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On the effects of spin-orbit coupling on conical intersection seams
in molecules with an odd number of electrons. I. Locating the seam
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In molecules with an odd number of electrons when the spin-orbit interaction is added to the
nonrelativistic Coulomb Hamiltonian the dimension of the seam of conical intersection is reduced
from N™—2 to N™—3 or N™—5. A generally applicable algorithm for locating points of conical
intersection in such molecules is derived. The algorithm is based on a perturbative description of the
vicinity of a point of conical intersection analogous to that used previously in the nonrelativistic
case. It is tested using model Hamiltonians with quite promising results. An implementation of the
algorithm based orab initio wave functions is presented which treats the spin-orbit interaction
within the Breit—Pauli approximation and incorporates it into the electronic Hamiltonian using the
adiabatic states of the nonrelativistic Hamiltonian as a basis. An initial test of this implementation
also yielded quite promising results. @001 American Institute of Physics.

[DOI: 10.1063/1.1378324

I. INTRODUCTION The algorithm is applicable to any of the multistate, pa-

o . . rametrized, analytic model Hamiltonians frequently used to
Conical intersections are known to play a key role in

dimension of the seam of conical intersectionN&'— 2, employed a three state pseudo Jahn—Teller mbdk al-
int ; ; P i

whereN™ is the number of internal coordinates. Including o jihm however, is expected to find its principal application
the spin-orbit interaction, a relativistic effect, can change th§, o context ofab initio Hamiltonians in which the spin-
S||tuat|on quz(ajl:jtatllvely. For rr:ole(fulesr\]/wth an Odt?_ n_umber _Oforbit interaction is treated using large component only wave
electrons, odd electron molecules, the spin-orbit Interaction,  jond constructed at the multireference configuration in-
renders the Hamiltonian complex valued. The dimension of go 5 ction |evel. To this end we report and test an implemen-
seam of comcal_ Intersection for am othlerW|se nondegeneraigyion of this algorithm in which the spin-orbit interaction is
complex Hermitian matrix is onlj™ =3." However for odd  ye5teq at the Breit—Pauli level® and included in the
electron systems, as a consequence of time reversgl, iwonian using quasidegenerate perturbation thEdr.
symmetry; all eigenvalues are F’OUb'y degenergte, eXh't,"tmgThis approach is commonly used in nuclear dynamics and is
Kramers’ degeneracyWhen this degeneracy is taken into ,4equate for molecules containing only atoms with atomic
account the dimension of the seam of conical intersection IShumbers no larger than that of Kr. The implementation takes

i C - i - . . ’ . - .
reduced Stk')” f_urther t((jN ?: 5in ?]eneracl or vr\:hercs Zym ; full advantage of analytic gradient techniques, a key point in

S— S . . . . .

metry can be ngpose 19 3,dW ereN™sis the number of ¢ formulation. In this context spin-orbit coupling affects
Cs preserving degrees of freedom. the electronic structure problem in either of two ways. It

The effects of this change in dimensionality can be pro-, e states of different spin multiplicity whose intersec-

found. 'S.p|n-orb|t COUF’"”Q .may, f‘?f, example, dgcrease ,th‘?ions otherwise would not be conical and as noted above it
probability of a nonadiabatic transition by reducing the SIZ€;ters the dimension of a seam of conical intersection of the

of the region of close approach of the potential energy SUhonrelativistic Hamiltonian. This work is primarily con-

faces in question. To study the ramifications of this change ie ey with the later, arguably the more significant, issue. It
the dimensionality of the seam of conical intersection theShould be emphasized that this change in the dimension of
locus of the seam should be known. However, the lowet,o qeqm js not observed in molecules with an even number

; ; ; int_ Cs_ . > ’
d|menIS|(_)n_aI!ty,N 5imor2N ° k3 w(rj]en co-m.parer(]j- tol the of electrons since in that case the wave functions can be
nonrelativistic caseN™"—2, makes determining this locus ., qen 5o that the Hamiltonian is real valued.

quite challenging. In this work we address this problem re-— ggtion || presents the mathematical basis for the algo-
porting an algonthm_for Ioc.;atllng conilcal intersections in therithm, which exploits a degenerate perturbation theory previ-
presence of the spin-orbit interaction. To our knowledge, sy ysed to describe conical intersections in nonrelativistic
there are no previous reports of algorithms for locating th'ssystemés'“ and Mead's seminal discussion of the noncross-

class of conical intersection. ing rule in molecules with an odd number of electrdéhin
the Appendix an implementation for extended multireference
Z))Electronic mail: smatsika@jhunix.hcf.jnu.edu configuration interaction wave functions that exploits ana-
Electronic mail: yarkony@jhuvms.hcf.jhu.edu lytic gradient techniques is described. Section Il demon-
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strates the rapid convergence of our approach using both. Conditions for a conical intersection

model andab initio Hamiltonians and uses several model For odd electron molecules the conditions for a conical

6“ﬂersection have been given by MeHdere we summarize
“the requisite portion of that seminal work. For an odd elec-
tron molecule, Kramers’ degeneracy renders a point of coni-
cal intersection of statesandj, R®*, a point of fourfold
degeneracy. However it also constrains lihe N matrix rep-
Il. THEORY resentation oH® so that it does not have the usual number,
N? (see Refs. 1 and 1®f free parameters. In particular, for
The total electronic Hamiltonia®(r;R) is given by  functionsy;, Twi, o, Te;, sinceT is antiunitary
He(r;R)=HOr;R) + H(r;R), whereH(r;R) is the non- : J
relativistic Coulomb Hamiltonian antiY(r;R) is the spin- Hi(R)=H71(R) HFT.(R)=0
orbit Hamiltonian/ The nonrelativistic eigenstateS\P,0 . . 2)
eigenfunctions oH°(r;R) are conventionally expanded in a HiT]-(R): - HTij(R)*'
basis of antisymmetrizeN®-electron functions, the configu-
ration state functionéCSF$,*® which are eigenfunctions of
S? and M and carry an irreducible representatiarof the
spatial point group. However for the relativistic eigenstates Hyy Hyp 0 Hir,
WE(r;R) (approximatg eigenfunctions oH®(r;R) with en-
ergiesE7(R), it is desirable to use a basis that also takes into Hpz —Hir, 0
account the effects of time-reversal symmétry, time- Hip
reversal adapted basis.
Section Il A reviews the role of time reversal symmetry
in the determination of the conditions for a conical intersec-A conical intersection constitutes a fourfold degeneracy of
tion of states andj at R** and Sec. || B summarizes those this Hamiltonian which requires that five conditions be ful-
conditions. In Sec. 11 C perturbation theory is used to deterfilled:
mine Hy (R®*) + VHE, (R®¥) - 6R, k,l €i,j, H(R®*+ 6R)

pitfalls of the algorithm. Section IV summarizes and dis
cusses directions for future work.

Thus the most generabd Hamiltonian matrix, constructed
in the ¢, ¥», Ty, Ty, basis, has the form

. 3
12
H 22

up to linear terms iMR. This expansion gives the conditions H11=H2=0 (only a real pan. (43
Ni i i i ex i . i

deﬂemnge Xa cqmcgl intersection neaR interms of Hy,=H,+iH},=0, (4b)

VH(R®*) which is readily determined using analytic gra- _

dient techniques. In Sec. IID this analysis is used to con- H1T2=H5T2+iH'1T2=0, (40

struct an algorithm for locatin®®* which essentially steps — )
“backward” from R®*+ SR to R®*, subject to additional Wherea=a'+ia'. For molecules wittC; symmetry Eq(4c)
constraints as may be required to yield a unique solution i Satisfied by symmetry provided tlgg andTy; are chosen

tetra-atomic and larger molecules. to carry distinct irreducible representations of thgdouble
15,20 H ; H H :
) , group:~<- This choice is not available in the absence(qf
A. Time reversal adapted bases and Kramers symmetry. Using degenerate perturbation th&band the
degeneracy conditions in Egs(4a)—(4¢) the working equations for locat-
T, the time reversal operator, is given3§ ing a point of conical intersection will be derived.

Nel O _ |

T_,Hl (=1oyK)()), and Uy_( i 0 ) @ C. H® near a conical intersection and the ~ g—h space:
gradient formulation

oy is a Pauli spin matrix and denotes complex conjugation.
From Eq.(1) T is seen to be antiunitaryT ¢|Ty)= (| ),
and for molecules with an odd number of electrons, od
electron molecules]?= — 1. As a consequence, in odd elec-
tron moleculesys and T« are orthogonal and sindd® has
time reversal symmetry, that §commutes wittH®, if ¥ is
an eigenstate ofi®, TW is linearly independent and degen-  H&FSTR) = (1, (r;R)|HE(1;R)[45(r;R)), . (5a
erate. This Kramers’ degenerdcyakes all eigenvalues of
an odd electron Hamiltoniaat least doubly degenerate.
Thus when describing such a molecule it is convenient t
work in a time reversal adapted basis, a basis wigéreR)
andTy(r;R) are always included in pairs. The construction
of such a basis, denoted,, Tx,. from a standard CSf
basis is described in the Appendix. When it is not necessary Hfjc'vq(R):(xplo(r;R)|He(r;R)|\yg(r;R)>r
to distinguish betweeg, andTy, (¥ andTW¥9) the CSFs .
(nonrelativistic eigenstatgsvill be denotedy, (W°). Vi ¥;eq. (5b)

We consider two approaches currently used to incorpo-
ate spin-orbit effects into the nonrelativistic Coulomb
amiltonian, within a large component oAlglescription. In
the relativistic configuration interactiof€l) approactf* the
V¢ are the eigenstates Bf*©SF, H® in the CSF basis, where

In the quasidegenerate perturbation theory apprdathe

\I’? eigenstates oH, are used to define a subspace of the

c%ull CSF space, the space, and its orthogonal complement

the p space. The relativistic eigenstates are the eigenfunc-
tions of H*C'9, H€ in the q space, where
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The representation of the spin-orbit operator varies with thg d°Sq R®*) v HCSR R®X)dCSH R®X)

implementation. The differences are inconsequential here. ,
-SR—EfM(R))deal- (0=, (11)

Since the CSF basis is time-reversal adajseg Appen-
1. Relativistic CI dix A) the crude adiabatic representation also is and the
Hamiltonian in Eq.(11) has the form of that in Eq3). Thus
for the relativistic CI formulationH®(R®*+ 6R) is to first
(linean order in R:

The eigenstates dfi® are expanded in terms dfime
reversal adapted) so that

NCSF y
\I’F(r,R)= 2 ngFJ lﬁa(r;R), (Ga) HGZ(E?(Re'X)+§J -OR)I
a=1 . . -
—g"-6R h'.sR 0 hiTl. 5R
e,CSF B _ € CSFi/ Py — o , .
Define the crude adiabatic basis akg(r;R®), k=1 + _gi.5R  hi*.sR
—NC5F, whereR®* is a point of conical intersection of states g o
i andj. The d°SF (and other vectors encountered in this h'-6R  g¢"-oR
work) when collected columnwise in a matrix, will be de- (123

noted d°SF. Partition this space into a four dimensior@l ) . _
spacek=i,j,T;, T; and its orthogonal complement, tie ~ where Z'(R)=g¢'(R)+d'(R),
space. In the crude adiabatic basis Eh) becomes

gi ( R) — dCSFj ( Re,X)TV He,CSF( R)dCSFj ( Re,X) , (136‘)
HEC8QQR)—EF(R)  H***QF(R) d°®i(R) ; . .
HecaPQR) He,ca,PP(R)_Eie(R))(Dcavi(R)) 2¢'(R)=¢'(R)~g'(R)=v(R), (13b
0 hi(R)=h"I(R)+ih"I(R)

= ( 0), (7a) :dCSFj(Re,X)TVHe,CSF(R)dCSFJ(Re,X)

(H&CaQQ(R) + H& @ QP(R)(EF(R) =v@(R)+iv®(R), (130
—Hee@PP(R)) TTH®2PQ(R) ~Ef(R))d°*'(R) =0, hTI(R)=h"TI(R) +ihHTi(R)
(7b) — dCSFi(ReX) 'Y He.CSH R) dCSFTI(ReX)

where =@ (R)+iv®(R), (130

H Eica,RS( R)= dCSFk( Re,X)THe,CSF( R)dCSFJ ( Re,X) ,
Here we have observed thatRt* only,

keR, leS. (70 , )
) ) dCSFJ(Re,X)TVHe,CSF(Re,X)dCSF,](Re,X)
Next expandd®®!(R), D°®!(R), E?(R) and H®“SHR) _ _
aroundR®* as follows: =d°al(R®X)TYH&caQQREX)(caI(REX),
H&CSHR) =H® CSHR®X) + VHECSAR®X). 6R, (8) From Eq. (12a the five vectorsg!(R), h"(R),
i : : hI(R), h™TI(R), h"TI(R) (or vi=1-5) define theg-h
ca,i — Aca,i(0)/ pex ca,i/mexy .
d**(R)=d (R®)+Vd™(R™)- 4R, (%3 or branching space, the space in which the degeneracy at
D°®I(R)=0+ VD (R®¥)- 6R, (9b)  R®*is lifted linearly in displacements. As in the theory of
conical intersections for real-valued Hamiltonians ¢k or
EF(R)=EF? (R +EFV(R). (990 branching space plays a privileged réfe.

WhenCg symmetry can be imposeliy and TV carry

The gradient in Eq(8) takes full account of the changes in
g a(e) g distinct irreducible representations, of tlig double group,

both the Hamiltonian operat@nd the CSF basis functions.

i sheas f
See Appendix B and Ref. 22. From EqZc) and (8) so thath" J(R)_hl.l '(R)=0 by symmetry, the branching
space has dimension 3, amtf consists of two uncoupled
HE**C(R) = EF(R®¥)] 2x2 matrices with the form
+dCSFk(Re,X)TVHe,CSF(Re,X)dCSFJ(Re,X) _gji .5R hji SR
He=(Ef(R®¥)+8)-SR)I+| . & . . (12p
- 6R, (103 (E7(R™) ) hi".sR ¢' 6R (120
HE,n(ia,QP(R):O_}_ dCSFk(Re,X)TVHe,CSF(Re,X)dCSFm(Re,X) In the nonrelativistic Casd’]i'ij(R)Ihr’iTj(R)Ihi’iTj(R)
“8R, for klcQ, mePp. (100 0, d'—c’ (Appendix A so that the branching space has

dimension 2 and
SinceHZc*QP(R) begins at first order, the second term
in Eq. (7b) begins at second order. Thus to first order in

O: 0 X + J_ +
displacements fronR®* Eq. (7b) becomes: HP=(E/(R) +<7- 6R)I

—g".6R h' SR
(120

h'.6R g - 6R/’
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2. A nonrelativistic eigenstate state partitioning
approach

fact we will find this to be a usefulapproximatég approach.
It is an approximation, albeit a potentially good one, since it

The si f th lativistic CI ; b it neglects the fact that the CSF space spanned by the
© siz8 Ol the relalivistic expansion can be qui e\If?(r;R), | e q may, in principle, change witR. Thus Eq.

large sinceS? is no longer a good quantum number. The size .
of the problem to be treated can be reduced by observing th£§) should be replaced with

for molecules comprised of atoms with atomic number less  H&Cl(R)=H®&Cl(R®X)+ VHSC(R®Y). SR, (183
than that of say Kr, the eigenstates & can often be

grouped such that the separation from the lowest group i¥here

large compared to the spin-orbit interaction coupling the  ypeci_ seciy 5 HeCl (18b)
groups. To take advantage of this separation the electronic

space is partitioned into @ space comprised of the lowest 5C|Hf-jc':(VC'T)H&CSFCJJFC'THe,CSFVCJ

N2 eigenstates oH°, and its orthogonal complement tipe

space. As theg space consists only of the states relevant for Ne e Gl 1 re.cleks

nuclear dynamics, it is significantly truncated. When treating ZKEZl (Y H 7 +H ), (189

radiative processes this approach must be modified to in-
clude the effects of higher energy electronic stafes.

The electronic eigenstate®,’(r;R) andTW¥{(r;R), are
expanded in a basis of the eigenstate$l8f \If?

SHEC(R) ;= 'VHECSFI= sHECA(R),, if 1,Jeq,
(18d

and the derivative couplings are given by

NCSF

YRR = 3 cl(R)U(1iR), (14 R = (R)TVEH(R) = 5H%E'<EE(R>—E2(R>>-(;8 .

see Eq(A5) so that As above Eq(17a becomes, through first order
N& . (VHe,CIq,ca,QQ(Re,X), 5R_EiE,(l)(R))dCI,ca,q,(O),i(R):O’
VAR = 2 dPM (R, (153 (193
. where

(H®9(R) — E(R))d“" ¥ (R) =0, (15b)

where using Eqs(5a) and (5b) VHECAcaQRy= > dShakRreX)
@,f=1-NCSF
HEC R = (R)HSCAR)C(R) 1,Jeq. (15 KL=1-NC

Solutions in theq space d"%, are to a good approxi- X V[eK(RHESS(R)cp(R) 1T+ (R®X)

mation solutions to the relativistic Cl problem provided the K] 198

spin-orbit induced coupling between theand p spaces can leQ. (19b)

be neglected. The discussion preceding E(L83 suggests two computa-
To determine the form ofi® near a conical intersection tional useful approximations, which we term the diabatic and

we again define th& space of a crude adiabatic basis asadiabatic limits.

WECl(r;R®) k=i,j,Ti, Tj and its orthogonal complement, Diabatic limit. In the diabatic limit the CSF space im-

P space. In this cas®+P=q, rather than the entire elec- plicitly defined by theN? adiabatic states does not change

tronic space. In terms of the original CSF basis thewith R (near R®*). In this case the approximatioct(R)

\IIE'C'(r;Re'X) are given by —c}(R®¥) is valid and Eq(199 becomes

(dCI,q( Re,X)T5He,CIq(Re,X)dCI,q( Re,X) .S5R

‘I’ie’CI’q(l‘;Re’X): 2 dFI’q'i(Re’x)Cla(Re’X) wa(r;Re,X).

a=1-NCSF _ el Cl,ca,q.i,(0) _
I=1-N2 Er™(R))d (R)=0. (20)
(16) Thus in theq space diabatic limitH®(R®*+ 6R) is
In the crude adiabatic basis E{.5b becomes given by Eqgs(123 or (12b) provided Eqs(13a), (13¢), and
He.Cla.caQQ_ . HeCla,caQP )(dCI,ca,q,i 0 (13d) are replaced with
,Clg,ca,PQ .Clg,ca,PP_ = Cl,ca,q,i):< )’ . )
He:Cla.ca He Cla.ca E; D 0 gd(R)= 2 dl(:l,q,l(Re,X)Cla(Re,X)
(17a o, B— LNCSF
where 1,J=1N2 |
HE]Clq'Ca’RS(R)=dCl‘q’k(Re‘X)THe’Cl‘q(R)dC|’q'|(Re‘X), XVH2Y§SF(R)d.(]:|'qYI(Re'X)CJﬁ(Re'x)a (138‘)
keR, leS. 17b ij - Cla,irpexynl (pex
| .e . .e. | (17b) hi(R) ﬁ:zmcspd' (R®¥)c! (R®¥)
With Eq. (16) in mind it is tempting to proceed as above, “’l J_NA
transform Eq.(8) to this crude adiabatic basis and expand ’ ;CSF Lo e 3o
Eq. (17a to first order to obtain the working equations. In X VHE 5 (R)d3 ! (R®)cp(R®Y), (13¢c)
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. . gential to this work, below we outline how the orthogonality
hiR)= X o d I (R®%)cl(R®X) requirement can be extended to the case at hand.
“f;ﬁ'}‘ua At a point of conical intersection the four degenerate
, wave functions are defined up to a proper rotatibrconsis-
X VHEGS(R)AT S TI(R®)C(R®Y),  (13d)  tent with the time reversal adapted basis, that is

where we have noted that aR®* only df"%'(R®) 4

=dfheaai(reX). df= > dfU. (243
Nondegenerate adiabatic state approacthen contri- =1

butions fromécH* "9 cannot be ignored both terms in Eq. Transforming the wavefunctions transforms #8 as fol-

(180 must be included. Then providégf(R) is nondegen- |ows:

erate neaR®*, there is some cancellation in the contribu-

tions to Eq.(18b) since v<1>=E$T<VH9>8$—E$*(VHE)E;9
VHR (R)=V[(R)THOCSR)cH(R)]=0 for K#L, L .
(21) = 2 dk (VHe)dk,(UkiUkri—Uijkrj), (24b)
kk'=1
so that
" V)4V =3¢ (VHe)d?
VH%EIq:|:M2_l (fMKHe,CI(R)ML 4 T
B = > df (VH®)edf, UUy,, (240
kk'=1
+HC(R) (M (R)) |+ SH (R S(4), iv(5)_ et =
(R)kmf™(R)) (R)kL v(4)+|v(5)=die (VHe)d%—
4
=[5 HSO,C|:I+ 5HSO,C|+ 5H0,C|5 +
Cl KlL IKL KK “KL = 2 dE (VHe)dE’UkiUk’Tj! (24d}
=VHRTH SHRK S - (22) k=1
In this case Eq(19a becomes where VHE is obtained from Eqs(11), (20), or (23). Then
L et 160l o Ol o the requirements®.¥(D=0 k#1 determine, from a set of
(d="9(R®X) TVHEHA(R®X) d™9(R®X) transcendental equations, ten arbitrary parameters of the re-
i stricted four dimensional proper rotation.
. SR—ESM(R))dClcaai O(R) =0, 23 brop

To illustrate we consider the case ©f symmetry. From

giving the nondegenerate adiabatic state approach. The noRg. (3) U can be written as
degenerate adiabatic state approach is exact provrfed
#R*, a point of conical intersection of®. When R®* UZ(” 0) (253
=RX, for statesl andJ, then VHY,(R)=6H(R), rather 0 u*)’
than Eq.(21) should be used.

In the nondegenerate adiabatic state apprdd®(R®*
+ SR) is given to first order by Eq€12a or (12b) provided e @tn2cosp2  —e(mat2ginpI2
Egs. (133, (130, and(13d are replaced with u:(ei(“”)’zsin,B/Z e i@+ N2 eosprn

where

) . (25b

J(R)= z dIC"q’i(R&X)VH%C'Q(R)dg'vq'i(RevX), (13¢)  ThusU has only three unique parameters which can be de-

1LJ=1N2 termined in either thel¥ or T ¥ subspace. In th&? sub-
space
ij _ Cl,q,i e,x e, Clg; pe,xy~4ClLa,j e,x
h](R)_u,JgNa drT(RFIVHHREDATHRE, d\" [ €l Peospiz el T T Esing2
(13¢) o =(d'd) e i-atNgingy i@t N2easpro |0
hiTj(R): 2 dCI,q,i(Re,X)VHe,CIq(Re,x)dCI,q,Tj(Re,X) (250)
eriv 1y J ’ Using Eq.(250), Egs.(24a—(24¢) become
(13d) . - . . .
g'=(—g" cosp+h"!'singcosy—h"!"singsiny), (263
whereVH®C is given by Eq.(22). - _
hit =hrJi 4 jptd
3. The g-h space in terms of orthogonal vectors =[g/" sinB cosa—h"I'(—cospB cosy cosa+siny sina)

As in the nonrelativistic case continuity of!(R),
h™I(R), h"1(R), h"TI(R), h"'TI(R), along the seam is key
to their use in a perturbative description of the vicinity of +i[— g/ sinBsina+h"/'(cosB sina cosy
that seam. In the nonrelativistic case orthogonalitg'dfand
h"Y provided the requisite continuity and revealed any local
or global symmetries that may exftWhile somewhat tan- (26b)

+h'i(cospB siny cosa+sina cosy)]

—siny cosa)+h'(cosB sina cosy—cosy cosa)].
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Then the requirementsy'-h"Ji=g'. hiJi=h"l.hili=0Q
yield, in a straightforward albeit tedious manner, a set of(13d), (13c¢’) and (13d'). In the Appendix the efficient
three nonlinear equations which must be solved numericallyevaluation of these quantities using analytic gradient tech-
The resulting orthogonal vectors will be discussed in a futureniques is described.

work. ~
It is significant to note that using' the form of H®
in Eg. (12b (denotedH®) simplifies considerably since:

gv-

oR—gdx,

h'?. SR—hydy+h,dz,

where

oR

=(dx,dy,dz). H® is the Hamiltonian used by Berry in his
classic analysis of the geometric phase effédthis demon-
strates the equivalence of seemingly more genkfalnd

He.

D. Locating conical intersections

Equations (129 together with Eqgs.(13a, (130, and
(130) or (134), (13c), and (13d'), or (134), (13¢), and
(13d’) form the basis for an algorithm for locating conical
intersections. We seefiR such thatR%+ sR=R®* and as-
sume thaR® is sufficiently near a point of conical intersec-
tion R®* that the linear expansion dfi® in Egs. (129 or
(12b) is valid. In this case Eqg4a—(4c) become

AE;(R)+d/(R)T- 5R=0,
R4 h(RYT. sR]=0,
Im[h'I(R%T. sR]=0,
RghTI(RY)T. 5R]=0,
Im[h'TI(RYT. 5R]=0,

or more succinctly as

VIO(RY)+vI(RYT. 5R=0,

i=1-5,

(273
(27b)
(270
(279
(279

(27f)

Conical intersection seams 2043

from Egs.(133, (130, and(13d), (134d), (13c), (13d), or

It may seem contradictory that motion along a single
coordinate reduceAEﬁ [Eqg. (273], whereas in Eqs(123
[(12b)] five (three directions change the energy linearly.
This is in fact the correct result since at the conical intersec-
tion the “linear” directions can be interconverted by a trans-
formation U of the form in Eq.(253, whereas this is not
possible away from the degeneracy whereghés uniquely
determined.

Equations(279—(27e determine five(or three inCq
symmetry internal nuclear coordinates. Any remaining inter-
nal degrees of freedom require additional constraints. Here
we employ the approach used in our algorithm for determin-
ing seams of conical intersection for a nonrelativistic
Hamiltonian?® where geometrical constraint&'(R)=0,
and/or minimization of the energy of the crossing, provide
the additional conditions. As discussed in Sec. lll, geometri-
cal constraints can also be used to map out the seam of
conical intersection in its full dimensionality. This con-
strained minimization can be accomplished by minimizing
the following Lagrangiarf®

5 NCOI‘]
L”(R,g,M:E?(RHEl vi(R>a+i§l KI(R)N;, (29

where £ and A are Lagrange multipliers. Expanding'!

where AEf =(Ef-E}), VKR =6,AE;(R% and VV()  through second order yields the Newton—Raphson
=v(), In Egs.(278-(27e the d', hil, andh'™/ are taken equation&®
TABLE I. Model Hamiltonians.
HO
1,2A
9 h h(z2) a® b{) al? O by
~0.08051  0.00952 001 000136 —-0.001148  0.00176 —0.00272  0.002
12A//
Eo el elf) e(@) e(22)
0 0.01 0.01 0 0.01
HSO
SOX b
HiA'lA” H?:fA” HTZ}'IZA'
ml Ci2-2)/2 d*(1+2%)12 —b%9x|(1+2?)
m2 C{Y2—tanh@))/2 d¥(1+e%)2 —b(1+e 7)2
m3 C{(2—tanh@))/2 d(1—e ?)/2 —b(1—e %)/2
i {15 5 2
m4 C3(2—tanh@))/2 d(1-e #)/2 P16 2¢€
C?.O bso dgo
50100 50 50 100
$0500 250 250 500
501000 500 500 1000
502500 1250 1250 2500

@Atomic units used except for the spin-orbit parameters which are given it.cm
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QI(R,EN) V(R) k(R) SR modified by the inclusion of spin-orbit coupling. In this ini-
V(R)' 0 0 Py tial work, we focus on model Hamiltonians in order to ex-
plore a range of situations. The convergence of the nonde-
k(R)* 0 0 JLOA generate adiabatic, and diabatic, approaches is compared.
g(R)+Vv g+kTA H.owever as t.he primary appligation of _this glgorithm is the
_ V(R) 29 dlrec't q§term|na}tlon 'of comcal mtersepﬂong in the contgxt of
K(R) ' ab initio multiconfigurational configuration interaction

(MRCI) wave functions a numerical example based on an
which are to be solved iteratively until the right hand sideMRCI treatment of the OHX ?IT,A 23 *) + H, seam of coni-
vanishes. The gradients are more costly to evaluate than cal intersectioff is also provided.

their nonrelativistic counterparts. For this reason it is useful

to search along the direction corresponding®, while

AEiej decreases, or its increase is less than a preset valée 1,22A’ and 1 2A” model Hamiltonians

proyidedEie dec_reases. This simp_le g)_(tension ofanideafrom  rp, mogels consist of the three electronic states, the
conjugate gradient theory can significantly reduce the COM] 5277 and 12A” states and three internal degrees of free-

putational effort needed to solve E@9). dom (x,y,z). A seam of conical intersections exists for the
1,22A’ nonrelativistic states. Since the system fassym-
metry, the and Ty subspaces are uncouplgég. (4c¢) is

In this section the numerical solution of EQ9) is con-  satisfied by symmetiy The six state problem factors into
sidered in the frequently occurring situation in which a coni-two three state problems given B#“(R) andH®(R)*,
cal intersection seam for the nonrelativistic Hamiltonian iswhere

IIl. NUMERICAL RESULTS

E(1)2A’ —iH i%//ZA’ - HiOA)’(lA”_ iH i%lA"
L Soy 0 SOX -1 ,S02Z
He = HiaTon/ SN —Hoaraar = H oA a0 (30)
. . 0
—HIaFIHI ar —Ho et IHER Ej2ar
|
and allH{*" are real valuedH®“"is given by By varying mk, k=1-4 and sp, j=100, 500, 1000,
H H 0 2500 a range of model Hamiltonians, denoted
1 T2 H®CSHR;mksqg), were considered. Note that for
Hi, Hyp O (319  H®*“SfR;m1,sqg), the spin orbit coupling can become quite
0 0 E, large accentuating its effect. IH*“S{R;m2-m4,sg) the
1A spin-orbit parameters are bounded. The key difference be-
and is parametrizetsing atomic unitsas follows: tweenm3 andm4 is that in the formeH;y7,, andH3%Y, .,

can vanish simultaneously. Im2 neither of these matrix
elements can vanish. Finally in order to study the adiabatic
state truncation an additional interactigB1(0.04 x>+ 2)
was added to the otherwise O matrix elemidf. When this
Hip,=hy+D(xy,zb), (32 is done the Hamiltonian is denotetf “SR;mk sqj,g31).

D(x,y,z;a)=(ay’x?+a¥y?+ay’xy)

Hy= —(gx+D(x,y,z;a))

H,,=(gx+D(x,y,z;a))+a?z?, (329

+ 2 Zi(a(lzi>x+ a(22i)y)' (320 1. Convergence
|

Figure Xa) compares the performance of the adiabatic
=Eo+e®@22+e@z+D(x,y,z;6). (320) and diabatic methods for locating int_ersec_:tions of gtateg 1
o and 2 of H*“S{R;m1,501000). The diabatic and adiabatic
The form ofH;;i,j=1,2 is consistent with a recent pertur- searches are started from two distinct pointR
bative analysis of the vicinity of a conical intersection, which =(0.1,0.13.0) far from the seam fdd%“S{R;m1) (dis-
provides a piecewise linear description of the séAmhe  cussed beloyand R"=(0.1,0.1,0.4) much closer to that
a® term is included to account for seam curvature. Theseam. In general convergence is seen to be quite rapid, re-
parameters for this representation are taken from Ref. 24 andlicing AE,; to <10 © in less than eight iterations despite
are given in Table I. The nonzero spin-orbit interactions andhe large changes iR. Starting fromR" the adiabatic state
their parametrizatioriin cm %) are also given in that table. approach is less satisfactory initially, owing to the large de-
The included contributions are those that are nonvanishingvative couplings attributable to the proximity of the seam
for C,, andC.,, nuclear configurations. for H:CS{R;m1). Starting fromR the two approaches per-

EO

12A7
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0.03 || . 600
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0.025 |- ] 01
N i 500
i K'"=[.064, .0, 1.503]]
0.02 - -
_ r 1 =400
3 i R"=(0.1, 0.1, 0.4) ] =
© 0.015 - 7 = 1 005
1] I 7 o
4 w x
< X ] X
A ] < 300 »
0.01 |- J 2
i ] 200 -
0.005 |- - r 0
0 :_ 1 100 C
-0.005 L ! I ! i \ i oL e s
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L I B B A 0.15 M T T T T T T
L AE ] r 1
0.002 ] - .
I 1s . ]
3 T 01 [ -
0.001 | X square 1 L i
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L 15 r
- r S r 1
3 I x 8 L _
- 0r N x L ]
LIJN L B om 005 m4
< ~ F T <4 m4
L m3 ]
A
-0.001 I
ol _
-0.002 F _
’ m2 _
-0.05 v b b by P by Lo b
Iteration -2 -1.5 -1 -0.5 0 0.5 1 1.6 2
z(a)

FIG. 1. (a) Convergence of diabatisquaresand adiabati¢circles meth-
ods to point of conical intersectiorRf*) for H%(R;m1,501000), withN?
=3 starting near tdfilled markersR") or far from (open markers") the
nonrelativistic seam(b) Convergence of diabati@pen symbolsand adia-
batic (filled symbol3 methods to point of conical intersection for
H¢(R;m3,501000331), with N?=2.

FIG. 2. (a) Seam of conical intersectiox(z),0,z) of nonrelativistic Hamil-
tonianH®(R;m2) (circles—thick solid ling; separation of relativistic ener-
gies,AE$, along the nonrelativistic seam f6t°(R;mi,s01000),i =2, 3, 4.
(b) Seam of conical intersectiork(z),0,z) of nonrelativistic Hamiltonian
HO(R;m2) (circles—thick solid ling together withx, z (y=0) coordinates

. . f R®X(mi k=100, 250, 1 2 ircle, triang!
form equally well. This conclusion was unaltered when the? (mi, sck) 00, 250, 1000, and 2500 denoted by circle, triangle,

_ ) ) ) square, and diamond, respectively, 2, 3, 4.
quadratic terms;”’ andb;”’ were increased by a factor of
10. _ )
Figure Xb) compares the performance of the adiabaticcPUPling has _O'RXO((Z:);(X(Z)'V(Z)’Z): the seam of conical
and diabatic approaches in a truncated spagd=2, Ntersection in He . In t?ese f|gureos the seam for
NCSF=3,  for states i=1 and j=2 using F(R?mf)’ E1(R%(2)) = E5(R'(2)) =E,(2) s reported.
He CSAR; m1,501000Qy31). While again both approaches are Note thatE,(z) is the same fom1l-m4. Also reported in

highly efficient the diabatic approach is modestly superior. Fi9- 2@ is AE3,(z;mk 01000 E5(R*(2)) ~ E1(R*(2))
the energy separation along the seamnflk=m2, m3, m4.

2. Implications for conical intersection seams For eachmk, with k=2-4, AES,(z;mk,s01000) is appre-
Figures Za) and 2b) consider the effect that spin orbit ciable for significant portions of the nonrelativistic seam,
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suggesting a diminution of the impact of the nonrelativistic 70 T ]
seam of conical intersection. Figure (b2 reports
R&®*(mi,sk), the points of conical intersection for
H®CSAR; mi,sk), with i=2, 3, 4. Form3 the conical inter- 60
sections are found foz=0, whereH3y],, and H{%%,, Si-
multaneously vanish. When this feature is removedni
the location of the conical intersections changes dramatically.
Note too that foH®“S{R;m4,sg), j =1000, and 2500, four
distinct but(necessarilyisolatedpoints of conical intersec- -
tions were found. Perhaps most significant is the fact that for £
HeCSTR;m4,5G), j = 100 and 500 no point of conical inter- <
section was found. Ué 30
This final observation illustrates a potential pitfall when
a more time consuming search basedabrinitio wave func-
tions is used. It may therefore be useful to precedealan 20
initio wave function based search with a search based on a
simple model Hamiltoniansimilar perhaps to those pre-
sented abovedeveloped fromab initio energies, spin-orbit 10
interactions, and their gradients.

'
4

AE(nonrel)

‘..l.l.‘l...w
D>
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o

40

PR TS NS TN S S N IO Y

L

LB e s e
N
-
—
o
w

L
Lo la

[

1 3 5 7 9 11 13 15
B. 1,22A’ and 1 2A” states of H ,4+OH Iteration

The results of the previous section demonstrate the CONe(G. 3. AES, andAE 24, 124 at each iteration of the solution of EQ9) for
vergence of our algorithm over a wide range of conditions OH+H, using multireference configuration interaction wave functions.
In these examples the requisite matrix elements and their
derivatives are known to machine precision. It remains to be

seen whether for aab initio Hamiltonian these quantities rcequré? using an extended atomic orbital basis on oxy-
can be calculated with sufficient precision to obtain a com-,

s gen and hydrogen. The details of this description can be
parable level of performance. The following example showsg nd in Ref. 27.
that for the implementation presented in the Appendix this is
in fact the case.

The nonrelativistic 1,2A" conical intersection seam in
the H,+OH supermolecule has been studied previciishy

because of its role in the nonadiabatic quenching reaction

Figure 3 considers convergence of E2P) to a point of
conical intersection, reporting the relativistic energy separa-
tion AE5, and the nonrelativistic energy separation
AEj25s 125/ . Since the solution is expected to be near the
nonrelativistic seam the diabatic states method was used. The
Ho+OH(A 23 ")~ H,+OH(X2IT)  or H0+H(%S). sgarch was initiate_d at t_he stru_cture indicated on the Ie_ft_ha_md
side of Fig. 3, a point slightly displaced by the nonrelativistic
TheC.., portion of this seam, & " —2I1 symmetry-allowed seam. At this point AEj2a, 12a~11cm ' and AES,
conical intersection, will be modified by spin-orbit coupling ~70cmi 1. At the converged structure achieved after 15 it-
with the 2A” component of theIl state. Here we use this erations, pictured on the right hand sideES,<0.2 cm?
seam of conical intersection to demonstrate the viability ofwhile AE;2a: 124:~70 cm 1. The convergence behavior is
our algorithm in the context oéb initio MRCI wave func-  qualitatively similar to that seen in Figs(&2 and 2b) al-
tions. As seen below, this system provides a stringent test dhough the distances involved here are much smaller. The
the algorithm since the spin-orbit interaction is relatively large changes iA ES, between iterations 8 and 9, and 12 and
modest and the energy splitting changes rapidly in the regiod3 reflect, in part, the use of the “conjugate gradient” ex-
of interest. trapolation noted in Sec. Il D. These results strongly support
As in the above cited studies the molecule is restricted tahe utility of the present approach. It is worth noting that
C; symmetry. In a time reversal adapted nonrelativisticonce an initial point on a seam is found locating additional
eigenstate basis, constructed as described in Appendix Avoints is facilitated by the fact that given &%* correspond-
conical intersections are the degenerate roots of the Hamilag to givenK, Eq. (29) can be used to predict a good start-
tonian in Eq.(30). However in this case there are five inter- ing value for a neighborin@®’®* corresponding td<’.>°
nal degrees of freedoiithe out of plane mode is excluded to In the full six dimensional space, a £#(N™—5) dimen-
preserveCs symmetry so that two additional constraints are sional seam of conical intersection with no spatial symmetry
needed. These are provided by the energy minimization remay exist. Points on this portion of the seam can be located
guirement. The nonrelativistic states are described at the firsts a function of a dihedral angle using Eg9) with a geo-
order configuration interaction level using a six orbital, eightmetrical constraint. This portion of the seam should merge
electron, active space with the oxyges drbital kept doubly  with the C; symmetry portion, a surface of dimension 2
occupied. The molecular orbitals were constructed from g=NC—3). Thus the vicinity of theC; seam of conical
state averaged multiconfigurational self consistent fieldntersection will provide a useful starting point for that
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search. A detailed treatment of this issue will be the subjectvherer = (ry,r5, - -ryer). The derivative oip; with respect to
of a future publication. changes in the nuclear coordinates is given by

J
IV. SUMMARY AND CONCLUSIONS ar, DiMeR)I= Z $i(NeRU(R)

A generally applicable algorithm for locating points of P
conical intersection in molecules with an odd number of +> taj(R)ﬁKa(rk,R). (A2)
electrons in which the spin-orbit interaction is added to the “« B
nonrelativistic Coulomb Hamiltonian is presented. The algoThe U? are determined from the usual coupled perturbed
rithm is based on a perturbative description of the vicinity Ofstate-averaged MCSCF equatidfs.
a point of conical intersection used previously to treat the
nonrelativistic case. Two formulations of algorithm, the di- 1. Time reversal adapted bases

abatic limit and the nondegenerate adiabatic apprdath The Ne-electron CSFsy*SMs are antisymmetrized
principle exack, were testeq using r_n_odel Hamiltonians. Theeigenfunctions o2 andM, and carry an irreducible repre-
results are found to be quite promising. sentationA of the spatial point group. For odd electron mol-

An implementation of the algorithm is presented whichecyles, the construction of a time reversal adapted basis is
makes use of analytic gradient techniques, treats the spifacijitated by these symmetry properties. The time reversal

orbit interaction within the Breit—Pauli approximation, and aqapted CSF basis functions are given in terms ojtheMs
incorporates it into the electronic Hamiltonian using theby

adiabatic states of the nonrelativistic Hamiltonian as a basis.

An initial test of this implementation yielded quite promising x™SMsl:* = (yASMs4jASMsy/ 2, (A3a)
results.
AS|IMgl,— — i/ _ S+M ASM._ i  AS—M ,
Here we considered the effect of the spin-orbit interac-X M= i (= 1)STMs(xASMs—iy /2. (A3b)

tion on a nonrelativistic seam of conical intersection. Modelg <ae this note that from the properties of Clebsch—Gordon
Hamiltonian studies showed that the spin-orbit interaction. qficient@®® used to construct the y*SMs in a

could entire.ly e[iminate .the conical intersection seam. T &eneological manner, one shows that

model Hamiltonian studies suggest that for molecules con-

taining atoms with atomic number near or greater than that yASMs=(—1)S"Ms,AS ~Ms (Ad4a)

of chlorine, even when conical intersections persist with the ] ) o )
spin-orbit interaction included, diminution of the impact of Then using Eq(A4a) in definitions(A3a) and (A3b) gives

the seam of conical intersection is likely. For this reason WeTXA,s,\MS|,+:XA,s,\MSL—. TXA,S,\MSL—: _XA,s,\MS|,+_

are currently using the above noted implementation to con- ' (Adb)
sider the effect of spin-orbit interactions on the role of coni-

cal intersections in the reaction of,kvith CI(°P) a topic of ~ As Eqs.(A4b) are the defining properties of a time reversal
recent interest3 We will also consider systems with adapted basis, the space of pajgé f/Msi* y*SIMd.~) are
smaller spin-orbit interactions but for which the nonrelativ-a time reversal adapted CSF basis.

istic cone is less steep. The van der Waals complex of Al The time reversal adapted nonrelativistic eigenstates
with H, (Refs. 33 and 3{is a candidate in this regard. (\PO,T‘I’,O) are also required. Thﬁ’o'A’S’MS, the nonrelativ-

[
istic eigenstates in the original CSF basis, are given by
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9700771. The ¢S, which are independent ol ¢, satisfy

APPENDIX (HOCSFAS(R) —EP  o(R))C"AS(R) =0, (A5b)

with  HYZSPAS=(AS(r;R)[HO(r;R) | x5 *(r:R)), . Then

Here the implementation of E¢R9) is considered usin
P ®9 g using thec'*S and the CSFg*SMsl-* define

as V9 a multireference CI wave functiéh expanded in a
CSF basis constructed with molecular orbitgér;;R) de- OAS M.+ ASIM
termined from a state-averaged multiconfigurational selfp)™>Ms" =3 clAS)ASMs)
consistent field(MCSCB optimization. As this represents an “
gxtension 0of the technjques usgd to locate coni'cgl .intersec— :(\I,:)ASMstiW?A,S«—Ms)/\Q, (ABa)
tions for H”, only the issues unique to the relativistic case
are addressed.
. . . . . 0A,S|Mg|,— A,S,|M¢|,—

The ¢; are a linear combination of the atomic orbitals ‘I’|A M4 ZE Cla’A’SXa M

(AOs) K(rj;R) ‘
= —i(—1)StMs(pPASMs_j g dAS M) 5

¢i<rj;R>=§ koI RL(R), (A1) (ABH)
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Then @7, TWD) are given by
(\If?’A'S"MS| +(r R) ‘PO JAS M|, — (r,R))

— (O ASIM,+
=(‘I,| s ’

To simplify the notation superscripts, S, and Mg will be

—i(—1)SMsgpASIMELT

suppressed when no confusion will result. When point group

symmetry is not an issul will be suppressed.
2. Matrix elements of H*°

The spin-orbit operator in the Breit—Pauli approximation
has the form®
Nel Nel

Hsozz h(sol)(ri)+2 h(soZ)(ri,rj) .d
i=1 =1

Nel

=2, [N 2(r;,n)] 8. (A7)

Here h®¥2) can be expressed in either Cartesian compo-

nents,h(®®2)W w=xy z or rank-1 spherical components,

h(s0E:2)m m—_1 0, 1, with
h(S0.5-2).% = 3 (K(S0.5-2) X+ j (S0.1-2)y) o (A8a)
h(s0.1-2).0— y(s0.1-2).z (A8D)

and the corresponding components §olabeleds{,V andsim.

S. Matsika and D. R. Yarkony
OS M|, + ()S M ,E

>

W=X,y,Z

>

m=-1,01
Mg, M

SOW(S S S/ SI)

755" (mw, M. My), (A12)

where the{ are linear combinations of Clebsch—Gordon co-
efficients, readily determined from Eq#8)—(A10).

HY(S,S,S',S') is most convenientlysee Sec. AB
evaluated by expressing it in terms of a one particle
density matrix, and™' a two particle density matrixn the
MO representation

7"(8,8:8,8) =2 yaphay "+ X Tabeaaned

(A133)
where y7' and T7' contain the ¢, K=I,J de-
pendence,

hi Y= (ba(r 1R NV (r 1 R) [ (13 R))r, 4
(A13b)

The matrix elements in the time-reversal adapted nonrel-

ativistic eigenstate basis are

S Mgl =

(U PSIM eugS) = 1720 Hig S M. S M)

£HM(S,—Ms, S, —Mg) +i[ —H{(S,—Mg,S',Mg)

+HSO(SM5-S/ s')]}-

where using McWeeny’s tensor formalidm
1 s\?
S

S
X 2 HP"(ssS.S)
m=-1,0,1

Lz m

) is a Clebsch—Gordon coefficiéntand

0s'.s'

(Alla)

(A9)

!

H(S,Mg,S' \M{)=

S/

SI
My

1 S

m M
(A10)

* * *

* * *

SOV(S S S/ S/)
NEl

= < \I;:),S,S 2

21 [h(soF2r(r r)]sg

= StHso.CSFS.S vel.S'

wherev can be any of-1, 0, 1 orx,y,z and

Nel
—2),v i Sy
2, [hE2(r,n)]ss | X3

(Allb)

,CSFS,S",v_ S, S|
H5% oS ”—<X

From Egs.(A8)—(Al11)
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(s02),

habcd -

(q&a(rl;R)¢b(r1;R)|h(5°2)"”(r1,r2)| dc(r2:R)
x¢d(r2;R)>rl,r2- (AlaC)

3. Evaluation of VHS®

The principal new computational task is the evaluation
of VH5>“'whereW? and¥§ are expanded in a time-reversal
adapted CSF basis. In the notation of this Appendix

VHOL, v (w0SMI ey 0SMsl =) - erom Eq. (180)
the requIte derivative quantltles are

2 CI ,S,TV H s0,CSFS,S’ ,WCJ,S’

W=Xy,Z

x 2

m=-1,0,1
Mg .M

,Cl
SHPCL

£S5 (mw, ML My). (A14)

and the derivative couplings for time reversal adapted eigen-
states ofH°.
(i) Derivative couplings

The derivative couplings in the time reversal adapted
basis are simply related to those in the conventional CSF
basis[see also Eq(18b)]

=W SMs(r;R) VW IS Ms(rR)), (A15)

as follows:
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(WOSIME (1 R) [P WIS M= (11 R))

S(r;R))
(WS Ms(rR) VWIS M R)) =8, f 9,
(A16)

0S,M 0S,M

=12 (¥ Ms(r;R) VWS

(i) oHSOC
The evaluation of the captioned matrix element is the

most computational demanding step in the solution of Eq.

(29). lts efficient evaluation follows from EqgA13) and

(A14), and exploits techniques used to evaluate nonrelativis-

tic energy gradients. Using definitiorid2) and (A11) and
Eq. (A13), it follows from standard nonrelativistic gradient
theory’? that

é,Hso,CSFS,S’, .
CJS(R)T e IS(R) HSOU +HSOaW’ (Al?)
where
SOa w__ J (sol) w
2 7 tra 07R —=h tsp
J (s02),w
+ 2 1—‘ab cd| tratsb _hrs pq tpctqd (A18a)
rqu
a,b,c,d [p,q,r,s] label moleculafatomic| orbitals
hi2?= (e (1 ROV (r g Ry) [ ieo(F1;R) )i,
(A18b)

hisea™=(Kkp(r1;R) k(11 R)NE2¥(r 1 1o) k(15 R)
XKS(rZ;R)>r1,r2 (180)
and
souﬁw (sol),w ,6 J|T (sol),w; B
H E ( hba’ U haa’ U ’b)
aba’
(soz)w B
+ E abc ba’ ch
abcdd
JI ‘r 1)}, (S02),w (s02),w B
+Fb ( )haa’ cd )+rab thab da’ U
2
+F3bcdh$§’8;”uﬁ,d) (A19)

Performing the sums oves andrspq gives in Eq.(A18a

Hf]l|sow 2 aoJI( h(sol)w)

ao,Jl
+ > T o
rspq

e (A20)

h(soZ) w)

wherey2%3! andI"@®" are the one, and two, particle density

matrices transformed to the AO baslri;soU Wis efficiently
evaluated by performing, in EGA19), the partial sums over
the indices not involved ilV?, defining the Lagrangiah”'"
where

Conical intersection seams 2049

JI w_ J,1.(sol),w JIT (sol),w
aa’ 2 (= Yal hIa’ hla’ )
(s02),w JI T 1)1, (S02),w
+2 ( 1-‘al mnhla ,mn F ( )hla mn)
Jl (s02), w (s02),w
+T nalhmnla' anlahmma') (AZ]—)

and T ) indicates that the transposition is performed on the
Cnth pair of indices. With this definition

U sow— E L2IWYE, =t wiys, (A22)
"a

To evaluate the right hand side of E@\17) only one pair
(¥".I7") is required while three Lagrangians™", w
=X,Y,z must in general be constructed. However the con-
struction ofL"" from (9”',I""") is a fairly inexpensive task.
The computational effort can be reduced even further by uti-
lizing standard techniques, such as theector method®
from nonrelativistic analytic gradient theaty.
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