580.439/639 Homework #2 Solutions

Problem 1

Part a) Using the principle of conservation of mass, the time rate of change of
concentration in the ith well is given by the difference between the flux into the well and the flux
out of the well. Let C, be the concentration at the i location in the membrane. Note that, because
the wells are discrete locations, it makes sense to consider C; to have units of moles/area, i.e. the
x direction through the membrane is considered to be discrete and not continuous. Then

ac;

e [flux into ith site} ~flux out of itP site} =Ji1-J;

In the steady state, dCi/dt = O so that Ji.; = J; for all sites. This is a slight adaptation of the
derivation given in class, differing in the definition of C, (Note the difference in units in the two
cases).

Part b) There are N flux equations, which can be written as N simultaneous linear
equations in N as below.

T =MkoCo - k.1 Cy)

T= M K,C) - kaCo)
etc.
etc.
J=M kn-1Cn-1 - knCn)

These can be solved simultaneously by successively multiplying them by the products of rate-
constant ratios as

J= MkoCo - k_]_C]_)
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Ky J=N k1Cq Ky koCo
Kaka gy Kiic,c,-Kaka g
=k L KaCo - (2 KsCy

etc.
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Summing the equations above gives
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N-1 | N-1
J|:1+ " I k'ii|:7\,|:koC0-k_N l ki :|
j=1 i=1 i

from which Eqn. (*) of the problem set follows:

J=2ko i=1 (1)

Note that this equation is a completely general description of a barrier system that obeys

independence. That is the particular barrier heights (Gz and Gy) assumed in the statement of this
problem have not been used in the derivation so far.

Part ¢) The rate constants are given by the expressions discussed in class. In writing the
rate constants, it is assumed that the electrical potential at the ith barrier peak is (i-0.5)-! V/N and

that the electrical potential at the ith potential well is i! V/N. That is, we assume that the
electrical potential varies linearly through the model,.

ko = (const) e*Gs+zF! V2N)/RT

k; = (const) e (@p-Gw+zFI V2ZN)RT  for j=1, ... N-1 )
k. = (const) e (Gs-Gw-zZFL VZN)RT  for j=1,...N-1
k_n = (const) e-(G-zF! V/2N)RT
To evaluate Eqn. (1), we need ratios of the rate constants as follows:
Ko (const) e"Ge+zFAV/2N)RT
3)
-(Gp-Gw-zFA
ki _ (const) e (Ge-Gw-zFAVZN)RT = e?FAVINRT  fori=], ... N-1
Ki  (const) e(Ge-Gw+2FAV/2N)RT
Part d) Now substituting the expressions in Eqns. (2) and (3) into Eqn. (1) gives
Cp - Cy e?FAVANRT (ezFAVNRT !
J = A (const) e-G/RT gZFAVNRT -0~ -N€ © 4)

N-1 .
1 + | (eZFAVANRT)

j=1

The sum in the denominator can be evaluated using the relationship

N-1
z XN = 1 - XN
= 1-x

by noting that
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N-1 . N-1

1+ > (ezFAVINRT) — > (ezFAV/NRT}‘ _ 1 - eZFAVRT
j=1 i=0 1 - ezFAV/NRT
so that Eqn. (4) becomes
J = A (const) eGyRT ¢7FAVANRT (1 _ ezFavirT) _Co - Cn e?FAVRT 5)
| - eZFAV/RT

Converting Eqn. (5) to current density by multiplying by -zF, reversing the sense of the positive
flow as usual, gives

_ FAV/RT
I = zFA (const) eG/RT ¢zFAV/NRT (zFAV/NRT _ ) Co - Cne” (6)
1 - e?FAVIRT

where the minus sign has been used to reverse one of the exponential terms. Eqn. (6) is
essentially the same as the GHK constant-field equation, except for the exponential terms in

front of the ratio. If N is large enough that zF! V/INRT << 1, then these terms can be
approximated as

e-ZFAV/INRT (ezZFAV/NRT _ |) = ¢ZFAVI2NRT _ g-zFAV/2NRT

=1 ZFAV) _ (1 _ ZFAV) - zF AV
( T ONRT ONRT/ ~ NRT

where use has been made of the approximation exp(1+") = 1 +" for " << 1. Now Eqn. (6) can
be written as

IRT - FAV/RT
| = (2FP A (const) €& Ay CGo-Cne
NRT 1 - €FAVIRT

which is identical to the GHK constant-field equation with the mobility u defined as

- A2 (const) e’Gs/RT
B RT

Use has been made of the fact that the thickness of the membrane, d, equals N#. Note that the
depth of the potential wells Gy does not enter into the result, as is always the case when
independence is assumed, i.e. when the number of sites in the model is assumed to be large, so
that the system is working far from saturation. In this situation, permeation is controlled by the
energy peaks Gp only.

Problem 2

Part a) In parts a) through d), we assume that independence holds, i.e. that the
concentrations are such that the channel is far from saturation. This assumption allows us to
ignore the complexities of competition for the channel by ions A and B, and to simply apply the
flux equations separately for each ion. See the discussion on independence in Hille. Under the
assumption of low concentrations (constraint 2), the flux equations for ions A and B across this
sort of channel were shown in class to be:
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-(h+hy)
— e\t -v/2 _ v
Ta= ohv/4) 4 byt vid) © [Ar-Axe] 0
JB —a e‘(h.l"'h.z) e_v/2 [B] _ BZCVJ
a-(h-V/4) 4 a-(hy+v/4)
Applying constraint 1, i.e. that h; =h; + Ah, allows the equation for Jg to be written as
JB . e‘(h1+h2) e'ZAh e_v/z [Bl _ BZCV]
e'(hl'V/4) e_Ah + e‘(h2+V/4) e_Ah (2)
-(hi+hy) _
_ € Ah _-v/2 . \%
= 0 i)y i) [Bi - Bye]
Define f(v) as
f(v) = e(hithy) gVi2 3
v a(hr-v/4) 4 e(hytvi4) @)
then using (2) and (3), the flux Eqns. (1) can be written as
Ja="! f(v) [Ar- Aze’]
4)

Jg=1! f(v)e""[B;-Bje'|

In the steady state, there must be no net charge transfer across the membrane; assuming that only
ions A and B are permeant, and that their permeation is independent because of the low-
concentration assumption, then

Ip +1Ig=-zaAFJ5 - zgFlg = -F(Jo +Jg) =0 5

where use has been made of the assumption that za = zg = 1 and of the usual assumptions about
current densities. Now substituting Eqns. (4) into Eqn. (5) gives
I f(v) [A1-Asev] +! f(v) e"h[B;-Bye¥]|=0 (6)

Because $ f(v) # 0, it can be canceled from Eqn. (6); rearranging the remainder of Eqn. (6) and
using the fact that v =F! V/RT yields
-Ah Ah
AV =RT |, € B1+A1=glne A + B %)
F C'Ath + Ay F eAhAz + B>

Part b) Eqn. (7) is in the form of Eqn. (1) of the problem set if

PA _ can
Py e (8)

Note that the permeability ratio in Eqn. (8) is independent of membrane potential.

Part ¢) Based on the functional forms in Eqn. (1), define fo(v) and fg(v) as

-(h +hy)

_ e (hith, -v/2

fa(v) = e-(hi-v/4) 4 o-(hotv/4)
-(h+h)

fB(V) — e\ e—v/2

a-(h)=V/4) 4 a-(ho+v/d)

Then, following the same procedure as was used in Eqns. (4) - (8) gives
f (V) B1 + fA(V) Al
AV=RT |, B
F ' fa(v) By +1a(V) A,
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so that the permeabilities are voltage-dependent. The ratio is now

"(h" vl 4 "(hy+v 4
ﬁ: fA(v) — e(hf" h+h " hy) € (hf" v/ 4) +e (hy+v/ 4) (9)
PB fB (V) e (" v/ 4) +e (hy+v/ 4)

which is voltage-dependent. Notice that this voltage-dependency has to do only with the
permeation properties of open channels; the voltage-dependence of gating is not included, and
may make the permeability ratios even more voltage-dependent.

Recall that if one barrier (say hyp) is larger than the others, then permeation in the low-

concentration (independence) regime is controlled by that barrier. If this is so, so that
exp(hy)>>exp(hy) and exp(h;')>>exp(hy'), then Eqn. (9) becomes

#(hs+Vv/ 2)
Pa, o(hihy +hs ) €2 _ hishy) _ 8
PB : e#(h2+v/ 2)

as before. Thus constraint 1) is not really needed, if one barrier is dominant.

Part d) If constraints 1) and 2) hold, then the fluxes are given by Eqn. (4), which can be
rewritten in terms of currents as

Ian=-zaAF f(V) [A] - Aze"] (9)

Ig = -zgF o f(v) " [B) - ByeV|

Now if the permeability ratio is defined as Ia/Ig, then, using the fact that za=zg=1, the ratio

becomes
Ay -AjzeY

IA — eAh [ 1 2 ] (10)

Ig [By - Bye']
This is voltage-dependent and different from Pa/Pg, unless some special conditions are included.
In the problem set, it was assumed that currents 15 and Ig are measured with only one ion in the
system on only one side of the membrane. That is, we assumed A; = By =0 or B, = A, =0,
giving the requested result. What other special condition on concentration would make IA/Ig =
Pa/P? Is it necessary to test the two ions in separate experiments with the assumptions of this
part of the problem (independence)?

Part e) If constraint 2) is eliminated, then the fluxes are in the saturation range, and
independence no longer applies. It was shown in class that Eqn. (9) becomes, approximately
I5 =-zAF o0 el e-(hithy) gv/4 Ap-Age
Ajeht + Ayehrv/2)
B1 - B2 e’
B, C'h‘l + B, e'(hé'V/Q)

Ig = -zgF a eh™ e-(hith) g-v/4

These equations apply to the case where only one of the two ions is in the system, i.e.
B1=B>=0 for the I5 equation and A;=A=0 for the Ig equation. If the ions are not tested
separately, then competition of the ions for channel binding sites must be explicitly included in
the model, making it vastly more complex. See the discussions of channel block in Hille. The
saturation currents are found by letting A or By go to infinity, so (with za=zp=1)

Iamax =-F o eh” eh g-V/4

Igmax = -F ot el eh2 g Vv/4
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Now the permeability ratio is
Tamax _ ,(#=1¥) ~(ho=h3) _ (h*=h*') ,Ah (1
IB max
This is voltage-independent; what is new is the dependence on the energy level of the bound
state h*. Eqn. 11 differs from Eqns. 8 and 10 whenever the binding energies h* and h*’ are
different in the channel. Because the binding energies can be quite different for different ions,
the current ratio measured at high concentrations can be different from permeability ratios or
current ratios measured at lower concentrations. That is, permeability ratio measurements can be
quite concentration-dependent because different features of the channel’s energy diagram
dominate permeation at different concentrations. At low concentrations, permeation is
dominated by the energy peaks only (h; and hp), whereas at high concentrations, the binding
energy to the energy well in the channel h* becomes important also.

Problem 3
Part a) Rewrite Eqn. () from the problem set as follows:

C," C,f(#V)

1
9V 1G] M

J="Tk,

where the sums and products of rate constants from Eqn. () of the problem set have been
summarized into the functions f() and g(). f() depends on membrane potential only, as will be
shown below. g() may also depend on barrier heights, that is on the set {G,}. The unidirectional
fluxes predicted by Eqn. (1) can be obtained by setting either Cp or Cy to 0. That is, if there is
no ion on side 0 (Cp=0), the the net flux equals the unidirectional flux from side N and vice-
versa. Independence is crucial to this definition of unidirectional flux because we assume that
the fluxes from the two sides add linearly in producing the net flux in Eqn. (1). To see that this
is so, look back through the derivation of Eqn. () and notice that nothing changes if Cy is
assumed to be O at the start.

With this assumption, the unidirectional fluxes Jyp_n and Jy_ and the flux ratio are
given by
Jon =2k Cy/aAV{GH and Juso =AKCy f(AV)/gAV.{G})

ﬂu'X - JO—)N = Q (2)
ratio JN*}O CN f(AV)

The minus sign that should appear in the equation for Jy_,, has been deleted because it is the
magnitudes of the fluxes we care about.

To evaluate f(! V), consider the general barrier system sketched below. The notation here
is the same as for Problem 1.
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The barrier heights are expressed in normalized form, i.e. as g1 = G1/RT. The #; are fractions of
the transmembrane potential that appear at each barrier, so that the membrane potential at barrier
g1 is #1v, where v = zF! V/RT. The components of Eqn. (*) can now be written as follows.

—foi+ 1 v—q; *=1; *v
ﬁ: (conspe [9i+4iv-gi | : ] s
ki (consye 91t A V-6 A4V ]

. An—1
k_n _ (conspe [gn +(Ay—D)V] PP

ko (conspe94]

N-— k N-1
H? = eI N KA N expl 3 gy — G+ (i — AV | =€ 3)
=1 i=1

K_N

Ko
With this result, the flux ratio Eqn. (2) now takes the Ussing form. Note that this derivation
depends directly on the independence assumption because if independence is not true, then there
will be terms involving concentrations in the denominator of Eqn. (*) in the problem set.
However, this assumption does not depend on any details of the barrier system or of the
distribution of electrical potential through the membrane (i.e. no constant-field assumption).

Note that we could have argued that f(! V) = eV because of the necessity that J=0 at
equilibrium in Eqn. (*), This is the way the argument is usually made.

Part b) The Hodgkin-Huxley independence test involves the ratio of the currents
obtained with two different sets of concentrations in the bounding solutions. From Eqn. 1 above:

I, .. A-ASAY)  gAV{G,}

I, " g(AV{G,D Ak,[B,- B,f(AV))]

4

where A and B are two different concentration ratios for the ion in question. Eqn. 4 can be

simplified using the fact (Eqn. 3) that f{! V)=e", and the fact that k,,=k,, (because k is a rate
constant depending only on the barrier heights):

~

L_A-Ae sAV.{Gy)

J, B -By g(AV.{G,)




Homework #2 solutions 8

Now g() does depend on concentrations; this can be shown by a development similar to the
sequence used to derive Eqn. 3 above. Thus the Hodgkin-Huxley ratio is an appropriate test for
independence only with assumptions that make g() independent of concentration. One such
assumption is the regular barrier system of problem 1 (see Eqn. 4 of the problem 1 solution
above). Can you think of other special cases that would make g() independent of concentration?



