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On the properties of the seam and branching spaces of conical
intersections in molecules with an odd number of electrons:
A group homomorphism approach
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The properties of the branching and seam spaces of conical intersections in a molecule with an odd
number of electrons are explored for the general case, where the molecule has no spatial symmetry
and the Hamiltonian explicitly includes the spin–orbit interaction. A realization of the
homomorphism connecting the symplectic group of order 4, Sp~4!, and the group of proper rotations
in five dimensions SO~5! is used to find an orthogonal representation of the branching space that
preserves the standard form of the electronic Hamiltonian near a conical intersection. An invariant
property of the branching space is also identified. These findings extend previous results for the
nonrelativistic Hamiltonian and the relativistic Hamiltonian withCs symmetry. A model
Hamiltonian representing a tetra-atomic molecule with three coupled doublet electronic states is
used to demonstrate the efficacy of the approach and illustrate possible seam loci. The seam of
conical intersection is shown to have two distinct branches, one bounded and one infinite in extent.
The branching spaces of these seams are characterized. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1571524#
of
s
m
n
h

oo
n
te
on
. F
in

re
u

be
in
is

i

a
te

tio

al
ex-

ans-

n,
dd
asic
ces
ex-

the

tion
pre-
s
m
n

of

b-
ive
I. INTRODUCTION

In the vicinity of a conical intersection the difference
the energies of the two adiabatic potential energy surface
lifted in a linear manner if the displacement includes a co
ponent of the branching space,1 a vector space of dimensio
h. In other words the distinguishing property of the branc
ing space is that, regardless of the number of internal c
dinates, theh internal coordinates spanning this space alo
are responsible for the double cone topography of the in
secting adiabatic potential energy surfaces. The orthog
complement of the branching space is the seam space
the nonrelativistic Hamiltonian, which describes sp
conserving, electronically nonadiabatic processes,2–9 h52.
When the spin–orbit interaction is included the situation
mains unchanged, provided the molecule has an even n
ber of electrons. However for molecules with an odd num
of electrons, odd-electron molecules, including the sp
orbit interaction changes the situation qualitatively. In th
caseh is 5 in general, or 3 whenCs symmetry can be
imposed.10

It is highly desirable to describe the branching space
terms of an orthogonal set of nuclear displacements~vec-
tors!. This requires a particular choice, unitary transform
tion, of the degenerate electronic states at the conical in
section. Previously we have determined this transforma
in the nonrelativistic case, whereh52,11 and in the relativ-

a!On sabbatical leave at Department of Chemistry, Johns Hopkins Un
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istic case withCs symmetry, whereh53,12 and suggested
that a similar result is also possible for theh55 case.13 For
h52 and 3, theh(h21)/2 equations defining the orthogon
representation of the branching space can be readily
pressed in terms of the parameters defining the unitary tr
formation of the electronic states. Forh55 this approach is
impractical and an alternative approach is required.

Near a conical intersection the electronic Hamiltonia
including the spin–orbit interaction, of a system with an o
number of electrons, can be expanded in terms of five b
434 Hermitian matrices. The use of these basic matri
greatly simplifies the treatment of such systems. For
ample, this representation was used by Mead to describe
Jahn–Teller effect in tetrahedral CH4

1 with the spin–orbit
interaction explicitly included.14 Here we show how these
matrices can be used to determine the unitary transforma
of the electronic states that produces the orthogonal re
sentation of the h55 branching space. Using Weyl’
well-known15 method for demonstrating the homomorphis
of SU~2! onto SO~3!, we generate an explicit representatio
of homomorphism of Sp~4!16,17 onto SO~5!, in the space
spanned by five basic matrices. Here SU(N) is the group of
N3N unitary matrices with determinant11, and SO(M ) is
the group of proper rotations inM dimensions. Sp(2n) is the
sympletic group of order 2n, here a subgroup of SU(N),17

for 2n5N. This homomorphism associates with a rotation
the branching space vectors, an element of SO~5!, a unitary
transformation of the electronic states, an element of Sp~4!.
The explicit form for this homomorphism deduced here o
viates the construction of theh(h21)/2 orthogonality equa-
tions and is the key to the present approach.

r-
2 © 2003 American Institute of Physics
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While this unitary transformation changes the overlap
the branching space vectors, in theh52 and 3 cases a quan
tity was found that is invariant under this transformation.
the nonrelativistic case this invariant proved useful in loc
ing the special set of nuclear configurations referred to
confluences where two branches of the same seam of co
intersections intersect.18,19 Nuclear dynamics near a conflu
ence of seam branches is expected to differ significa
from that near a true conical intersection since the poten
energy surface topography is dramatically different in th
two regions.19

In Sec. II we describe the homomorphism and how it c
be used to determine the transformation of the electro
states and the associated invariant for theh55 case. In Sec
III, the efficacy of this approach is established, branch
spaces are characterized, and possible connectivities of c
cal intersection seams illustrated in theh55 and 3 cases
using a model Hamiltonian corresponding to three coup
doublet states in a tetra-atomic molecule. Section IV sum
rizes and discusses directions for future study.

II. THEORY

For a molecule with an odd number of electrons all el
tronic eigenstates come in degenerate pairsC i(q;Q) and
T̂C i(q;Q)[CTi(q;Q). HereT̂ is the time reversal operato
and q@Q# denote the electronic@nuclear# coordinates. See
Refs. 10, 13, and 20 for a discussion of time reversal
electronic states. In this work the electronic states are
sumed to be expanded to a basis of time reversal ada
configuration state functions~CSFs!:20

Ck~q;Q!5 (
a51

NCSF

ca
k ~Q!ca~q;Q!. ~1!

In a time reversal adapted basis the CSFs come in pairsca

andT̂ca . The basis is referred to as an ordered time reve
adapted~OTRA! basis provided the functions are ordere
ca ,cb ,cg , . . . ,T̂ca ,T̂cb ,T̂cg , . . . . The construction of
a time reversal adapted CSF basis is described in Ref. 2

As a consequence of time reversal symmetry, a con
interaction of potential energy surfacesi and j, at Qx,i j , rep-
resents an intersection of two pairs of degenerate sta
(C i ,T̂C i) and (C j ,T̂C j ). Then, as discussed in detail
Ref. 13, nearQx,i j , with the states in the order,C i , C j ,
CTi , CT j , the electronic HamiltonianHe and its traceless
part H can be written to first order in displacements fro
Qx,i j @see Eq.~12a! in Ref. 13# as

H~Q![He~Q!2~si j "dQ!I

5S gi j hi j 0 hiT j

hi j * 2gi j 2hiT j 0

0 2hiT j* gi j hi j *

hiT j* 0 hi j 2gi j

D "dQ, ~2a!

whereQ5Qx,i j 1dQ, 2si j 5hi i 1hj j , 2gi j 5hi i 2hj j ,

hi j ~Q!5ci~Qx,i j !†¹He,CSF~Q!cj~Qx,i j !. ~2b!
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Here ¹He,CSF is the gradient of the electronic Hamiltonia
matrix in the CSF basis. It is important to recall that thehi j

are readily evaluated using analytic gradient techniques.20

H is a specific example of a matrixM composed of two
independent square submatrices,a andb,

M5S a b

2b* a* D[@a;b#. ~3a!

This form for M reflects the use of an OTRA basis, the fa
that T̂ is antiunitary, that is

^cuf&* 5^T̂cuT̂f&, ~3b!

and thatT̂252I for an odd electron system.10 In an OTRA
basis the matrix of any linear operator that commutes withT̂,
has the form ofM , will be referred to as aT-typematrix and
will be denoted@a;b#. Note that ifM is Hermitiana too is
Hermitian, butb is antisymmetric.

Equation~2a! is the starting point for present analysi
The five real vectors,v(1), . . . ,v(5), with

hi i 2hj j 52v~3!,

hi j 5v~1!2 iv~2!, ~4!

hi ,T j5v~4!2 iv~5!,

form the basis for the branching space atQx,i j . These vectors
are in general linearly independent but need not be ortho
nal. Indeed they are not even continuous as a function
Qx,i j . This is a consequence of the fact that atQx,i j theCk ,
k5 i , Ti, j and T j , are defined only up to aT-type unitary
transformation,U. In the following we demonstrate how thi
unitary transformation can be chosen so that thev( l ) become
orthogonal and consequently continuous. In addition t
choice ofU provides a valuable tool for analyzing a conic
intersection.

A. A compact representation of the electronic
Hamiltonian near a conical intersection

The v( i ) provide a convenient coordinate system for d
scribing the vicinity of a conical intersection. ForDt

5(x,y,z,v,w), where the subscriptt denotes the transpose,
displacement in these scaled intersection adap
coordinates,1 Eq. ~2a! becomes

H~Q!5S z x2 iy 0 v2 iw

x1 iy 2z 2~v2 iw ! 0

0 2~v1 iw ! z x1 iy

v1 iw 0 x2 iy 2z

D
[~Gx ,Gy ,Gz ,Gv ,Gw!"D. ~5a!

Here the 434 matricesGk , k5x,y,z,v,w are T-type, spe-
cifically ~see also Ref. 14!

Gk5@sk ;0# for k5x,y,z,

Gv5@0; isy#, ~5b!

Gw5@0;sy#,

where thes are the Pauli matrices.21
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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B. Unitary transformations, rotations,
and the Sp „4…\SO„5… homomorphism

In this section we describe the general relation betwee
T-type unitary transformation of the electronic states an
rotation of the five-component vectorD. This relation is
given by the homomorphism of Sp~4!, the T-type subset of
SU~4!, onto SO~5!.16,17 These results, which are known,16,17

are presented here since they provide the foundation
the realization of the homomorphism derived in Secs. I
and II E.

Observe that a unitary transformation ofH that preserves
time reversal symmetry must produce anH8 which has the
same form as in Eq.~5a! except with different entries, that i

H85UHU†

5~Gx ,Gy ,Gz ,Gv ,Gw!"D8

[~Gx ,Gy ,Gz ,Gv ,Gw!"R~U!D ~6a!

with R(U) obtained by comparing coefficients of theG.
Thus the ~434! unitary transformation of the electroni
statesU induces a~535! transformationR(U) of D,

D85R~U!D. ~6b!

Since13 (x821y821z821v821w82)25det H85det H5(x2

1y21z21v21w2)2, R(U) is norm preserving. For this rea
son we will refer toR(U) as a rotation. A more genera
treatment of the invariants of groups such as SO~5!, one of
the classical continuous groups, is given by Weyl.16

The transformations in Eqs.~6a! and ~6b! are more fa-
miliar with the 232 case for the Hermitian matrixa5xsx

1ysy1zsz[(sx ,sy ,sz)"d with d5(x,y,z) t, a85uau†

5(sx ,sy ,sz)"d8 definesr (u) by d85r (u)d. r (u) is the ho-
momorphism of SU~2! onto SO~3! noted in Sec. I.

We now show that liker , the rotationR is a group
homomorphism. It will be convenient to denote 232 unitary
matrices and the induced orthogonal 333 matrices by lower
case letters and 434 and the induced 535 matrices by upper
case letters.R preserves the multiplication rule since, fro
Eqs.~6a! and 6~b! if

U5U~2!U~1!

then

R~U!5R~U~2!!R~U~1!!. ~6c!

It is readily shown that the product of twoT-type matrices is
againT-type. R is a 2-to-1 mapping, as isr , since the ma-
trices2U andU have the same image.

We now consider the domain ofR in more detail. Note
that SU~4! is a 4221515 parameter group while SO~5! is
only a 5C2510 parameter group. However we are only co
cerned with the subset of the 434 unitary matrices that are
consistent with time reversal symmetry,T-type U. This sub-
group of SU~4! is indeed determined by 10 independent p
rameters, as we now explain.

A generalN3N complex-valued matrix has 2N2 inde-
pendent parameters~the real and imaginary part of each m
trix element!. However hereU has fewer parameters since
must ~i! be consistent with time reversal symmetry and~ii !
be unitary, that isUU†5U†U5I . SinceU is aT-type matrix
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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it must have the form ofM in Eq. ~3a!. Thus for N52n,
time reversal symmetry limitsU to 2n212n254n2 indepen-
dent matrix elements. AlsoUU†, a Hermitian matrix, is again
T-type with a Hermitian andb antisymmetric. Further if the
U is to be unitary thena51 and b50. Since a51 gives
n123n(n21)/2 independent equations andb50 gives
23n(n21)/2 independent equations, the number of un
fined parametersDU(n) is given by

DU~n!54n22@n123 1
2n~n21!#223 1

2n~n21!

5n~2n11!. ~7!

For n52, DU(n)510, as required.
DU(n) is precisely the number of parameters determ

ing the sympletic group of order 2n, Sp(2n). This is not a
coincidence. We now show that theT-type elements of
SU(N) are indeed Sp(2n), for 2n5N. Sp(2n) can be
defined17 as the subgroup of SU(2n), which leaves a given
skew-symmetry bilinear form@see Eq.~8a!# invariant. This
should be contrasted with SO(M ), which leaves a symmetric
bilinear form ~scalar product! invariant.16 In the present no-
tation a unitaryU is an element of Sp(4) provided17

UtGU5G ~8a!

or equivalently sinceGGt5U†U5I ,

GUGt5U* , ~8b!

whereG5@0;1# and 1 is an n3n unit matrix. It is readily
verified by direct substitution that ifU is T-type, Eq.~8a!
holds. Conversely, ifUPSp(2n) so that Eq.~8a! and hence
Eq. ~8b! hold then for a general 2n32n unitary U given by

U5S a b

c dD , ~9a!

wherea, b, c, d aren3n matrices

S 0 1

21 0D S a b

c dD S 0 21

1 0 D 5S d 2c

2b a D 5S a* b*

c* d* D
~9b!

so thatU is required to beT-type. Thus theT-type subset of
SU~4! is Sp~4! and the homomorphismR is a mapping from
Sp~4! onto SO~5!. This homomorphism of Sp~4! onto SO~5!
is elegantly expressed in Judd’s classic work17 in terms of
root figure diagrams. The relation between Sp~4! and SU~4!
has also been discussed by Judd17 in the context of tensor
operators.

C. Elementary U and their images R „U…

We now turn to the construction of specific ‘‘eleme
tary’’ U and the rotationsR(U). Here Eq.~6c! is particularly
useful. Since from Refs. 15 and 22

u~xy!~f/2!5S eif/2 0

0 e2 if/2D :

r ~u~xy!~f/2!!5S cosf sin f 0

2sin f cosf 0

0 0 1
D ~10a!
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE I. Elementary 434 unitary matrices and 535 rotation matrices.

U(xy)(f) U(zx)(u) U(vw)(f) U(zv)(u)

@u(xy)(f/2);0# @u(zx)(u/2);0# @eif/21;0# @(cosu/2)1;(sin u/2)sx#

Su~xy! 0

0 u~xy!* D S u~zx! 0

0 u~zx!* D S eif/21 0

0 e2 if/21D S cosu/2 0 0 sinu/2

0 cosu/2 sin u/2 0

0 2sin u/2 cosu/2 0

2sin u/2 0 0 cosu/2

D
R(xy)(f) R(zx)(u) R(vw)(f) R(zv)(u)

S cosf sin f 0 0 0

2sin f cosf 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

D S cosu 0 2sin u 0 0

0 1 0 0 0

sin u 0 cosu 0 0

0 0 0 1 0

0 0 0 0 1

D S 1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 cosf sin f

0 0 0 2sin f cosf

D S 1 0 0 0 0

0 1 0 0 0

0 0 cosu sin u 0

0 0 2sin u cosu 0

0 0 0 0 1

D
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-
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u~zx!~u/2!5S cosu/2 sin u/2

2sin u/2 cosu/2D :

r ~u~zx!~u/2!!5S cosu 0 2sin u

0 1 0

sin u 0 cosu
D ~11a!

using the block matrix multiplication we find

U~xy!~f/2![@u~xy!;0#:R~U~xy!~f/2!![R~xy!~f!, ~10b!

U~zx!~u/2![@u~zx!;0#:R~U~zx!~u/2!![R~zx!~f!, ~11b!

whereR(xy)(f) andR(zx)(u) and their preimages are give
in Table I. To mix the state and time reversed state blocks
introduce the permutation matrix

P5F S 1 0

0 0D ;S 0 0

0 1D G :

R~P![R~P!5S 0 0 0 1 0

0 0 0 0 1

0 0 1 0 0

21 0 0 0 0

0 21 0 0 0

D , ~12!

so thatP2@R(P)2
# is a diagonal matrix with diagonal elemen

~1,21,1,21! @~21,21,1,21,21!#. Thus P4@R(P)4
# is a unit

matrix andP215P3. Further we define two additional trans
formations and induced rotations:

U~vw!~u/2![P21U~xy!~f/2!P5@eif/21;0#:

R~U~vw!~f/2!![R~vw!~f! ~13a!

and

U~zv !~u/2![P21U~zx!~f/2!P5@~cosu/2!1;~sin u/2!sx#:

R~U~zv !~u/2!![R~zv !~u!. ~14a!
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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R(vw)(f), R(zv)(u), and their preimages are tabulated
Table I.U(xy), U(zx), U(vw), andU(zv) are the four ‘‘elemen-
tary’’ matrices which will be used in Sec. II E to constru
the requisiteT-type U.

In Sec. II E the following relations, readily confirmed b
matrix multiplication, will be used:

PU~xy!~f/2!P215U~vw!~f/2!, ~13b!

PU~zx!~u/2!P215U~zv !~2u/2!. ~14b!

For use in that section we also define:

U~2!~f,u!5U~zx!~u/2!U~xy!~f/2!, ~15a!

Ũ~2!~f,u!5U~zv !~u/2!U~vw!~f/2!, ~15b!

U~3!~f,u,g!5U~xy!~g/2!U~zx!~u/2!U~xy!~f/2!, ~15c!

Ũ~3!~f,u,g!5U~vw!~g/2!U~zv !~u/2!U~vw!~f/2! ~15d!

and their induced rotations:R(2)(f,u), R̃(2)(f,u),
R(3)(f,u,g), and R̃(3)(f,u,g). Combining Eqs. ~13a!,
~14a!, and~15a! gives

P21U~2!~f,u!P5P21U~zx!~u/2!PP21U~xy!~f/2!P

5U~zv !~u/2!U~vw!~f/2!5Ũ~2!~f,u! ~16a!

and combining Eqs.~13b!, ~14b!, and~15a! gives

PU~2!~f,u!P215Ũ~2!~f,2u!. ~16b!

Finally sinceP25P22 using Eqs.~16a! and ~16b! gives

P2U~2!~f,u!P25U~2!~f,2u!. ~16c!

D. Rotating the branching space

By way of summary, observe that near a conical int
sectionH can be written as

H5(
i 51

5

Gi~v~ i !"dQ! ~17!

so that Eq.~6b! becomes, in component form for clarity,
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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v8~k!"dQ5(
j

R~U!k j~v~ j !"dQ! ~18a!

or sincedQ is arbitrary

v8~k!5(
j

R~U!k jv
~ j !. ~18b!

Thus the unitary transformU of the electronic states induce
a transformation,R(U), of precisely the vectors we wish t
orthogonalize. In the following we show howU, constructed
from a product of theU( l ) introduced in this section, can b
used to constructv8(k) that are mutually orthogonal.

Note from Eq.~6! that the functional form ofH @see Eq.
~5a!# is invariant under the orthogonalization in Eq.~18b!.
An orthogonalization that does not originate from a unita
transformation of the electronic states, e.g., a symmetric
thogonalization of thev( j ), would require the original matrix
elements in Eq.~5a! to be re-expressed in the new bas
producing more general, albeit still linear, expressions for
individual matrix elements. The present approach provi
the advantages of an orthogonal set without complicating
form of H.

E. A representative of U

In this sectionU is constructed as a product of the ‘‘e
ementary’’U in Sec. II C. The number of such elementa
transformations reflects the number of free parameters a
able toT-typeU, that is 10, which is precisely the number
equations that arise from the requirement that five vector
mutually orthogonal.

Thus, hereU will be a product ofU( l ) andP involving
ten angles. Consider
w

Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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U~10!5U~2!~f5 ,u5!PU~2!~f4 ,u4!PU~2!~f3 ,u3!

3PU~2!~f2 ,u2!PU~2!~f1 ,u1!. ~19!

The associated rotation,R(10)[R(U(10)), which is readily
constructed from Eq.~6c!, is given by

R~10!5R~2!~f5 ,u5!R~P!R~2!~f4 ,u4!R~P!

3R~2!~f3 ,u3!R~P!R~2!~f2 ,u2!R~P!R~2!~f1 ,u1!.

~20a!

The following partial productsR( l ) will be required:

R~2![R~2!~f5 ,u5!, ~20b!

R~2n12![R~2n!R~P!R~2!~f52n ,u52n!, n51,2,3.
~20c!

For R(10) to provide a solution to Eq.~18b!, it must be
invertible. In the following the recursion relation, Eq.~20!,
will be used to demonstrate this property analytically.

When an odd electron molecule hasCs symmetryv(4)

and v(5) vanish identically. In this case there are only thr
orthogonality equations. The three parameter unitary tra
formation that accomplishes the orthogonalization is12

U~h53!5@u~3!;0# ~21!

with u(3) given in terms of the Eular anglesa,b,g, by
u(3)(a,b,g)[u(xy)(g/2)u(zx)(b/2)u(xy)(a/2),

u~3!~a,b,g!5S ei ~g1a!/2 cosb/2 ei ~g2a!/2 sin b/2

2e2 i ~g2a!/2 sin b/2 e2 i ~g1a!/2 cosb/2
D .

~22!

The induced Euler rotation is
r ~u~3!!5S cosg cosb cosa2sin g sin a cosg cosb sin a1sin g cosa 2cosg sin b

2sin g cosb cosa2cosg sin a 2sin g cosb sin a1cosg cosa sin g sin b

sin b cosa sin b sin a cosb
D . ~23!
In order to make the connection with the present result
rearrangeU(10) as follows. InsertingP4, the identity matrix,
into Eq. ~19! as indicated in the following yields

U~10!5U~2!~f5 ,u5!PU~2!~f4 ,u4!P3P2

3U~2!~f3 ,u3!P2P3U~2!~f2 ,u2!PU~2!~f1 ,u1!,

~24a!

which using Eqs.~16a!–~16c! gives

U~10!5U~2!~f5 ,u5!PU~2!~f4 ,u4!P21P2

3U~2!~f3 ,u3!P2P21U~2!~f2 ,u2!PU~2!~f1 ,u1!

~24b!

5U~2!~f5 ,u5!Ũ~2!~f4 ,2u4!P2U~2!~f3 ,u3!P2

3Ũ~2!~f2 ,u2!U~2!~f1 ,u1! ~24c!
e 5U~2!~f5 ,u5!Ũ~2!~f42u4!U~2!~f3 ,2u3!

3Ũ~2!~f2 ,u2!U~2!~f1 ,u1! ~24d!

and since ~see Table I! U(xy)(f3) commutes with
Ũ(2)(f2 ,u2), U(10) becomes

U~10!5U~2!~f5 ,u5!Ũ~2!~f4 ,2u4!U~zx!~2u3!

3Ũ~2!~f2 ,u2!U~3!~f1 ,u1 ,f3!. ~24e!

From Eqs.~10a!, ~11a!, and ~15c! U(3) in Eq. ~24e! has the
form of U(h53) so thatU(10) with only f1 ,u1 ,f3 nonzero is
preciselyU(h53).
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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F. An orthogonal representation
of the branching space

Equation ~18b!, v8(k)5( jR(U)k jv
( j ), is the key to

the present analysis as it connectsU with R(U), the or-
thogonal transformation ofv( j ). Let O be the orthogona
transformation with determinant11 that diagonalizes
D(v(1),v(2),v(3),v(4),v(5)), the overlap matrix of thev( j ),
j 51 – 5, that is

D~v8~1!,v8~2!,v8~3!,v84,v8~5!!kl

5@OD~v~1!,v~2!,v~3!,v~4!,v~5!!Ot#kl5dkl@v8~k!#2,

~25!

wherev8(k) is the norm ofv8(k) and

D~v~1!,v~2!,v~3!,v~4!,v~5!!kl5v~k!t
"v~ l !. ~26!

Then it suffices to show thatO5R(U), that is O can be
written as the image of aU underR. This is accomplished
using Eqs.~20a!–~20c! since from these equations it follow
that

~R51
~10! ,R52

~10! ,R53
~10!!

5sin f4 sin u2~sin u1 cosf1 , sin u1 sin f1 ,cosu1!,

~27a!

~R21
~8! ,R22

~8! ,R23
~8!!

52sin f5 sin u3~sin u2 cosf2 ,sin u2 sin f2 ,cosu2!,

~27b!

~R41
~6! ,R42

~6! ,R43
~6!!

5sin u4~sin u3 cosf3 ,sin u3 sin f3 ,cosu3!, ~27c!

~R11
~4! ,R12

~4! ,R13
~4!

52sin u5~sin u4 cosf4 ,sin u4 sin f4 ,cosu4!, ~27d!

~R31
~2! ,R32

~2! ,R33
~2!!5~sin u5 cosf5 ,sin u5 sin f5 ,cosu5!.

~27e!

The ten angles are determined in the ranges of 0<f i,2p
and 0<u i<p. This choice of angles allowsU to be deter-
mined from R(U). In the solution of Eq.~27! the sign of
each of sinf4 and sinf5 is determined self-consistently
The details of obtaining these equations are presented in
Appendix.

G. An R-invariant quantity

The above-described orthogonalization procedure
been carried out using alternative approaches in theh52 and
h53 cases. In theh52 case the branching plane is spann
by v(1) and v(3). It was found that the cross produ
v(1)Ãv(3) is invariant under the rotation of the two degene
ate eigenstates that orthogonalizesv(1) and v(3).23 In the
h53 case the branching space is spanned byv(1), v(2), and
v(3). It was found that the scalar triple productv(1)Ãv(2)"v(3)

is invariant under the rotation of the degenerate eigenst
that orthogonalizesv(1), v(2), and v(3).24 Here the cross
product and scalar triple product are evaluated in the bran
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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ing space. This invariant can be used to identify regions
coordinate space where two branches of the same s
intersect.18

The generalization of these results to theh55 case fol-
lows from the observations that forh52:

v~1!3v~3!5detS v1
~1! v2

~1!

v1
~3! v2

~3!D 56v8~1!v8~3!, ~28a!

and forh53:

v~1!Ãv~2!"v~3!5detS v1
~1! v2

~1! v3
~1!

v1
~2! v2

~2! v3
~2!

v1
~3! v2

~3! v3
~3!
D 56v8~1!v8~2!v8~3!,

~28b!

where thev(k) are expanded in a basis for the branchi
space. The choice of basis determines sign in Eqs.~28a! and
~28b!. The observation in Sec. II C thatR(U) is norm pre-
serving demonstrates that forh55 the invariant,
I (v(1),v(2),v(3),v(4),v(5)), is

I ~v~1!,v~2!,v~3!,v~4!,v~5!!

5detS v1
~1! v2

~1! v3
~1! v4

~1! v5
~1!

v1
~2! v2

~2! v3
~2! v4

~2! v5
~2!

v1
~3! v2

~3! v3
~3! v4

~3! v5
~3!

v1
~4! v2

~4! v3
~4! v4

~4! v5
~4!

v1
~5! v2

~5! v3
~5! v4

~5! v5
~5!

D
56v8~1!v8~2!v8~3!v8~4!v8~5!. ~28c!

III. APPLICATIONS

The principal purpose of this section is to demonstr
the efficacy of the present approach for determining an
thogonal representation of the branching space along se
of conical intersection using a model Hamiltonian. In t
course of that study interesting connectivities of the coni
intersection seam were found and are also reported here

A. The model Hamiltonian

The model Hamiltonian describes six states~three dou-
blet states! and has six internal coordinates,Q
5(x,y,z,w1 ,w2 ,w3). As noted earlier, the Hamiltonian wa
constructed, in part, to test procedures described in Sec. I
this regard the region of the transition fromh53 to h55 is
of interest as it is particularly challenging. The simplest m
ecule that exhibits this transition is a tetra-atomic molecu
A situation of considerable practical interest is that of a no
relativistic 2) –2(1 conical intersection seam that is altere
by spin–orbit coupling.12 In this case a state with appreciab
spin–orbit coupling to the two states involved in the nonr
ativistic conical intersection is required. With these factors
mind, a composite Hamiltonian, not designed to be repres
tative of a single molecule, was constructed with parame
from systems we have studied.12,25 The parameters for the
x,y,z coordinates describe a portion of the nonrelativis
1,22A conical intersection seam in BH2 ~Ref. 25! with the
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Downloaded 04 F
TABLE II. Parameters in the model Hamiltonians.

g gz ar1 ar2 ecrv app bpp
20.080 51a 0.001 36 0.001 76 20.002 72 0.01 0.01 0.01

h hz exd exd1 eyd ezd ezd1
0.009 25 20.001 148 0.1 0.1 0.1 0.01 0.01

b3r ezw1 ezw3 ew22 g41
0.002 0.1 0.1 0.1 0.05

h12
so h13

so h23
so h12

tso h13
tso h23

tso

0.005 695 0.005 695 0.011 391 0.005 695 0.005 695 0.005 695

aAtomic units used throughout.
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z axis as the seam coordinate. Seam curvature, which ca
the seam not to coincide with thez axis, is included using the
parameterecrv. In order to describe a three state tetr
atomic molecule, a third, adjustable, electronic state
three additional coordinateswi , i 51,2,3 were introduced
Since we are interested in the manner in which theh53 and
h55 cases coalesce the molecule is assumed to be p
whenw250. As a consequence whenw250 the spin–orbit
coupling between thec i and T̂c j vanishes. The spin–orbi
coupling was chosen to be bounded in thewi but a linear
function ofx,y,z, a choice which facilitated determination o
conical intersections forw2Þ0.

In an ordered time reversal adapted basis the Ha
tonianH(Q) is a 636, T-type matrix, where

a5S a1 a21 ib2 a4

• a3 ib5

• • a6

D ,

~29!

b5S 0 a8 a101 ib10

• 0 ib11

• • 0
D

and

a152~g•x1gz•xz1ar1•x21ar2•y2!,

a352a11ecrv•~z21w1
21w2

21w3
2!,

a65app•x21bpp•y21ezd•z21ezd1•z

1exd•~x22w1
2!1exd1•~x1w31xw1!

1eyd•~y21w2
21w3

2!,

a25~h•y1hz•yz!1b3r•xy1ezw1•zw11ezw3•zw3

1ew22•w2
2,

a45g41•~0.011x21z!1h13
so~22tanhz2!/2, ~30!

b252h12
so~12e2z2

!/2,

b55h23
so~3/42e2z2

!5/4,

a85a12
tso~z2x!, a105a13

tso, b105a13
tso~z2y!,

b115a23
tso~x2y!,

ai j
tso5hi j

tso~12e2w2
2
!e2w1

2
2w3

2
.

The parameters for this representation are given in Table
eb 2006 to 128.220.2.42. Redistribution subject to AIP
ses

-
d
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II.

B. Seams of conical intersection

According to the noncrossing rule10 H(Q) has a two-
dimensional seam withh53 for planar geometries (w250)
which merges into a one-dimensional seam withh55 asw2

differs from 0. From Eq.~28c! I (v(1),v(2),v(3),v(4),v(5)) is
expected to approach 0 asw2 approaches 0. These conclu
sions apply to either the eigenstates (C1 ,T̂C1) and
(C2 ,T̂C2) or (C2 ,T̂C2) and (C3 ,T̂C3). Here we focus on
the former pair~the lower states!.

1. Locating the seam

An algorithm for locating the seam has been presen
previously.20 In the following, we briefly summarize the
implementation of that approach employed here. We seekQx

such thatE1(Qx)5E2(Qx) subject to additional geometri
constraints,Jk(Q

x)50, k51, . . . ,Ncon. Since the condition
E1(Q)5E2(Q) providesh equations, we requireNcon5Ni

2h, whereNi is the number of internal coordinates. The
Ncon51 when the molecule has no symmetry (h55) and
Ncon53 when the molecule is planar sinceh53. In the latter
case it is convenient to incorporate the constraint ofCs sym-
metry,w250, explicitly and useNcon52.

Qx is determined iteratively. In the iterative determin
tion of Qx we write Qx5Q01dQ and assume thatQ0 is
sufficiently close toQx that Eq.~2a! is valid. ThenQx will be
a point of intersection provided, in the branching space:

S v~1!"dQ
v~2!"dQ
v~3!"dQ
v~4!"dQ
v~5!"dQ

D 5S 0
0

2DE12

0
0

D ~31!

subject to theNcon constraint equations

Jk~Q0!1 j k~Q0!"dQ50, k51, . . . ,Ncon. ~32!

In general these equations converge rapidly. However
size of v(3) depends onQ0. When Q0 is such thatv(3) is
small, second-order contributions may be appreciable
extrapolation techniques were found useful.

2. The seam and its properties

For the lowest two eigenenergiesE1 and E2 of H(Q),
two distinct seams were found. One seam, denotedSh , is
comparatively high in energy. It exists only forCs symmetry,
w250, structures, and therefore is a two-dimensional s
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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face. The points on this seam will be denotedQh
x,3 . The

second, lower energy seam, denotedSl , has aCs portion,
with points labeledQl

x,3 , again a two-dimensional surfac
that merges into anh55 no symmetry portion, a one
dimensional line, with points labeledQl

x,5 . The Ql
x,3 and

Ql
x,5 portions of Sl intersect at two points,Ql

x(A)
5(0.5933,0.5806,0.5931,21.1607,0,1.0626) and Ql

x(B)
5(0.5902,0.5782,0.5900,0.9861,0,21.0846). Interestingly
Sl is a closed, bounded, set, whileSh is infinite in extent.

Figure 1~a! reports the locus Ql
x,5(w2)

[(x(w2),y(w2),z(w2),w1(w2),w2 ,w3(w2)), the h55
portion of Sl together with a sectiony5yA , of the
two parameter h53 portion of Sl Ql

x,3(x,y5yA)
[(x,y5yA ,z(x),w1(x),w250,w3(x)), with yA50.5806,
from Ql

x(A). Figure 1~b! illustrates the two-dimensiona
bounded character ofQl

x,3 reporting Ql
x,3(x,y5yi) for yi

525, yA and 5,Ql
x,3(x5xA ,y)[(x5xA ,y,z(y),w1(y),w2

50,w3(y)), with xA50.5933, from Ql
x(A). Ql

x(A) is
shown in Figs. 1~a! and 1~b!. Figure 1~c! reports a section
Qh

x,3(x5xA ,y)[(x5xA ,y,z(y),w1(y),w250,w3(y)), of Sh

which illustrates its nonbounded character. Figure 2~a! re-
ports energies onSl , E1(Ql

x,m)5E2(Ql
x,m)[Ex,m(Ql

x,m),
m53,5. Figure 2~b! reports energies on the sections ofSl

depicted in Fig. 1~b!.
The tangent vector to theh55 portion of Sl at a point

Ql
x,5 , a vector perpendicular to the branching space, can

obtained from the six-dimensional vector product:

s1D~Ql
x,5!5detS e1 e2 e3 e4 e5 e6

v1
~1! v2

~1! v3
~1! v4

~1! v5
~1! v6

~1!

v1
~2! v2

~2! v3
~2! v4

~2! v5
~2! v6

~2!

v1
~3! v2

~3! v3
~3! v4

~3! v5
~3! v6

~3!

v1
~4! v2

~4! v3
~4! v4

~4! v5
~4! v6

~4!

v1
~5! v2

~5! v3
~5! v4

~5! v5
~5! v6

~5!

D ,

~33!

where v(k)5( i 51
6 v i

(k)ei , k51 – 5, with Q5xe11ye21ze3

1w1e41w2e51w3e6 . From the properties of the determ
nant,s1D is perpendicular to all the degeneracy lifting ve
tors. It was confirmed numerically that the direction
s1D(Ql

x,5) and of (Ql
x,51dQl

x,5)2(Ql
x,5) agree all along the

seam. The tangent space to theh53 seam cannot be dete
mined from Eq.~33!. It consists of two vectors that must b
chosen orthogonal to the$e18 ,e28 ,e38%.

C. Branching space

We now turn to the key aspect of this numerical stu
the description of the branching space in terms of ort
gonalized vectors. We consider thev8(k)(Ql

x,m), k512m,
and m53,5. The nascent counterparts of these vectors,
v(k)(Ql

x,m), are essentially randomly orientedwithin the h
5m branching space. The orthogonalization procedure m
produce v8(k)(Ql

x,m) that are continuous. This continuit
should not depend onv8(k)(Ql

x,m), the magnitude of these
vectors, since results are required as planar configurati
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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where v8(k)(Ql
x,5)50, for k54,5, are approached. Figur

3~a! reportsv8(k)(Ql
x,m), for k512m while Fig. 3~b! reports

the logv8(k)(Ql
x,5), for k51 – 5 to more clearly display the

much smallerv8(k)(Ql
x,5), k54,5. These results are quite e

FIG. 1. ~a! Sl closed conical intersection seam.Ql
x,5(w2), symmetric inw2 ,

together withQl
x,3(x,yA), a one-dimensional section ofh53 seam as a

parametric function ofx with y fixed at yA50.5806. The intersection of
these portions of the seam atQl

x(A) is shown.~b! For Sl , Ql
x,3(xA ,y), a

one-dimensional section of the seam as a parametric function ofy with x
fixed atxA50.5933. Also forQl

x,3(x,yi), as a parametric function ofx with
y fixed at yi525, 0.5806, and 5.~c! The section ofSh , Qh

x,3(xA ,y) is
shown and compared with the section ofSl , Ql

x,3(xA ,y).
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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couraging. All five norms are found to be continuous rega
less of the size ofv8(k)(Ql

x,m). In addition as Ql
x,m

→Ql
x(A), v8(k)(Ql

x,5)→v8(k)(Ql
x,3), k51 – 3. Similarly, con-

tinuity is obtained for the vectors themselves but the data
not presented here since they do not lend themselves
compact representation.

Thus the orthogonalization procedure produces the
quisite continuous representation of the branching space
computationally efficient manner. Such a representation
essential if the pointwise results obtained from a numer
procedure are to be interpolated and extrapolated.

IV. SUMMARY AND CONCLUSIONS

Previously, procedures for obtaining an orthogonal r
resentation of the branching space for two state conical
tersections have been developed for theh52 case~nonrela-
tivistic Hamiltonian! and h53 case ~Hamiltonian that
explicitly includes the spin–orbit interaction and hasCs spa-
tial symmetry!. Here a distinctly different approach is used
extend those results to theh55 case~Hamiltonian that ex-
plicitly includes the spin–orbit interaction but has no spa
symmetry!. A realization of the homomorphism connectin
Sp~4!, the subspace of SU~4!, consistent with time reversa

FIG. 2. ~a! Ex,m(Ql
x,m) are shown alongQl

x,5(w2) @symmetric# and
Ql

x,3(x,yA). ~b! Ex,3(Ql
x,3) are shown alongQl

x,3(xA ,y) and Ql
x,3(x,yi) for

yi525, 0.5806, 5.
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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symmetry, to SO~5!, U→R(U) with UPSp(4), andR(U)
PSO(5), isdeveloped. It is used to efficiently determine
transformation of the degenerate electronic states—wh
preserves the standard form of the electronic Hamilton
near the conical intersection—and produces@via R(U)] an
orthogonal representation of the branching space. A quan
invariant under this transformation is also identified. T
computational utility of this approach was demonstrated
ing a model Hamiltonian representing a tetra-atomic m
ecule with three coupled doublet electronic states. The s
of conical intersection is shown to have two distin
branches—one branch, which is bounded, includes bothh53
and h55 portions while the second branch, which is u
bounded, has only anh53 component.

ACKNOWLEDGMENTS

The authors wish to thank the anonymous referee
pointing out the connection to the symplectic group. Th
work is supported by NSF Grant No. CHE 0206834
D.R.Y.

FIG. 3. ~a! Norms of the degeneracy lifting vectors,v8(k)(Ql
x,m), k51

2m, alongQl
x,5(w2) andQl

x,3(x,yA). The crossing pointA is shown. NearA
the norms of the three degeneracy lifting vectors alongQl

x,3(xA ,y) are
shown;~b! log v8(k)(Ql

x,5), k51 – 5, is plotted.
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Here we describe howR(2n) is obtained by a matrix multiplication ofR(2n22) andR(P)R(2). The initial elements in the
recursionR(2)(f5 ,u5) andR(P)R(2)(a,b) are obtained explicitly by matrix multiplication from data in Table I, and Eqs.~12!
and ~15a!,

~A1!

~A2!
a

ed

ed

e

d-

-

ic
For the remaining matrices only the necessary elements
determined. The third row ofR(2)(f5 ,u5) @Eq. ~A1!# gives
immediately Eq.~27e!: (R31

(2) ,R32
(2) ,R33

(2))5(sin u5 cosf5 ,
sin u5 sin f5 ,cosu5).

R(4)5R(2)P(P)R(2)(f4 ,u4) has the form

R~4!5S R11
~4! R12

~4! R13
~4!

• •

0 0 0 2sin f5 •

• • • • •

• • sin u4 0 0

sin f4 • 0 0 0

D . ~A3!

Equation ~27d! (R11
(4) ,R12

(4) ,R13
(4))5R13

(2)(sin u4 cosf4 ,
sin u4 sin f4 ,cosu4), whereR13

(2)52sin u5 , follows from
the portion of the matrix product given by the boldfac
matrix elements in Eqs.~A1! and ~A2!. The remaining ele-
ments indicated in Eq.~A3! are similarly obtained.

R(6)5R(4)R(P)R(2)(f3 ,u3) has the form

R~6!5S • • • • •

• • 2sin f5 sin u3 0 0

• • • • •

R41
~6! R42

~6! R43
~6!

• •

0 0 0 sinf4 •

D . ~A4!

Equation ~27c! (R41
(6) ,R42

(6) ,R43
(6))5R43

(4)(sin u3 cosf3 ,
sin u3 sin f3 ,cosu3), where R43

(4)5sin u4 , follows from
the portion of the matrix product given by the boldfac
matrix elements in Eqs.~A3! and ~A2!. The remaining ele-
ments indicated in Eq.~A4! are similarly obtained.

R(8)5R(6)R(P)R(2)(f2 ,u2) has the form
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
re

R~8!5S • • • • •

R21
~8! R22

~8! R23
~8!

• •

• • • • •

• • • • •

• • sin f4 sin u2 0 0

D . ~A5!

Equation ~27b! (R21
(8) ,R22

(8) ,R23
(8))5R23

(6)(sin u2 cosf2 ,
sin u2 sin f2 ,cosf2), where R23

(6)52sin f5 sin u3 , fol-
lows from the portion of the matrix product given by th
boldfaced matrix elements in Eqs.~A4! and ~A2!. The re-
maining elements indicated in Eq.~A5! are similarly ob-
tained.

Finally, R(10)5R(8)R(P)R(2)(f1 ,u1) has the form

R~10!5S • • • • •

• • • • •

• • • • •

• • • • •

R51
~10! R52

~10! R53
~10!

• •

D . ~A6!

Equation ~27a! (R51
(10) ,R52

(10) ,R53
(10))5R53

(8)(sin u1 cosf1 ,
sin u1 sin u1 ,cosu1), where R53

(8)5sin f4 sin u2 , follows
from the portion of the matrix product given by the bol
faced matrix elements in Eqs.~A5! and ~A2!.
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