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Accidental conical intersections of three states of the same symmetry. I.
Location and relevance

Spiridoula Matsikaa) and David R. Yarkonyb)

Department of Chemistry, Johns Hopkins University, Baltimore, Maryland 21218

~Received 12 August 2002; accepted 20 August 2002!

An efficient algorithm for locating conical intersections of three states of the same symmetry is
presented. The algorithm, which derives its efficiency from the use of analytic gradient techniques,
is used to locate a three state intersection for the excited 3p Rydberg states of the ethyl radical. The
existence of a seam of three state conical intersections in a 3p Rydberg manifold is expected to be
a general occurrence. ©2002 American Institute of Physics.@DOI: 10.1063/1.1513304#
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I. INTRODUCTION

Photodissociation1,2 frequently involves excitation of a
bright state,Ln , followed by electronic cascade to a low
state,L1 or L0 . It is reasonable to describe this electron
cascade as comprised of a sequence of pairwise nonadia
transitions,Lm→Lm21 , with the nonadiabatic transitions a
tributed to the existence of conical intersections connec
each pair of electronic potential energy surfaces.3,4 This se-
quence of pairwise nonadiabatic transitions can be quite
ficient. However this efficiency may be compromised wh
for example, the regions of the nonadiabatic transitions
well separated. The impact of this type of bottleneck can
mitigated if multistate nonadiabatic transitions,Lm→Lm2n ,
can occur. Conical intersections of three electronic states
germane in this regard since they provide a mechanism f
single step, two state nonadiabatic transition,Lm→Lm22 .
Thus such conical intersections, if they exist, can expe
radiationless decay.

Conical intersections of three states that are required
symmetry are well-known5,6 but of limited importance here
since such high symmetry situations are comparatively r
On the other hand, intersections that are not symmetry
quired, accidental intersections, which are relevant in
present context, have received much less attention. Acc
ing to the noncrossing rule of von Neumann and Wigner,7 in
the absence of any symmetry, a seam of such conical in
sections can exist in a subspace of dimensionNint25, where
Nint is the number of internal degrees of freedom. T
should be compared with theNint22 dimensional seam
space for a two state conical intersection. The low dim
sionality of the three state seam does not relegate this fea
to obscurity since the ‘‘double cone’’ is five dimensional. F
the two state conical intersection the double cone is only
dimensional.

The low dimensionality of the three state seam do

a!Electronic mail: smatsika@jhu.edu
b!Electronic mail: yarkony@jhu.edu
6900021-9606/2002/117(15)/6907/4/$19.00

Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
atic

g

f-
,
re
e

re
a

te

y

e.
e-
e
d-

r-

s

-
re

o

s

complicate the determination of its locus. The most detai
investigation of the seam for a three state conical intersec
is that of Katriel and Davidson.8 They studied accidenta
three state intersections in CH4

1 with a symmetry required
three state intersection as the starting point and using F
wave functions to describe the electronic states.8

In addition to the challenge of locating the seam spa
three state intersections complicate the issue of the geom
phase6 as evinced by recent theoretical descriptions9~a!,9~b! of
adiabatic transit observed in microwave cavities.9~c! The
three state problem in general, and the question of electr
phases in particular, has also been studied by Baer
co-workers,10,11 using theD-matrix method.

In this work we begin a systematic study of the possi
role of three state conical intersections in radiationless de
The present study was motivated by recent experiment
which excited 3s and/or 3p Rydberg states of organic rad
cals, including hydroxymethyl (CH2OH),12,13 vinoxy
(CH2COH),14,15allyl (C3H5),16,17propargyl (C3H3)18,19and
ethyl (C2H5),20,21 were photodissociated. The close spaci
of the Rydberg states and the well-known phenomenon
valence-Rydberg~avoided! intersections suggest conside
ation of this class of electronic states.

In order to carry out this study an efficient algorithm f
locating conical intersections of three states is required. P
viously we reported Lagrange multiplier based, analytic g
dient driven, algorithms for locating two state conical inte
sections for the nonrelativistic or Coulomb Hamiltonian22

and for the electronic Hamiltonian with the spin-orbit inte
action included23 ~within the zero pair24 approximation!. An
extension of these algorithms that handles the nonrelativ
three state case is reported here.

Section II describes this algorithm in general terms,
serving a more detailed discussion for a subsequent wo25

In Sec. III this algorithm is used to consider the existen
and significance of a particular class of three state inters
tions in the ethyl radical. Section IV summarizes and su
gests directions for future research.
7 © 2002 American Institute of Physics
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II. LOCATING THREE STATE CONICAL
INTERSECTIONS

At Rx,i jk , a point of conical intersection of statesi, j, and
k, DEi j (R

x,i jk)5DEjk(Rx,i jk)50, whereDEmn(R)5Em(R)
2En(R),

~H~R!2Ek~R!I !ck~R!50 ~1a!

and

C i~r ;R!5 (
a51

NCSF

ca~r ;R!ca
i ~R!. ~1b!

In words, the electronic wave functions,C i which depend
parametrically on the nuclear coordinatesR, are expanded in
a basis of configuration state functions~CSFs! and the geom-
etry dependent coefficients of combination, theci(R), are the
eigenvectors ofH, the Hamiltonian in the CSF basis. In th
work theC i will be state-averaged multiconfigurational se
consistent field~SA-MCSCF!/configuration interaction~CI!
wave functions.26 This class of multireference CI~MRCI!
wave function can provide an even-handed description
several electronic states while including both dynamic a
nondynamic correlation.

Using degenerate perturbation theory27,28 it can be
shown25 that in the vicinity ofRx,i jk as far as statesi, j, and
k are concerned, the electronic Hamiltonian,H(R) can be
written, to first order indR, the displacements fromRx,i jk ,
as a 333 Hamiltonian

H~1!~R!5~Ej~Rx,i jk !1hj j
•dR!I

1S gj i
•dR hi j

•dR hik
•dR

hi j
•dR 0 hjk

•dR

hik
•dR hjk

•dR gk j
•dR

D , ~2a!

where

hjk~R!5cj~Rx,i jk !†¹H~R!ck~Rx,i jk !

~2b!
gmn~R!5hmm~R!2hnn~R!.

Here gmn(R) is the energy difference gradient for statesm
andn, andhmn(R)/DEmn(R) is approximately the derivative
coupling vector for statesm andn. Note that in the definition
of hjk(R) the R-dependence originates entirely fro
¹H(R), and¹ denotes the gradient with respect to nucle
coordinates only. AtR5Rx,i jk1dR, H(1)(R) in the adia-
batic representationH̃(1)(R)[U†(R)H(1)(R)U(R) is given
by

H̃~1!~R!5Ej~R!I1S DEi j ~R! 0 0

0 0 0

0 0 DEk j~R!
D . ~2c!

From these observations we can deduce, again using
turbation theory,25 the relations that define the core of o
algorithm for locating three state conical intersections.
R15R01dR, with R1;Rx,i jk then comparing Eqs.~2a! and
~2c! we require
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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DEi j ~R0!1gi j ~R0!•dR50 and hi j ~R0!•dR50 ~3a!

DEk j~R0!1gk j~R0!•dR50 and

hmn~R0!•dR50 where mn5 jk, ki . ~3b!

Equations~3a! and~3b! specify five conditions. The two con
ditions in Eq.~3a! are those used to locate a two state coni
intersection. WhenNint.5 additional constraints on the in
ternal coordinates are required. We specify these condit
as geometrical constraints

Ki~R!50, i 512Ncon, ~3c!

for example fixing a bond distance or internal angle—and
the requirement that in addition to Eqs.~3a!–~3c! the energy
of the crossing point is minimized.

These conditions can be imposed by finding an ex
mum of the Lagrangian:22

L~R,j,j̄l!5Ei1j1DEi j 1j2DEk j1 j̄1Hi j 1 j̄2Hik

1 j̄3Hk j1(
i 51

Ncon

l iK
i . ~4!

An extremum ofL is obtained by requiringL 8, the gradient

of Eq. ~4! with respect to all the independent variablesR, j̄,
and l, to vanish. Then expandingL 8 through first order
aboutR15R01dR and assuming thatR1;Rx,i jk gives the
following Newton–Raphson equations:

S LRR gi j † gk j† h† k†

gi j 0 0 0 0

gk j 0 0 0 0

h 0 0 0 0

k 0 0 0 0

D S dR

dj1

dj2

dj̄

dl

D 52S ¹L

DEi j

DEk j

0

K

D
52L 8, ~5a!

where k i5¹Ki , LRR5¹(¹L), h†5(hi j †,hjk†,hik†) every-
thing in Eq.~5a! is evaluated atR0 and

¹L5¹Ej1j1gi j 1j2gk j1 j̄1hi j 1 j̄2hik1 j̄3hk j1(
i 51

Ncon

l ik
i .

~5b!

Equation~5a! is solved iteratively until the right hand sid
vanishes. Therefore the right hand side must be rea
evaluated each iteration. The computational cost for eval
ing k i is negligible as explicit expressions for thek i are
obtained algebraically. Key here is that the potentially cos
gmn and hkl can, for MRCI wave functions, be efficientl
evaluated using analytic gradient techniques.26 On the other
hand LRR which is evaluated by divided difference of¹L
can be quite costly to compute. Fortunately it need not
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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computed at each iteration and need not be known exa
See below.

III. THREE STATE CONICAL INTERSECTIONS:
THE ETHYL RADICAL

We consider the possibility that molecular structures
ist for which the three 3p Rydberg states of the ethyl radica
CH3CH2", become degenerate. At its groundX 2A8 state~us-
ing Cs symmetry labels! equilibrium geometry,Re(X 2A8),
the highest occupied molecular orbital~HOMO! of the ethyl
radical, is a singly occupied valence orbital, while, the lo
lying excited electronic states and their correspond
HOMOs, are Rydberg in character. Both the 3s ~Refs. 21,
29! and the 3p ~Ref. 20! states have been probed experime
tally. If the molecule were effectively a point the 3p Rydberg
states would be degenerate. Since this is not the case thp
Rydberg states are split. Here we are concerned with whe
the molecule can distort in such a way as to restore
degeneracy. The three state conical intersection could,
pending on the energy and geometrical structure, sign
cantly influence the photochemistry of the highest 3p Ryd-
berg state.

A. Electronic structure description

The five lowest states of the ethyl radical, with energ
En , n51 – 5, are described at the SA-MCSCF/CI level, th
is, the wave functions are determined from multireference
expansions based on molecular orbitals determined fro
SA-MCSCF procedure. In this initial work (6s4p1d) and
(4s1p) bases are used on carbon and hydrogen respecti
Both the hydrogen and carbon bases are polarized do
zeta bases. The carbon basis is augmented with twos and
two p Rydberg functions following Dunning.30 In the
SA-MCSCF molecular orbital optimization procedure the a
tive space consists of one electron in five orbitals, nomina
the half-filled orbital of the ground state and the 3s, 3px,y,z

Rydberg orbitals. The MRCI wave functions include a
CSFs obtained as single and double excitations relativ
these five reference CSFs. This MRCI space, denoted S
RCI, is comprised of 1.2 million CSFs. No spatial symme
is assumed in these calculations. This level of treatmen
expected to provide a reasonable description of the five l
est states nearRe(X 2A8). The reliability of this description
is considered below.

B. Ground state geometry and vertical excitation
energies

Table I reports the values of representative internal
ordinates atRe(X 2A8) ~atom labelling C3H1HH–C2HH with
each HH pair symmetry equivalent inCs symmetry! and
compares them with a previous theoretical study that trea
only the ground electronic state using MP2 wave functio
and extended atomic orbital basis sets.31 The agreement with
the previous theoretical work is quite good. Also provided
that table are the vertical excitation energies,Tv(I), to the Ith
state. The vertical excitation energy to the 22A8 (3s Ryd-
berg! state,Tv(2 2A8)538 740 cm21 is in good accord with
the known absorption feature in the region 37 800–40 9
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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cm21,21 while Tv(5 2A)546 984 cm21 is consistent with the
reported excitation to a 3p state at 48 780 cm21.20 These
comparisons support the viability of the SOMRCI descr
tion in this region.

C. Three state conical intersections: Convergence

Table II provides the key numerical result of this wor
There the efficient convergence of the Newton–Raph
procedure to a point,Rx,345, on the seam is demonstrate
The initial geometry was a partially optimized structure
the ground state potential energy surface. The algorit
achieves degeneracy of,1 cm21 in only six iterations.
Given the relatively small initial separation of the states
and 5 ~60 cm21!—definitely not a prerequisite fo
convergence—this degree of precision is necessary in o
to distinquish between avoided and conical intersectio
However it must be noted that a numerical procedure
never give exactly degenerate energies. To confirm
Rx,345 is a point of conical intersection of three states it
sufficient to demonstrate that the five vectors in Eqs.~3a! and
~3b! are linearly independent. The linear independence
these five vectors was considered by first normalizing
vectors and then computing the eigenvalues of their ove
matrix. The absence of a~near! zero eigenvalue establishe
the requisite linear independence.

Since the focus here is the location of a point on t
three state conical intersection seam in these calculat

TABLE I. Internal coordinates and energetics atRe(X
2A8) andRx,345 using

SOMRCI expansion.

Re(X 2A) Rx,345

R(C3– C2) 1.494~1.482! 1.345
R(C3– H1) 1.096~1.097! 1.156
R(C3– H) 1.089~1.091! 1.09~60.01!
R(C2– H) 1.079~1.079! 1.046
/HC2H 117.3~117.5! 109.6
E1 0 10996
E2 38740 44845
E3 45251 52443
E4 45834 52443
E5 46985 52443

aDistances in Å and energies in cm21 relative to E15278.896381 a.u.
at Re(X 2A8). Experimental values from Ref. 31 given parenthetical
1.09~60.01! indicates average of 1.10 and 1.08.

TABLE II. Convergence to a three state conical intersection point us
SOMRCI wave functions.

Iteration DE43 DE45 R~C3–C2) /HC2H E3 uL 8u

0 2226.5 259.399 3.162 94.4 67273 0.625~0!
1 682.88 2302.72 2.6997 90.3 60840 0.425~0!
2 46.501 224.939 2.5999 95.1 63293 0.180~0!
3 43.609 22.2016 2.5823 101.5 57597 0.122~0!
4 9.413 21.7654 2.5679 104.3 55214 0.821~21!
5 1.651 20.360 2.5556 106.1 53978 0.618~21!
6 0.814 20.431 2.5474 107.5 53226 0.497~21!
8 0.180 20.414 2.5424 109.6 52443 0.353~21!

aDistances ina0 , angles in degrees, and energies in cm21 relative toE15
278.896 381 a.u. atRe(X 2A8). For uL 8u characteristic base 10 is give
parenthetically.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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LRR, which is costly to determine since divided differencin
is required, was approximated by a unit matrix. As in the t
state conical intersection case, this approximation does
compromise the location of a point on the seam but d
limit the efficiency of the energy minimization. This is re
flected in the slow change inuL 8u after a point on the seam i
located. Compare in Table II iterations 1–5 and 6–8. E
cient ~approximate! methods for constructingLRR will be
discussed in a subsequent work.25

D. Three state conical intersections: Significance

Table I compares the geometry and state energie
Re(X 2A8) with those atRx,345. The key difference betwee
the two structures is the large change in R~C3–C2). However
at Rx,345 the molecule is still clearly a distorted ethyl radica
that is, we arenot dealing with an asymptotic structure i
which the molecule has been broken apart to achieve
degeneracy. On the other hand, the three state conical i
sections in this region have energies~based on extrapolation
of the data in Table II! ;5000 cm21 above the vertical exci-
tation energy to the highest 3p Rydberg state. This is prob
ably too high to play a role in photodissociation experime
noted in the Introduction. In future work it will be importan
to determine the factors that govern the energy of three s
conical intersections relative to the vertical excitation ener
including how this energy difference is changed by the int
duction of substituents.

Finally it should be emphasized that the seam of con
intersection is aNint25510 dimensional surface rather tha
the single point reported here. In this regard once a sin
point on the seam is determined, as described in de
previously,32 the use of Lagrange multipliers to incorpora
the geometric constraints allows additional points on a se
of conical intersection to be determined relatively quickly
providing a good ‘‘guess’’ for the location of a seam point
the neighborhood of an existing point.

IV. CONCLUSIONS AND FUTURE DIRECTIONS

In this work we have introduced an efficient algorith
for locating points on a seam of conical intersection of th
states which is not required by symmetry. The algorithm r
resents an extension of the algorithm we currently use
locate conical intersections of two electronic states22 and de-
rives considerable efficiency from the use of an analytic g
dient, and Lagrange multiplier, techniques. We show
using wave functions comprised of over 1.2 million config
ration state functions, that changes in the molecular fra
work can cause the 3p Rydberg states of ethyl radical t
become degenerate.

In future work we will consider how the energy of the
three state conical intersections relative to the vertical e
tation energy, changes with substituent substitution. It will
particularly interesting to consider the 3p Rydberg manifold
in molecules including hydroxymethyl for which the splittin
of the 3p manifold at the ground state equilibrium geome
is much larger than that of ethyl.33 We will also consider
Downloaded 04 Feb 2006 to 128.220.2.42. Redistribution subject to AIP
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lower excited states. In preliminary calculations using t
algorithm three state intersections of the 2 – 42A states of the
ethyl radical have been found. These three state intersec
involve states of Rydberg and ‘‘excited valence’’ characte25

Finally we hope this study will serve to motivate studi
of nuclear dynamics in the vicinity of representative thr
state conical intersections. These studies should be par
larly interesting since when compared with the two st
double cones here the branchings available to a wave pa
exiting the ‘‘cone’’ are more robust since now there are el
tronic as well as geometric options available.
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