
partH can be written to first order in displacements from v y
Q*' [see Eq(129 in Ref. 13 as v+iw 0 X—iy -z
H(Q)=H%Q)—(s"-5Q)! =(Iy,I,.T,.T,,[)-A (58
gl h'l 0 h'Ti Here the 4«4 matricesI',, k=x,y,z,v,w are T-type, spe-
i gl —HT 0 cifically (see also Ref. 14
I —RiTi* gl hii* "oQ, (28 I'v=[oy;0] for k=x,y,z,
RiTI* 0 hi — —gl r,=[0ioy], (5b)
whereQ=Q*1+ §Q, 28/ =h"+hil, 2g'=hil —hl r,=[0,0y],
hl(Q)=c (Q*1)TVHECSHQ)d(Q*1). (2b)  where theo are the Pauli matrices.
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B. Unitary transformations, rotations,
and the Sp (4)—SO(5) homomorphism

In this section we describe the general relation between

S. Han and D. R. Yarkony

it must have the form oM in Eq. (3a). Thus forN=2n,
time reversal symmetry limitsl to 2n2+2n2=4n? indepen-
gent matrix elements. AlsdU", a Hermitian matrix, is again

T-type unitary transformation of the electronic states and d-type witha Hermitian andb antisymmetric. Further if the

rotation of the five-component vecta. This relation is
given by the homomorphism of &, the T-type subset of
SU(4), onto S@5).2%" These results, which are knowh?’

U is to be unitary thera=1 and b=0. Sincea=1 gives
n+2xn(n—1)/2 independent equations arz=0 gives
2Xn(n—1)/2 independent equations, the number of unde-

are presented here since they provide the foundation fdined parameter®y(n) is given by

the realization of the homomorphism derived in Secs. Il C

and Il E.

Observe that a unitary transformationtdthat preserves
time reversal symmetry must produce ldh which has the
same form as in Eq5a) except with different entries, that is

H'=UHU'
=(I,.I,,I,,I',,T)-A’
E(FX,Fy,FZ,Fv,FW)°R(U)A (63)

with R(U) obtained by comparing coefficients of tHé
Thus the (4X4) unitary transformation of the electronic
statesU induces a5x5) transformatiorR(U) of A,

A'=R(U)A. (6b)

Sincé?® (x'?+y’?+z%2+v'?+w'?)%2=detH’ =detH=(x?
+y2+ 22+ v?+w?)?, R(U) is norm preserving. For this rea-
son we will refer toR(U) as a rotation. A more general
treatment of the invariants of groups such agBQone of
the classical continuous groups, is given by Wéyl.

The transformations in Eq$6a and (6b) are more fa-
miliar with the 2x2 case for the Hermitian matria=xo
+yoy+zo,=(0x,0y,0,):8 with 6=(xy,2)!, a’'=uau’
=(oy,0y,0,):8" definesr(u) by & =r(u)é. r(u) is the ho-
momorphism of SR) onto S@3) noted in Sec. I.

We now show that liker, the rotationR is a group
homomorphism. It will be convenient to denotx 2 unitary
matrices and the induced orthogona 3 matrices by lower
case letters and>4 and the induced>85 matrices by upper
case lettersR preserves the multiplication rule since, from
Egs.(6a) and Gb) if

u=u®@yw
then
R(U)=R(U?)RUWY). (60)

It is readily shown that the product of twictype matrices is
againT-type.R is a 2-to-1 mapping, as is since the ma-
trices —U andU have the same image.

We now consider the domain & in more detail. Note
that SU4) is a #—1=15 parameter group while $8) is
only a5C,=10 parameter group. However we are only con-
cerned with the subset of thex4 unitary matrices that are
consistent with time reversal symmetiiytype U. This sub-

group of SUW4) is indeed determined by 10 independent pa-

rameters, as we now explain.

A generalNX N complex-valued matrix hasN® inde-
pendent parametefthe real and imaginary part of each ma-
trix elemenj. However herdJ has fewer parameters since it
must (i) be consistent with time reversal symmetry diidl
be unitary, that i&JUT=UU=1. SinceU is a T-type matrix
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Dy(n)=4n?—[n+2Xin(n—1)]—-2x3n(n—1)

=n(2n+1). (7)

Forn=2, Dy(n)=10, as required.

Dy(n) is precisely the number of parameters determin-
ing the sympletic group of orderr2 Sp(2n). This is not a
coincidence. We now show that thEtype elements of
SU(N) are indeed Sp(), for 2n=N. Sp(2n) can be
defined’ as the subgroup of SU(J, which leaves a given
skew-symmetry bilinear fornmisee Eq.(88)] invariant. This
should be contrasted with S®(), which leaves a symmetric
bilinear form (scalar produgtinvariant!® In the present no-
tation a unitaryU is an element of Sp(4) providéd

U'GU=G (8a)
or equivalently sinc&sG!'=UTU=1,
GUG!=U*, (8b)

whereG=[0;1] and 1 is annXn unit matrix. It is readily
verified by direct substitution that i) is T-type, Eq.(8a)

holds. Conversely, itJe Sp(2n) so that Eq(8a) and hence
Eq. (8b) hold then for a generalr2x 2n unitary U given by

a b
U= c d)’ (%3
wherea, b, ¢, d arenXn matrices
0 1\/a b\/O0 -1 d -c a* b*
(—1 J(c d/\1 0):(—b a):(& dJ
(9b

so thatU is required to bél-type. Thus theT-type subset of
SU(4) is Sg4) and the homomorphisi is a mapping from
Sp(4) onto SA5). This homomorphism of §g) onto SA5)
is elegantly expressed in Judd’s classic wbrik terms of
root figure diagrams. The relation between8mnd SU4)
has also been discussed by Jtdid the context of tensor
operators.

C. Elementary U and their images R (U)

We now turn to the construction of specific “elemen-
tary” U and the rotation®(U). Here Eq.(6¢) is particularly
useful. Since from Refs. 15 and 22

ei¢>/2 0
u(xy)(¢/2)=< 0 ei‘/”z):
cos¢p sing O
r(u(¢/2))=| —sing cos¢ 0 (109
0 0 1
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TABLE |. Elementary 44 unitary matrices and>65 rotation matrices.

U (¢) u=9(6) ut(4) )
[u(¢/2);0] [u®9(6/2):0] [e'%21;0] [(cos 6/2)1;(sin 6/2)0y]
cos 6/2 0 0 sin6/2
u® 0 u® 0 el?21 0 0 cos@/2  sin /2 0
(o uw)*) (o utzx)*) ( 0 e“‘/”zl) 0 —sing/2 cos6l2 0
—sin 6/2 0 0 cos6/2
RO (¢) R#9(6) R () R#)(6)
cos¢ sing 0 O O cos§ 0 -—-sing O O 1 0 O 0 0 1 0 0 0
—sing cos¢p 0O 0 O 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 O sinf O cosé O O 0 0 1 0 0 0 O «cosf# sing O
0 0 0O 1 0 0 0 0 1 0 0O 0O O «cos¢p sing 0 0O -—sin@d cosf O
0 0 0 0 1 0 0 0 0 1 0 0 0O -sing cos¢ 0 0 0 0 1
and ROW(g), R@)(9), and their preimages are tabulated in
c0s02  sin a2 Tab!,e I.U(_Xy), U(ZX?, U(”‘_’V), andU(Z”)_ are the four “elemen-
u@9(g12)= - tary” matrices which will be used in Sec. Il E to construct

—sin 0/2 cos6/2] the requisiteT-type U.
In Sec. Il E the following relations, readily confirmed by
matrix multiplication, will be used:

PUMY (/2 P~ 1=UMW(/2), (13b)

cosf 0 -—siné
r(u®(er)=( 0 1 0 (119
sind 0 cosé
(2 —1_ @)
using the block matrix multiplication we find PUY(0/2) P~ =U'") (- 6/2). (14b)

For use in that section we also define:
U9 (12)=[u;0]:R(UY($/2) =R™)(¢), (10b)

U@ (¢, 0)=U (012U (12), (153
U@(9/2)=[u?;0]:R(UZ¥(0/2))=R#($), (11b 5

U@ (,0)=U)(0/2) U ($/2), 15b
whereR™)(¢) andR®?(6) and their preimages are given (¢.6) (6/2) (¢/2) (15h)
in Table |. To mix the state and time reversed state blocks we  U®)( ¢, 6, y)=UY (y/2) U (92U ($/2), (150

introduce the permutation matrix -
U (¢, 0,7)=U"" (y2U)(612) U (p12) (150

1 0\,/0 O -
P= (O O>;(O 1>3 and their induced rotations:R®(¢,6), R®(4,0),
RCG)(¢,0,y), and R®)(¢,6,7). Combining Egs.(13a),
0 0O 0 1 0 (149, and(159 gives
0O 0 0 0 1 P U@ (¢, 0)P=P U (6/2) PP U (p/2)P
—RP = ~
RPI=RT=) 0 01 001, (12 —U@)(pR)UW($2)=0UP(4,6) (163
-1 0 0 0O
and combining Eqs(13b), (14b), and (159 gives
0 -1.0 0 0 g Eqs13b), (140 (153 g

PU?(¢,0)P1=U?(¢, - 0). (16b)
so thatP?[R™)*] is a diagonal matrix with diagonal elements

(1-11-1) [(-1-1,1-1,—1)]. Thus PALR®"] is a unit  Finally sinceP?= P2 using Eqgs(16a and (16b) gives
matrix.andP*1=.P3. Further We define two additional trans- P2U) (¢, 9)P?= U<2>(¢, —0). (160
formations and induced rotations:

UeW(6/2) =P~ UMY (p/2)P=[€'*1;0]: D. Rotating the branching space

R(UOW($/2))=REW( ) (133 Sectiyn:'vzzlcyar(])szuwrrirt'ltaerr)]/,a(;bserve that near a conical inter-
and 5
U@)(012)=P~ U ( $/2)P=[(cos 0/2) L;(sin 0/2)r]: H=2, Ti(v"-5Q) 17
R(U®)(6/2))=R®)(9). (143  so that Eq(6b) becomes, in component form for clarity,
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UI9— U2, B)PU s, 0 PU)( b3, )
XPUD(,,0,)PUD ($y,0,). (19

The associated rotatioR'9=R(U*), which is readily
constructed from Eq60), is given by

RA9=R (5, 05)R PR (s, 0) R
XR®($3,0)R VR (¢, 8)RPRP(1,61).

v'9:6Q=2 R(U)(v-6Q) (183
or sincedQ is arbitrary
v 0= R(U) V. (18b)
J

Thus the unitary transforid of the electronic states induces
a transformationR(U), of precisely the vectors we wish to
orthogonalize. In the following we show how;, constructed (203
from a product of thaJ™) introduced in this section, can be Tpe following partial product®® will be required:
used to construct’ ¥ that are mutually orthogonal.
Note from Eq.(6) that the functional form oH [see Eq. RP=R?(¢s, 65), (20D
(58] is invariant under the orthogonalization in Ed.8b).
An orthogonalization that does not originate from a unitary REMH=REVRPIR® (ps_,05-p), N=123.
transformation of the electronic states, e.g., a symmetric or- (209
thogonalization of the!, would require the original matrix For R19 to provide a solution to Eq(18b), it must be
elements in Eq(5a8 to be re-expressed in the new basis,invertible. In the following the recursion relation, E®O0),
producing more general, albeit still linear, expressions for thavill be used to demonstrate this property analytically.
individual matrix elements. The present approach provides When an odd electron molecule h@s symmetryv(*)
the advantages of an orthogonal set without complicating thand v(®) vanish identically. In this case there are only three
form of H. orthogonality equations. The three parameter unitary trans-
formation that accomplishes the orthogonalizatio is
E. A representative of U U3 =[] (21)
In this sectionU is constructed as a product of the “el- 3) )
ementary”U in Sec. Il C. The number of such elementary W('g‘ u glver(lx ')” terméx)of the(XE)uIar angles,3,y, by
transformations reflects the number of free parameters avait! (@8, 7)=UP (y2u*2(B2)u*(al2),
able toT-type U, that is 10, which is precisely the number of el (v 2 cog /2 el (v @2gin /2
equations that arise from the requirement that five vectors ba® («,8,7)=

(= )2 e —i(y+a)2 .
mutually orthogonal. e "7 ¥%sin /2 e """ cos BI2

Thus, hereU will be a product ofu") andP involving (22
ten angles. Consider The induced Euler rotation is
|
COSy COSB cosa—Ssin y sin a Cosy cosB sina+siny cosa —cosvy sin B
r(u®)=| —sinycosB cosa—cosysina —sinycosBsina+cosycosa sinysing |. (23
sin B cosa sin B sin a cospB
|
In order to(irg)ake the connection thh the present result we =@ (g, 05) U (p,— 0,) U (3, — b3)
rearrangeJ'~ as follows. Insertind®®, the identity matrix, B
into Eq. (19) as indicated in the following yields X UP) (¢, 0,)UP (py,6,) (240
U0 =UP (s, 05)PUP (5, 04) PP
XUP (g3, 05)P?PPUP (¢, 0,)PUD (py,0,), and since (see Table ) UCY(¢3) commutes with
(243 U (5,0,), UL becomes
which using Eqs(16a—(160 gives
U0 =U@( g, 05)PUR) (o, 0,)P P> UTO=UP (g5, 05) U (b4, — 04)U(~ 63)
X U@ (3,03 P?P~ U2 (¢h,,0,)PUP) (1 ,6,) XU (7,000 (1,01, b3). (249
(24b
—UD@( g, 0:) U2 (b, — 0,)PPUD (s, 05) P2 From Egs.(109, (118, and (150 U® in Eq. (24e has the
~ X form of U("=%) so thatU'? with only ¢, 6,3 nonzero is
XUP(¢y,0,)U (b1,6,) (249 preciselyu(”=3),
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F. An orthogonal representation ing space. This invariant can be used to identify regions of
of the branching space coordinate space where two branches of the same seam
. H 8
Equation (18b), v'®=3;R(U), v\, is the key to intersect. o
the present analysis as it connetiswith R(U), the or- The generalization _of these results to the5 case fol-
thogonal transformation o#(). Let O be the orthogonal |0Ws from the observations that fop=2:
transformation with determinant+1 that diagonalizes v
D(v®,v v v vO)y - the overlap matrix of thev(), vOxv®=detl 5 5 |=2v M@, (283
j=1-5, that is vi® U2
D(V'(l),V'(Z),V'(3),V'4,V'(5))k| and for »=3:
1 m )
=[OD(vV VERVORVERVOA o} 1= Sulv’ k)]Z v’ Uy U3
25 vOXVwB=detl v? 0P VP | =4y Dy @@
3 3 3
wherev’® is the norm ofv’® and of 0 of
(28b

t
D (v, V2, vy v = vy, (26 \where thev® are expanded in a basis for the branching
Then it suffices to show thab=R(U), that isO can be space. The choice of basis determines sign in E283 and
written as the image of & underR. This is accomplished (28b). The observation in Sec. Il C th&(U) is norm pre-
using Eqs(208—(200) since from these equations it follows serving demonstrates that forp=5 the invariant,

that TR CERVORVORVOINES
(Rg]io , g]éo) 'Rg]éo)) I(V(l),v(z),V(3),V(4),V(5))
. . . . . 1 1 1 1 1
=sin ¢, sin 0,(sin 6, coS ¢4, sin 6, sin ¢4,C0S ), ( ) ( ) U(g ) vZ ) vg )
79 S o o P
(R® ,RE) RE) —deff v P ¥ VP VP
. . . . . DPL S G B GO CO R )
= —8in ¢5 Sin G3(Sin 6, oS ¢,,Sin 6, Sin ¢,,C0S b,), 1 2 3 4 5
(5) (5) (5) (5) (5)
(27b) U1 [25) U3 Uy Ug
(RO RO RO) =2y My 2y Bly 14y (5), (280

=sin 6,(sin 65 cos ¢3,Sin O3 Sin ¢3,C0SH5), 27¢
a(sin 05 c0S ¢ 3 SN ¢3 b (279 APPLICATIONS

(4) (4)
(R ,RY R o . o
The principal purpose of this section is to demonstrate

= —sin fg(sin 6, COS ¢4,Sin 6, Sin ¢,,C0S6,), (270 the efficacy of the present approach for determining an or-

2 (2) (2) thogonal representation of the branching space along seams

(Rep R 3)=(sin 5 cOS ¢5,SiN 05 Sin ¢p5,€0S fs). of conical intersection using a model Hamiltonian. In the
(278 course of that study interesting connectivities of the conical

The ten angles are determined in the ranges <2 intersection seam were found and are also reported herein.

and O< #,< . This choice of angles allowd to be deter-

mined fromR(U). In the solution of Eq.27) the sign of A. The model Hamiltonian

each of sing, and sings is determined self-consistently.

The details of obtaining these equations are presented in trbefet

Appendix.

The model Hamiltonian describes six statdsee dou-
states and has six internal coordinatesQ
=(X,Y,Z,wWy,W5,W3). As noted earlier, the Hamiltonian was
constructed, in part, to test procedures described in Sec. Il. In
this regard the region of the transition fron+3 to =5 is
of interest as it is particularly challenging. The simplest mol-
The above-described orthogonalization procedure hascule that exhibits this transition is a tetra-atomic molecule.
been carried out using alternative approaches injth2 and A situation of considerable practical interest is that of a non-
»=3 cases. In thej=2 case the branching plane is spannedrelativistic2II-2=* conical intersection seam that is altered
by v and v(®. It was found that the cross product by spin—orbit couplind? In this case a state with appreciable
viUxv®) is invariant under the rotation of the two degener-spin—orbit coupling to the two states involved in the nonrel-
ate eigenstates that orthogonaliz€®) and v®.2% In the  ativistic conical intersection is required. With these factors in
7=3 case the branching space is spannedby v(?), and  mind, a composite Hamiltonian, not designed to be represen-
v®_ It was found that the scalar triple prodwét)xv(?)-v(®)  tative of a single molecule, was constructed with parameters
is invariant under the rotation of the degenerate eigenstatdsom systems we have studiéd?® The parameters for the
that orthogonalizes/*), v(®, and v(®).?* Here the cross x,y,z coordinates describe a portion of the nonrelativistic
product and scalar triple product are evaluated in the branchk,22A conical intersection seam in BHRef. 25 with the

G. An R-invariant quantity
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TABLE II. Parameters in the model Hamiltonians.

g g, arl ar2 ecrv app bpp
—0.0805% 0.001 36 0.001 76 —0.002 72 0.01 0.01 0.01
h h, exd exd eyd ezd ezl
0.009 25 —0.001 148 0.1 0.1 0.1 0.01 0.01
bs, ezwl ezw3 ew22 g4l
0.002 0.1 0.1 0.1 0.05
hi3 hi3 hs3 i i hs
0.005 695 0.005 695 0.011 391 0.005 695 0.005 695 0.005 695

@Atomic units used throughout.

z axis as the seam coordinate. Seam curvature, which causBs Seams of conical intersection
the seam not to coincide with thzeaxis, is included using the

p?rameterelcrv .I In o:ﬁ-ecrj to d(jestcrtl)tl)e altht[ee 'statte ttetra- imensional seam witly=3 for planar geometriesa(,=0)
&omm drggi'ecule, a d'lr t a qu_al 263 elec ro'mtc Za edan hich merges into a one-dimensional seam wjth5 asw,
ree additional coordinates;, i=1,2,3 were introduced. . fom 0. Erom Eq(280) 1 (vD,v@ v(3) y(® ) is

Since we are interested in the manner in which ##e3 and expected to approach 0 as, approaches 0. These conclu-
7n=5 cases coalesce the molecule is assumed to be planar

whenw,=0. As a consequence whewn,=0 the spin—orbit sll(:ns%\;pply $ e::_lg:er tr:je e'g_f‘;StatE@l(’Tq’fl) and
coupling between they; and Ty; vanishes. The spin—orbit (W2, TW;) or (W, TW;) and (V5,TW;). Here we focus on

coupling was chosen to be bounded in thgbut a linear the former pairthe lower states
function ofx,y,z, a choice which facilitated determination of 1. [ ocating the seam

conical intersections fow, #0. An algorithm for locating the seam has been presented
In an ordered time reversal adapted basis the Hamil- 9 9 P

. ) : . previously?® In the following, we briefly summarize the
tonianH(Q) is a 6x6, T-type matrix, where implementation of that approach employed here. We §8ek

a; a,+ib, a, such thatE;(Q*) =E,(Q*) subject to additional geometric
constraints J, (Q*)=0, k=1, ... N°" Since the condition

According to the noncrossing rdfeH(Q) has a two-

a % Ps | E1(Q)=E,(Q) provides 5 equations, we requir&l®"=N'
a6 — 1, whereN' is the number of internal coordinates. Then
0 as aptiby (29 Nen=1 when the molecule has no symmetry=5) and
N iby, N¢"=3 when the molecule is planar singe=3. In the latter

case it is convenient to incorporate the constraintgsym-
0 metry, w,=0, explicitly and useN®"=2.
Q* is determined iteratively. In the iterative determina-

and
) 5 tion of Q* we write Q*=Q%+ 5Q and assume tha®® is
a;=—(g-x+g, xztarl-x"+ar2-y?), sufficiently close taQ* that Eq.(2a is valid. ThenQ* will be
az=—a;+ ecrv~(22+w§+W§+W§), a point of intersection provided, in the branching space:
ag=app-x>+bpp-y*+ezd z2+ezdl -z viY.5Q 0
+exd (x—w?) +exdL- (x+ws+ v*-6Q 0
ex .(X Wl) ex ~(X W3 XWl) V(3)'5Q _ _AEj_z (31)
+eyd (y2+wi+w3), v®.50 0
_ v.5Q 0
a,=(h-y+h,-yz)+bs -xy+ezwl -zw; +ezw3-zw;
H con H H
+e\/\/22-w§, subject to theN*°" constraint equations
J(QY)+j(Q9)-6Q=0, k=1,...N°" (32
a,=g41 (0.01+x2+ )+ hiy2—tanh z)/2, (30) , ,
In general these equations converge rapidly. However the
b,=—h$y1—e %)/2, size of v(® depends orQ°. When Q° is such thatv® is
) small, second-order contributions may be appreciable and
bs=h33(3/4—e"*)5/4, extrapolation techniques were found useful.
ag=ap(z—X), ap=ars, b=ap(z-y),

2. The seam and its properties
bi=a55(x—y), i i
23 For the lowest two eigenenergiés andE, of H(Q),

two distinct seams were found. One seam, den&@edis
comparatively high in energy. It exists only fGg symmetry,
The parameters for this representation are given in Table llw,=0, structures, and therefore is a two-dimensional sur-

2 2 2
a;’=h(1-e "2)e "1 %,
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face. The points on this seam will be denot®}®. The o5 w0 o5
second, lower energy seam, denof®d has aCg portion, 2 i - . - i
with points Iabeletﬁ,“, again a two-dimensional surface,
that merges into armp=5 no symmetry portion, a one-
dimensional line, with points labele@>. The Q* and 1
X° portions of S intersect at two points,Qf(A)
=(0.5933,0.5806,0.5931,1.1607,0,1.0626) and Qf(B)
=(0.5902,0.5782,0.5900,0.9861;1..0846). Interestingly
S is a closed, bounded, set, whifg is infinite in extent.
Figure  Xa) reports the locus Q3(w,) ‘
=(X(Wy),y(W2),z(W5), W1 (W), Wy, W3(W5)), the #5=5 N
portion of S together with a sectiony=y,, of the
two parameter =3 portion of S Q|X'3(x,y=yA)

X(W2),y(Wo),2(wo)

Parameters
o

E(le:yA’Z(X)vwl(x)!WZIO!WS(X))! Wlth yA2058061 _2,1 _0‘_5 (') 0j5 4;
from Q)(A). Figure 1b) illustrates the two-dimensional, (@ W,
bounded character oﬁ),x'3 reporting Q,X'?’(x,y:yi) for vy, ¥(Xs)

10 5 0

=—5,ya and 5,Q"*(x=xa.y)=(X=Xa,y,2(y),W4(y) W, : : :
=0ws(y)), with x,=0.5933, from Q[(A). Q[(A) is
shown in Figs. a8 and Xb). Figure Xc) reports a section

EB(XZ XA !y) = (X: XA ,y,Z(y) 1Wl(y) yWo= O,Wg(y)), of Sh
which illustrates its nonbounded character. Figu(e) 2e-
ports energies orfy, Ey(Q"™)=Ex(Q"™=E*"(Q"™,
m=3,5. Figure 2b) reports energies on the sections $f
depicted in Fig. ().

The tangent vector to the=5 portion of S at a point

Q,X'S, a vector perpendicular to the branching space, can be
obtained from the six-dimensional vector product:

| walxy)

Parameters

Sr y=-5 Y=Ya y=5
(b) 0123 012 0123
& & & & & & X
U(ll) U(Zl) U(31) 0511) v(51) Ugl) 20 . T T
. U(12) v(22) ng) v512) v(52) ng)
S ~)=det ,
10(Qr™) 0@ @ L@ L@ P L@ ol
4 @ 4 (4 (4 (4
U4 Uy U3 Uy U5 U6 o
5 5 5 5 5 5 i)
R S T 2,
@ g
o
wherevi¥=38 | Mg, k=1-5, with Q=xe,+ye,+ze, 10t
+wq.e,+Woes+Wwges. From the properties of the determi-
nant,s;p is perpendicular to all the degeneracy lifting vec-
tors. It was confirmed numerically that the direction of  .20ls” .

sip(QF®) and of QF°+ 6Q[*°) —(Q[*) agree all along the  (¢) 2 " y & " 2
seam. The tangent space to the3 seam cannot be deter- o _ 5 -
mined from Eq.(33). It consists of two vectors that must be "' 1 (8 S closed conical intersection sea@ (), symmetric inw,,
PP together withQ[°(x,y»), a one-dimensional section ofj=3 seam as a
chosen orthogonal to thie; ,€; 3} parametric function o with y fixed aty,=0.5806. The intersection of
these portions of the seam @(A) is shown.(b) For S, Q,x'?’(xA,y), a
one-dimensional section of the seam as a parametric functignwith x

We now turn to the key aspect of this numerical Study’ﬁX?d atx,=0.5933. Also fOlex's(X,yi), as a par.ametric function (XfWit.h
the description of the branching space in terms of ortho¥ fxed atyi= -5, 0.5806, and 5(c) The section ofS, Qixa.y) is
gonalized vectors. We consider the¢®(QF™), k=1-m, shown and compared with the sectionSpt Q™ (xa ).
and m=3,5. The nascent counterparts of these vectors, the
v(Q'™), are essentially randomly orientedthin the 7
=m branching space. The orthogonalization procedure musvhere v’ ®(Q}®)=0, for k=4,5, are approached. Figure
produce v' W(Q"™) that are continuous. This continuity 3(a) reportsv’ ®W(QF'™), for k=1—m while Fig. 3b) reports
should not depend on’¥(QF'™), the magnitude of these the logv’'®(Q[*°), for k=1-5 to more clearly display the
vectors, since results are required as planar configurationsjuch smallelv’(k)(Q,X'S), k=4,5. These results are quite en-

C. Branching space
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X (Ya, W2=0) X (Ya, Wp=0)
0.00 0;5 1 1;5 2 2;5 05 1 15 2 25
o E*S(w,) EXQI(A)
— = ",
-0.05 | VI(QHA)
R \\:\\\\ Ex*a(x,y,\) w . V'(k)(XA,y)
8010 SO £ 5\,
i) =z
A
0.05 | e
015
VE(w,), v (w,)
\ v (w,)
020 05 0 05 1 000 0.5 0 0.5 1
(a) Wo (a) W3
y(Xa) 1 - T
10 5 0 5 10 V(ws)
04| i j
v@(w,)
1E-2 |
E*¥(XaY) VE)(wy)
02} v(w,)
1E4 b S ey
. R U e
E e
g o S v'(5)(w2)\\\ //
o %0fr 1E-6
0.2+ E*3(xy) - 1E-8 b
1E-1 L .
0.4 0-1 0.5 0 0.5 1

0123

(b)

FIG. 2. (@ E*™(Qr™ are shown alongQf*(w,) [symmetrig and
Q(x.ya)- (b) EXXQ[®) are shown alon®**(xa,y) and Q{**(x,y;) for

(b)

w2

FIG. 3. (8 Norms of the degeneracy lifting vectors,®(Q™), k=1
-m, annng"S(wz) andle'?’(x,yA). The crossing poind is shown. NeaA

y;=—5, 0.5806, 5. the norms of the three degeneracy lifting vectors al@jgf(x,,y) are
shown; (b) log v ®(Q}%), k=1-5, is plotted.
couraging. All five norms are found to be continuous regard-
less of the size ofv’®(QF™). In addition as Q™
—Q(A), v’ P(Q®)—v'®(Q?), k=1-3. Similarly, con-  symmetry, to S@), U—R(U) with Ue Sp(4), andR(U)
tinuity is obtained for the vectors themselves but the data are SO(5), isdeveloped. It is used to efficiently determine a
not presented here since they do not lend themselves toteansformation of the degenerate electronic states—which
compact representation. preserves the standard form of the electronic Hamiltonian
Thus the orthogonalization procedure produces the renear the conical intersection—and produ¢es R(U)] an
quisite continuous representation of the branching space in@thogonal representation of the branching space. A quantity
computationally efficient manner. Such a representation igwariant under this transformation is also identified. The
essential if the pointwise results obtained from a numericatomputational utility of this approach was demonstrated us-
procedure are to be interpolated and extrapolated. ing a model Hamiltonian representing a tetra-atomic mol-
ecule with three coupled doublet electronic states. The seam
of conical intersection is shown to have two distinct
branches—one branch, which is bounded, includes het8

and »=5 portions while the second branch, which is un-
Previously, procedures for obtaining an orthogonal rephounded, has only ap=3 component.

resentation of the branching space for two state conical in-
tersections have been developed for 2 case(nonrela-
tivistic Hamiltonian and =3 case (Hamiltonian that
explicitly includes the spin—orbit interaction and Hagspa-
tial symmetry. Here a distinctly different approach is used to
extend those results to the=5 case(Hamiltonian that ex- The authors wish to thank the anonymous referee for
plicitly includes the spin—orbit interaction but has no spatialpointing out the connection to the symplectic group. This
symmetry. A realization of the homomorphism connecting work is supported by NSF Grant No. CHE 0206834 to
Sp(4), the subspace of SW), consistent with time reversal D.R.Y.

IV. SUMMARY AND CONCLUSIONS
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APPENDIX: THE METHOD OBTAINING EQ. (27)

Here we describe ho®®" is obtained by a matrix multiplication &®?"~2) andR(®'R(?). The initial elements in the

recursionR®( s, 65) andR(PR(A)(«, B) are obtained explicitly by matrix multiplication from data in Table I, and E8)
and (159,

cos 5 cos ¢ps cos 5 sin ¢ps —sinf; |0 O
—sin ¢s cos ¢s 0 0 0
R?)(s,05)=| sin 05 cos ¢ps sin s sin ps  cos 6s |0 O |, (A1)
0 0 0 1 0
0 0 0 ‘ 0 1
0 0 0 1 0
0 0 0 0 1
RPR? (a,B)= sin 8 cos a sin Bsinae cos |0 O (A2)
—cos Bcosa —cos @Bsinw sin ’0 0
sin « —cos « 0 0 0
[
For the remaining matrices only the necessary elements are
determined. The third row dR®(¢s, 65) [Eq. (A1)] gives RE  RE) R
immediately Eq.(27e: (RZ,RZ,RY) = (sin 65 cos ¢s, 21 22 23
sin 65 sin ¢s,c0s 6s). R®=| . : . - - |. (A5)

RW=RAPPIRA)(¢,,6,) has the form
sing,sin@, 0 O
4 4 4
RY RY RY

_ Equation (27b (R ,RE,RE)=RE(sin 6, cos ¢,,
0 0 0 —Sin ¢s

sin 6, sin ¢,,cos ¢,), where RY= —sin ¢s sin 65, fol-

R@# = . . . . - |. (A3) lows from the portion of the matrix product given by the
sin 6, 0 0 boldfaced matrix elements in EgéA4) and (A2). The re-
) maining elements indicated in E§A5) are similarly ob-
sing, - 0 0 tained.

Finally, R190=RERMPRE) (4, 6,) has the form

Equation (270 (R} ,R{}) ,RD)=RZ(sin 6, cos ¢,,

Sin 6,4 sin ¢,4,C0S 6,), whereRlS)— —sin 05, follows from

the portion of the matrix product given by the boldfaced

matrix elements in EqgA1) and (A2). The remaining ele- RIO=| - : S (AB)
ments indicated in EqA3) are similarly obtained.

R(G): R(4)R(P) R(Z)(¢3 y 03) haS the fOI’m R(lo) R(lo) R(lo)
51 53

Equation (278 (RYY,REY RED)=RE)(sin 6; cos ¢,
—sin ¢s sin 6; 0 0 sin 6, sin 6,,c0s6,), where R583)=sin ¢4 Sin 6,, follows

6)_ ) _ _ ) . from the portion of the matrix product given by the bold-
R™= . (Ad) faced matrix elements in EgEA5) and (A2).
R® R R(®)
41 42 43
0 0 0 Sing,
1G. J. Atchity, S. S. Xantheas, and K. Ruedenberg, J. Chem. BBy$862
(1999).
2 ; - . . i
Equation (279 (Rﬁﬁ) R (6) ,RE&)) _ Rﬁé)(sin 05 COS s, J. Michl and V. Bonacic-KouteckyElectronic Aspects of Organic Photo

- ) ] chemistry(Wiley, New York, 1990.
sin 65 sin ¢3,c0s 63), Where R{Y=sin 6,, follows from 3M. Klessinger and J. MichExcited States and Photochemistry of Organic
the portion of the matrix product given by the boldfaced Molecules(VCH, New York, 1993.

4
matrix elements in EqYA3) and (A2). The remaining ele- (Flgggmard' M. Olivucci, and M. A. Robb, Chem. Soc. R@, 321
ments indicated in EqA4) are similarly obtained.

SW. Domcke and H. Kppel, in Encylopedia of Computational Chemistry
R®=RORPRE) (¢, 0,) has the form edited by P. v. R. SchleyeWiley, London, 1998
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