
580.439/639  Solutions to Homework #4 

Problem 1 

Part a)  Substituting the small signal variables defined in Eqn. (2) in the problem statement 
into the differential equations for Iext and n gives: 
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Note that the HH parameters α(V) and Β(V) have been replaced by the first two terms in a Taylor 
expansion around the equilibrium point, as discussed in the problem statement.  The n4 term in Eqn. 
(1) can be approximated by the first two terms of the expansion as 
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" nr 4 + 4nr 3!      ignoring terms in ! 2 , ! 3, and ! 4  (3) 

At resting potential, dV/dt = dn/dt = 0, so the following equations relating the resting values of the 
variables must hold: 

 
I
ext

r = g
K
n
r4
V

r! E
K( ) + g

L
V

r ! E
L( )

0 =" r
1! nr( ) ! # r

n
r

 
(4) 

Now if Eqns. (1) and (2) are multiplied out, if second and higher order terms involving the small 
signal variables iext, v, and η are ignored (such as ηv, η2, etc.), if the equilibrium value Eqns. (4) and 
(5) are subtracted, and if it is noted that dVr/dt = dnr/dt = 0, then the result is the following equations 
for the small signal parameters: 
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In terms of the matrix form suggested in the problem set: 
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The matrix is the Jacobian of this system at resting potential (an equilibrium point), and 
could have been obtained with somewhat less algebra by differentiating Eqns. (1a) and (1b) in the 
problem set. 

Part b)  Laplace transforming Eqns. (6) and (7) with zero initial conditions gives the 
following (boldface indicates Laplace domain variables): 
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Eliminating η(s) between the two parts of Eqn. (8) gives the following equation relating membrane 
current iext(s) and membrane voltage v(s): 
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Part c)  The parallel electrical circuit in the problem set has the following current-voltage 
relationship (in terms of Laplace transforms with 0 initial conditions:) 
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Eqns. 9 and 10 are identical as long as the capacitors are the same and 
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Components of the electrical circuit correspond to the K+ channel if their values depend on the 
parameters of the original equations that were associated with the K+ channel.  The inductor and the 
resistor R0 clearly derive wholly from the potassium channel.  The other resistor R1 equals the 
leakage conductance of the membrane plus the resting conductance of the potassium channel.  The 
capacitor is just the membrane's capacitance. 

Part d)  Consider first the partial derivative in the denominator: 
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where the superscript ÒrÓ means the value of the function at resting potential.  In terms of the α and 
β parameters, 
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which can easily be verified by rearrangement of Eqn. 1b of the problem set.  Using the small signal 
approximation of the α(V) and β(V) functions given in the problem set, 
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Then using Eqn. 12 and 13, the expression in the problem set becomes 
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which is the same as Eqn. 11. 

Problem 2 

Part a)  The isoclines for this system are the equations: 

 

dx
dt
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+ 3x

dy
dt

= 0     !      y = 3x + 4.5

 

The isoclines are plotted below (lines marked Òd()/dt=0Ó). 
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The arrows show the directions of flow in the phase plane relative to the two isoclines.  Notice that 
the x-arrows are much larger than the y-arrows, as is (qualitatively) consistent with the problem 
statement (ε<<1).  The equilibrium point at the intersection of the isoclines occurs at  

 x = ! 4.5 = !1.65          y = 4.5 ! 3 4.5 = !0.45  

The Jacobian for this system is: 
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from which it follows that the eigenvalues at a point (x,y) are the roots of: 
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Because ε<<1, the first term under the radical, which goes as 1/ε2, is large compared to the second 
term under the radical, which goes as 1/ε.  By factoring out the common expression outside and 
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under the radical and ignoring the +1 component of the common expression (because  (3x2-3)/ε >> 
1), the eigenvalues can be written as 
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Because ε<<1, the radical can be approximated as  1+ε  ! 1+ ε/2, and after some algebra, 
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At the equilibrium point, λ ! -5.18/ε and λ ! -1.58.  Both eigenvalues are real and negative, so the 
equilibrium point is stable.   

Approximate trajectories (dashed lines) are drawn from two initial values (X's) to the 
equilibrium point.  There are apparently no stable limit cycles in this system. Consideration of the 
flow directions in the vicinity of the equilibrium point should be sufficient to convince you that the 
system is unlikely to have a limit cycle. Can you apply the PoincarŽ-Bendixson theorem to this 
problem? 

Part b)  The phase space for 
this case is drawn at right.  In this 
case, the equilibrium point is (0,0).  
Carrying out the same calculations as 
above yields the following 
eigenvalues at the equilibrium point: 
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from which it follows that at (0,0), λ ! 
3/ε and 2/3, both positive and real, so 
the equilibrium point is unstable.  
Approximate trajectories from the two 
initial conditions are shown in the fig-
ure (fuzzy lines).  These should merge 
with the stable limit cycle (also 
fuzzy), which can be demonstrated by simulation. 

The phase plane plots below show the limit cycle of the system computed by simulation with 
the relative time scale parameter ε set to two values, 0.5 and 0.1.  In the first case, the difference in 
time scale of the differential equations is small and the actual trajectories are not well approximated 
by the assumed trajectories drawn above.  In the second case, the trajectories follow the dx/dt=0 
nullcline quite closely. 
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Problem 3 

Part a)  For the model described in the problem statement, there is only one differential 
equation: 

 C
dV
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using the change of variable s=tG/C,  
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where iext = Iext/G 

Part b)  With iext = 0, the equilibrium points are given by 

 
dV
ds

= 0 ! V(V 2
"# ) = 0 ! V = 0, ± #  

The Jacobian of the system is a scalar, given by 

 J =
! iext " V 3 +#V$% &'

! V
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at the equilibrium points,  

 J(0) = ! ,      J( ± ! ) = " 2!  

The eigenvalues are just the values of the 
Jacobian, so the equilibrium points at ± !  are 
stable and the equilibrium point at 0 is unstable. 
The behavior of this one-dimensional system can 
be appreciated by looking at a phase plane in 
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which dV/ds is plotted against V, as at right. The line in this case is not a trajectory (trajectories are 
confined to the X-axis) or an isocline. It is just a plot of dV/ds. The arrows show the direction of 
flow, i.e. the direction in which V changes, as determined by the sign of dV/ds.  The equilibrium 
points are the points where dV/ds = 0, i.e. the points marked with heavy dots.  s1 and s2 are at ± ! .  
The arrows point towards these equilibrium points, so they are stable; the point marked u is unstable, 
since the arrows point away from it. 

Part c)  As iext increases, the dV/ds plot moves 
vertically in the phase plane.  As it does so, the 
stable (si) and unstable (u) equilibrium points 
move together.  When the dV/ds curve is just 
tangent to the line at 0, then s1 and u coalesce 
and a bifurcation occurs.  This is functionally 
the same as a saddle-node bifurcation, 
discussed in connection with two-state-
variable systems.  The situation at the 
bifurcation is drawn at right, where the dashed 
line shows the dV/ds function for iext=0 and 
the solid line shows the dV/ds function at the 
bifurcation. 

The bifurcation occurs when the local 
minimum of the dV/ds function equals 0.  To find the local minimum, differentiate dV/ds w.r.t. V 
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Thus, the value of iext at the bifurcation point is 2(α/3)3/2.  The value of Iext at the bifurcation point 
is  2G(α/3)3/2. 

When Iext is raised above its bifurcation value, only one stable equilibrium point remains, at 
s2.  The flow arrows then all point toward s2; to see this, look at the flow arrows for iext=0 and think 
about what happens to the left-pointing one between s2 and u when the bifurcation occurs. Thus the 
membrane potential rapidly moves from the vicinity of s1/u to s2 when the bifurcation occurs. 

 


