Homework

Assignment 1

Read Chapters 1-2

Do  PG1:1,4  Cotton 2.2

Assignment 2

Read Chapter 3

Do PG1:2

Complete the block diagonalization of the 3x3 representation of the permutation group begun in class.  Recall


[image: image1.wmf]
Do Cotton p.62 A3.2, PS1.2

Assignment 3

DO cotton 8.4

      d-orbital transformation under c2(x,y,z)

assignment 4

Do Cotton, p.65 2, 3, 4, 

 Use C3v projection operator to determine S

1. 
Isomorphic Groups. 

The group of permutations of 3 objects, P(3) has 3! = 6 elements, denoted by Pi , i   = 1 - 6.
Each Pi can be represented as


      Pi  =  
[image: image2.wmf]

The group mulitplication is operator composition, so that Pi • Pj  = Pk  is found by determining the k such that

 

pi (pj(n)) = pk(n)  for n = 1,2,3.


a. Determine the group multiplication table for P(3)


b. Determine unique elements for the group generated by 



1 = 
[image: image3.wmf]

C3 = 
[image: image4.wmf]       = 2/3


Show that it has the same multiplication table as P(3).  Below we will refer to this group as C3v.  

2.
Use the definition of conjugate elements to determine the conjugacy classes of C3v 

3.
Consider for the equilateral triangle shown below:

[image: image5.wmf]
 
the operation defined by  



2  C- 1  
[image: image6.wmf] 
[image: image7.wmf]= 
[image: image8.wmf]
 = 2/3


Note that  C– can be interpreted as changing point  (x,y) (x',y') by a rotation by –, or rotating the original axis system by +.


(i) Show that 2() can be obtained by (i) rotating the (x,y) coordinate system into the (x', y') coordinate system, C– (ii) performing 1 in the rotated coordinate system, and (iii) rotating the (x', y') coordinate system back to the (x,y) coordinate system, C.


(ii) Can the rotations in question be taken as an element and its inverse in C3v?  If so, what element?


(iii) What is the significance of an affirmative answer to 3(ii).

to dry 2= C3-11    2= C3 1C3-1
4. 
Show that all groups of prime order are cyclic.

Problem Group 2:

5.
Grand Orthogonality Theorem

The Grand Orthogonality Theorem is a corollary of Schur's lemma proven in class.  Schur's lemma asserts that a matrix that commutes with all matrices of an irreducible representation must be a constant times the identity matrix. The proof of the Grand Orthogonality Theorem is completed by the folowing two lemmas.  Justify the Individual steps [denoted by (z) ] in the proof.
Lemma 1


Given (i) and (j) two irreducible representations of dimension li , lj and M, that intertwines (i) and (j)) that is

M(i)(Ak) = (j)(Ak)M , k =1, O(G) 


then 



if li  ≠ lj  M = 0  or 



if li  = lj 




M = 0 or 




det(M) ≠ 0 so that the irreducible representations are equivalent


Proof



(i) (i)(Ak–1)M† = M† (j)(Ak–1)



(ii) (j)(Ak–1)MM† = MM† (j)(Ak–1)



(iii) MM† = cI


There are two cases:



Case:  li  = lj 



(iv) det (M)det(M)* = cli.  



(v)   If c ≠ 0 we have one of the assertions



(vi)  If c = 0 then MM† = 0 



(vii)  so that M = 0 we have one of the assertions



Case:  li  < lj 



(viii) Expand up to a square matrix by adding lj - li columns of zeros to give a 
matrix N, for example N = 
[image: image9.wmf].  Then MM† = NN†.  



(ix) Det (N) = det (NN†) = det (MM†) = 0


(x)  M = 0
Lemma 2


Consider (i) and (j)  unitary representations.  Then 





[image: image10.wmf] =  O(G)/li j

Proof:


Let M be given by 


[image: image11.wmf]

Will show that M interwines (i) and (j) , that is  (i)(Ak)M =M (j)(Ak) for all Ak.

(i) (i)(Ak)M = (i)(Ak)
[image: image12.wmf] = 
[image: image13.wmf]=


(ii) 
[image: image14.wmf]=


(iii)
[image: image15.wmf] = 


(iv) M (j)(Ak)


Case  i ≠ j  

(v)  So  M  = 0 


Case  i ≠ j, choose X = 1 rest = 0


(vi) 0 = M = 
[image: image16.wmf]  


(vii)= 
[image: image17.wmf] which gives the ij.

Case  i = j 


So  M  = cI

Choose X = 1 rest = 0.  Now representations are equivalent.


(viii) c = 
[image: image18.wmf]

To evaluate c set  =  and sum on  


(ix) c li = 
[image: image19.wmf]

(x) = 
[image: image20.wmf]

(xi) = O(G) so that c=O(G)/li   


and finally


(xii) O(G)/li   = 
[image: image21.wmf]          !

6.
Determine the character table for the group C3v.  So all work.  You may use the results of problems 1 and 2. 

7. 
Show that all irreducible representations of an abelian group are one dimensional.

†8. 
Consider the following permutations of four objects. 



[image: image22.wmf]

[image: image23.wmf]

[image: image24.wmf]

(a)  Determine the group generated by these elements


(b) Construct the group  multiplication table and determine the class strucutre


(c)  Use  (b) to determine the dimension of the irreducible representations.


(d) Determine the character table for this group.


(e) Construct  a  4x4 matrix representation using the basis 



1>,   2>, 3> , 4>  


where  p | n>  = |  p(n) >


(f) What are the irreducible representations that comprise the representation in (e)


(g) Use projection operator techniques to determine a basis that carries these irreducible representations


(h) Show by explicit calculation that this basis block diagonalizes the representation in (e)


(i) To what common point group is this group isomorphic?  

9.
The left regular representation is defined as 



Lij(k) = i,kj

where i, j, k denote the group elements gi, gj, gk and ki  gkgi.  


(a) Define the representation property for a general matrix representation of a group G.


(b) Show that matrices given above satisfy the representation property.

10.
A group algebra.This question refers to group C3v and the two matrix representations discussed this semester, (i) the 2x2 irreduciible representation and (ii) the 3x3 reducible representation.  Recall conjugacy classes were  determined in problem (2).


Define the elements of the algebra
[image: image25.wmf].  


(a) Use the group mulitplication table for C3v to determine the CIJM. For

 
[image: image26.wmf]
(b)Use the (2x2) representation matrices for C3v   to show explicitly that 




[image: image27.wmf]

where the Ith class has NI  elements.  What happens in the case where the 3x3 representation  is used.


Recall 
[image: image28.wmf] and 
[image: image29.wmf] 

(c) Show that the same CIJM  are consistent with 
[image: image30.wmf]

(d) Show that 
[image: image31.wmf]   where  I-1 denotes the class containing the inverse elements of the elements in class I.

Problem Group 3

11. 
The functions (fx(x,y)  x,fy(x,y)y) carry the E irreducible representation of C3v.  Determine the corresponding matrix representation.  Show that this representation is in fact the E irreducible representation.  Hint:  First work out the generators then get the rest of the elements by matrix multiplication and the representation property.

†12. 
Cotton 6.1

13. 
Cotton 6.2

14.
D2h is the direct product of C2v and Ci.  In this problem you will explain how this observation is reflected in the character table for D2h.  In the questions that follow you may assume full knowledge of the groups C2v and Ci.


(i) Determine the class structure of D2h.  Label the classes so as to reflect the direct product character of the group.


(ii) Determine the irreducible representations of D2h.  Label the irreducible representations so as to reflect the direct product character of the group.


(iii) Determine the character table of this group in a manner that explicitly demonstrates its direct product nature.

†15.
Let GxH be the direct product group of groups G and H, with elements g and h respectively. Let R =  g x h 
[image: image32.wmf] G x H.  Assume (as shown in class) that if R1 • R2 = R3 then 




PR1 PR2 = PR3, 

(*)


where P is a Wigner operator.  The direct product matrix is defined as

 
[image: image33.wmf]

(i) Define the  representation property for 
[image: image34.wmf].


(ii) Use (*) and the definition of 
[image: image35.wmf] to prove the representation property for 
[image: image36.wmf]
16
Consider the permutation group of three objects acting on the direct product function d(x1, x2, x3)  
[image: image37.wmf].   Recall that this group is isomorphic to C3v (see question 1) .


(i) Determine the effect of each element of the permutation group on d(x1, x2, x3).


(ii) The unique set of functions determined in (i) is a basis for a reducible representation of the permutation group.   What is the character of the representation carried by this basis?  Decompose the character into its irreducible components.  


(iii) Use projection operator techniques to determine the functions that carry the irreducible representations in (ii).


Hint: The representation matrices derived in problem 11 may prove helpful.

(iv) For the functions determined in (iii) discuss their particle indistinquishability.  By this we mean their transformation properties under any transposition of particle labels– that is (i,j)  (j,i) for all pairs (i,j).

Problem Group 4

Read Chapter 7

Do
†17.Cotton 7.2: Determine the four symmety adapted molecular orbitals in trans-butatiene.  Label  each according to is C2h point group symmetry.  Determine the orbital energies in the Huckel Approximation

18.  Cotton 7.5

Problem Group 5

Read Chapter 10

19.
Consider the following X4 molecule with  C4v symmetry

[image: image38.wmf]

Consider the X4 molecule with C4v symmetry piicture above. The operator corresponding to  translation along the wth direction is:




[image: image39.wmf]
while that corresponding to rotation about the x-axis:




[image: image40.wmf]

(a) Write down the operators for  
[image: image41.wmf] and Lw , w =x, y, z.


(b) Determine, on the basis of the operators in (a), the irreducible representations spanned by  (i) (
[image: image42.wmf], 
[image: image43.wmf], 
[image: image44.wmf]) and (ii) (Lx, Ly  Lz)  

20. Set up the symmetry coordinates for the five in-plane vibrations of the trans-N2F2 (F-N=N-F) molecule and construct the F matrix.  Include force constants for N-F and N-N stretching, N-F/N-F interaction, N-N/N-F, bending and bend-bend inteaction.

21.  Cotton 10.2

22.Vibrational treatment of water.  

[image: image45.wmf]
Take as internal coordinates r31 S1,  r32 S2 and  S3 the displacements of r3i  and  from their equilibrium positions r32, r31, .  It was shown in class that


s11 = e31

s31 = –e31

s21 = 0


s12 = 0

s22 = –e32

s32 = -e32


s13 = 
[image: image46.wmf]
s23 = 
[image: image47.wmf]
s33 = 
[image: image48.wmf]

(a) Use these results to determine the Wilson G-matrix 






[image: image49.wmf]

for water.   Construct a formal, that is, non numerical F matrix.  Observe that neither is

symmetry blocked. 


(b) Use the projection operator method to determine an orthogonal transformation to a symmetry–adapted basis.  Clearly indicate the symmetry of each internal mode.


(c) Use the results of (a) and (b) to determine the F and G-matrices for water in the symmetry adapted basis.  Observe that the F andG-matrices are now symmetry blocked. 


(d) Determine the frequencies using using the FG approach.

Problem Group 6

Read Chapter 9

23.
Decompose a 3P electronic state into its irreducible representations in a crystal field of D4h symmetry, (a) ignoring coupling of the electron spins to the crystal field (b) including the coupling of the electron spin to the orbital angular momentum and  hence to the crystal field

24.
Use the representation matrices of C3v determined in problem 10 to determine all the antisymmetric wavefunctions for two electrons in an e type orbital.  Explicitly indicate the space-spin symmetry of the wavefunctions you construct.

25.
Use the method of descending symmetry for 
[image: image50.wmf]  to show that 2 electrons in a t2g orbital ( point group Oh )  give rise to 3T1g, 1T2g, 1A1g, and 1Eg.  Show all  steps.  Do not use correspondence tables to obtain your results.

Problem Group 7

Read Chapter 9.7

Do

26.
Homomorphism of the unitary group with the rotation group.  As discussed in class any


 2 x 2 matrix with a vanishing trace can be written as

h =  
[image: image51.wmf]= r • 
[image: image52.wmf]

where r = (x,y,z ) and  are the Pauli matrices


[image: image53.wmf]       
[image: image54.wmf]    
[image: image55.wmf]

Define

 h' = u h u–1 = r' • 
 
where u is a unitary matrix 

u = 
[image: image56.wmf]

(a)Evaluate u†wu for w = x,y,z and u of the form



u= 
[image: image57.wmf]
and use this result to determine the relation between r and r'

(b) Take 
u = 
[image: image58.wmf]

and use your result in (a) to show that 

R(u)=
[image: image59.wmf] 


Interpret this result.   What is the significance of the factor of 1/2 in /2.

27.
The character table for the double group of D2 is



E
R
C2(Z)

C2(Y)

C2(X)





RC2(Z)
RC2(Y)
RC2(X)


A1
1
1
1
1
1


B1
1
1
1
-1
-1


B2
1
1
-1
1
-1


B3
1
1
-1
-1
1


E
2
-2
0
0
0


where R is the rotation by 2.  


(a)Prove by explicit computation that the spinors (, ) discussed in class carry the E representation.


(b) Decompose the direct product (, ) x (,) into its irreducible representations.


(c) Use projection operators to determine the functions corresponding to the result of part (b).


Hint: The rotation properties of the spinors are given by  the 2x2 matrix



U(n,) = I cos/2   + i n• •sin /2


where  are the Pauli matrices and n is a unit vector in the direction of the axis of rotation.

28.
Use the properity i i = I of the Pauli matrices to demonstrate that in the space of two dimensional spinors, ,  : 



exp i n•J   = I cos/2   + i n• •sin /2


where J =  / 2 and I is the 2x2 unit matrix.

29.
Determine the time reversed states corresponding to the functions determined in 27(c).   Explain how these results reflect Kramers' theorem.

30.
Construct the character table for the C3v double group

31.
Consider one electron in an e-type orbital in C3v symmetry.  Determine the irreducible representations of the double group of C3v spanned by this four dimensional representation.  Construct functions (basis functions) that carry these irreducible representations.

32†.
Let G' be the double group of G and let H = (E,R).  Prove that the factor group G'/H (under coset multiplication) is isomorphoric to G.

33.
Let G' be the double group of G.  Show that the irreducible  representations of G are  irreducible representations of G' with R=+I.  Hints: You may assume the results of (32).  The criterion for irreducibility may help.

34.
A simple cubic lattice has unit cell with three mutually perpendicular axes of length a.  The group of the hamiltonian is the symmorphic group T x Oh where T is the group of translations. 


(a) Determine the first Brillouin zone for this system.  Choose the first Brilloin zone to be symmetric about k = (0, 0, 0)   Explain why it is possibile to make this choice.


(b) According to Bloch's Theorem the wavefunction for an electron moving in this lattice can be written in the form 






k(r) = eik•r uk(r) 


where uk(r) is periodic with the periodicity of the unit cell.  Explain how group theoretical techniques can be used to limit the range of k for which the Schrodinger equation for uk(r) must be solved.


(c) Define the group of the wavevector k.  What is the group of the wavevector for k = (0,0,0)?   What is the group of the wavevector for k = (k,k,k), 0 < k < /a?

35
Provethat (x,y,z) and  have the same transformation properties as operators

36.
Let fx(w1), fy(w1) carry E in C3v and let gx(w2), gy(w2)  carry E in C3v.


(a)  Determine the irreducible representations carried by f x g.


(b)  Construct the functions that carry these irreducible representations.


(c)   Prove your results in (b) are correct


(d)   Consider the effect of the particle interchange operator P12 on the functions in (b)




P12z(w1, w2) = z(w2,w1)


        Which functions in (b) span invariant  subspaces for P12.  Explain.

37.
Consider  the molecule C8H8 discussed in class. 


(a) Use the fact that the group C4 is a subgroup of C4v to construct, from  two functions that respectively carry the complex-valued  B1 and B2 irreducible representations of C4.   


(b) Determine the representation matrices in C4v  for this representation 


(c) Determine the character of the representation these functions carry in C4v.


(d) What is relation of the result in (c) to the irreducible representation for E generated by





[image: image60.wmf]
38.
(a)Show that  the character projectors  for the C3 subgroup of C3v be used to generate ex and ey functions in C3v?  


(b) Generate the irreducible representation matrices for e+ and e- ( which carry the complex valued irreducible representations in C3) in C3v.


(c) Construct a similaritiy transformation using unitary  matrices that relates this representation  to that  determined in problem (1b) .  Hint: Write e+  ~  ex + i ey;  e-  ~  ex - i ey
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