580.439/639 Midterm Solutions, 2006
Problem 1

Part a) An adequatebarrier model
for this questionis shown at right. The
barrierheightsG; and G, andthe fraction of
the membraneotentialat the barrierpeak! ,
areneededThe rate constantsare given by
the usual expressions:
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Part b) The equationfor Mg-Ch is asfollows. As suggestedn the problem
statement, the state of the chann@h is explicitly included.

dMg! Ch
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where Mg is the magnesiumconcentrationin the extracellularspace Mg-Ch is the
channelwith magnesiunboundandCh is the free channelUsingthe fact thatthereis a
finite total amount of channe) = Ch+Mg-Ch,
[
W:&Mg@! Mg! Ch)! k,Mg! Ch
=k Mg"Q! (kMg+k )Mg! Ch
Part ¢) At equilibrium,d Mg-Ch/dt= 0, so
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To get the equilibrium fraction of unbound chanfagl
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This is the fraction of channelghatarenot blocked by magnesiumThe ratio k,/k , can
be written as follows, after substituting the expressions for rate constants from Part a).
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Part d) The current through the NMDA channels is

INMDA = GNMDA (V | ENMDA) = gNMDAfCh (V I ENMDA) '

whereGy,pa is the conductancef NMDA channelsassumecequalto a constantgpa
multiplied by the fraction of unblockedchannelsSubstitutingfor f., the fractionof open
channelsfrom Partc) givesthe resultin the the problemstatementEqn. (*) of the
problems), with
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Problem 2
Part a) The differential equation for membrane potential takes the usual form:

dv
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The differential equation fddais as given in the problem statement:

dNa

T: a?,,’- INa,NMDA! bulpunp%'

Thefirst termis the flux of sodiuminto the cytoplasmthroughthe NMDA channellt is
negativebecausef the usualconventionthat suchcurrentsare outward.The constanta
convertscurrentin pA/cm? to the time derivative of Na. It should consistof the
following: 1) division by F to convertcoulombsto moles;2) multiplication by the Area
of the cell, to gettotal outwardflux; 3) division by the Volumeof the Na-containing
compartment, to convert flux to concentration change. Thus the units are

Moles/(n? s) =Area (m?)/(Volume(m®) F (coul/Mole)): coul/(nt s)

Theremainingconstanto = 3 to convertthe pumpcurrentto sodiumcurrent.The pump
moves3 Naionsout of the cell for each2 K ions movedinto the cell. Thethe Naflux is
three times the charge fllix,,



Part b) For the 1D system,the
equilibrium points are where d V/dt=0,
markedwith redcircles(stable)andgreen
Xs (unstable)in the phaseplaneat right.

The stability of thesepointscanbe seen
intuitively by consideringwhat happens
if the systemis starteda small distance

from an equilibrium point. For the stable
equilibrium points the sign of dV/dt is
suchthatV movestowardthe equilibrium
point; for the unstableequilibrium the
signis suchthatV movesaway. More
formally, the Jacobianof the systemis
the slopeof the phaseplaneplots at the
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equilibrium point. For a 1D Jacobianthe eigenvalues just the Jacobianso a negative
eigenvalue corresponds to a negative slope.

The idea of the secondpart of
this questionis that the systemwill
follow the equilibrium points as Na
changesslowly. With the assumption
about dNa/dt given in the problem
statementthe sequencef equilibrium
pointsis given by the numberson the
phaseplaneat right anda sketchof the
resulting membranepotentialis shown
below.Betweenpoints1 and2, [Na]sie
is increasingand between3 and 4,
[Na],«q4e IS decreasing.Of coursethe
changesn sodiumare not predictedby
the phase plane, but rather by the
differential equation foNa.

Part c)

dNa _
dt
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If Gumoa=Gnanvoa 0, thenlyuoa = Ivanwoa = 0, sothefirst isoclineequationrequiresthat
l,um=0 andthe secondisocline equationrequiresthat G, (V-E )=0, or V(eq. pt.)=E,. If

lume=0, thenNa(eq. pt.)Na,

pump
dv/at=0 dNa/dt=0

Part d) Fromthe 1D phase 2g

plane above, it is clear that, for e ——— |
fixed Na, the V isocline can have L "= = ]
three equilibrium points. This is N, '-_\L i S
possible for the solid (magenta) \ L]
line, but not for the dashedbrown) Z "\ \L-g/ W g pt."-\__q\
line, thusidentifyingwhichisocline ¢ [N\, \ ¢ & «» ~« £ _
is which. The fully labeledphase 8 L\ W , ~» ~ /- e
planeis shownat right. Of course 2 N\ . gy
the arrow plot was not expectedas s N v ‘
part of the answer, but it was R e B B /'%
possibleto infer the directionsof I A e AN]
the arrowson the two sidesof each (== = ‘
isocline qualitatively from the 9 —
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differential equations in Part a). membrane potential, mV

Part €) Therecanbealimit  29f

cycle, if it includesthe equilibrium :

point, but sincethe point is stable, g}

the Poincare-Bendixsortheorem

doesnCipply. Thusthe existenceor €

non-existencef a limit cycle canOt g 16}

be proven.The actuallimit cycleis S

shown at right. It is possibleto §14_

guessthe shapeof this limit cycle 3

based on the statementin the [ <

problem thatdNa/dt << HV/d{. 121 /
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