580.439/639 Midterm Exam Solutions, 2005
Problem 1:

Part a) Theequilibrium potentialsaregivenin the tablebelow, calculatedrom
the Nernstequation.The directionsof active transportare also given. Theseare the
oppositedirectionof the passivecurrentflows. The potentialof endolymphis assumedo
be +90 mV w.r.t. perilymph.

E = %In% C,, =conc in pailymph; C, =conc in endolymph.
Zi in
lon perilymph  endolymph E, AT direction
Na 145 mM 2mM 111 mV out of endo
K* 5 157 -90 into endo
ca” 1 0.02 51 into endo
Cl 120 132 2.5 outof endo
HCO; 20 31 11 out of endo
urea 5 5 -- equilibrium

Part b) Theelectrochemicafjradientfor sodiummustexceedhatfor potassium
plustwice thatof chloride,sothatthe netchangen electrochemicapotentialis negative
eachtime a transportstepis taken.Assumingthe transportgoesdirectly from perilymph
to endolymph,

2 ‘Lli,endo - ui,peri s O’

i=Na,K,2Cl

Ci endo
Y RTI—"“ 1z F(V,

endo
i=Na,K,2Cl i,peri

26lni+ 26lnﬂ+2-26lng+(1+1—2)-90 =-16.8 mV.
145 5 120

- Vperi) S 0’

The equationhasbeendivided by F at the third line above.So this transportercould
move K* and CI' into the endolymphat the costof moving Na' into the endolymph.
Clearly a Na' transportout of the endolymphanda CI transportout of the endolymph
would also be needed.

If thetransportemvereelectrogenidl positivechargeis movedfor eachtransport
cycle) then the last line of the calculation above would be

26Ini + 26In£7+ 26In£2+ (1+1-1)-90=+70.7mV.
145 120
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In this case the transportercanOtun in the forward direction. The reason of course;is
thelargepositivepotentialin the endolymphwhich doesnCiffectthe neutraltransporter
in the first calculation.

Part ¢) For equilibrium to hold as in the problem statement,
Hyx peri = Hy is and Uy o = Uy .4 SO that Hy peri = My 1s = Hx endo-

However,X is not at equilibrium betweenendolymphand perilymphfrom the problem
statementA longer-windedoroof canbe given by writing out the Nernstequationsbut it
reduces to the statement above.

Part d) ThepotentialV mustbe suchthatK™ is atleastat equilibriumacrosshe
apicalmembrangbetweenthe cell interior andthe endolymph);actuallyit will haveto
be slightly more positiveto pushK" into the endolymph.Apply Nernstat the apical
membrane of the cells:

RT K 1
V-90=—In—2e = 26lni= 1.2 mV.
F 150

inside cell
So the potentialin the cell interior would haveto be over +91 mV! This remarkable
positive membrane potential appears to hold experimentally.

Problem 2

Part a) Thebindingof Ca™ to thechannewwill notbeaffectedby transmembrane
potentialin the left model,becausehe Ca™ doesnot haveto movethroughany fraction
of themembrangotential.In theright-handmodel,the Ca™ translateshroughabouthalf
the membranepotential,so depolarizationof the membranewill increasethe driving
force pushing Ca onto the channel.

Part b) The barrier models are below:

The left model is for the channelwith its Ca™ site on the interior surfaceof the
membraneA is unboundandB is boundCa". This is a simple A—=B transition

unaffectedoy membranepotential. The modelat right showsthe membrangotential vV
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addedto the samebarriers.Half the membraneotentialaffectsthe energylevel of the B
ground state and a fractionaffects the peak energy.

Part ¢) Usingthe usualkinetic modelfor a singlebarrierbetweenstatesA andB
with forward and reverse rate constaintandk_,,

dB
—=k!1Ca'A" k. B=k Ca" (k,'Ca+k.))B using the fact that A=1" B.
dt

In the equationabove, A andB arethe fraction of channeln the A andB statesTherate
constants are given by

. —GpIRT _ .—(Gp—Gy)/RT
k, =ae and k= fe

for the model wiMacintoskhubethout membrane potential and by

—(Gp +AzFV—zFV)/RT e—(G,, —(1-A)zFV)/RT

k, = oe = and

k = ﬁef(G,rGB-M.zFV—zFV/Z)/RT _ ﬁef(prGB+(170.5)zFV)/RT
_1 - -

for the model with membranepotential. In steady-stated B/dt=0 so that B(SS) =
k,Cal(k,Ca+k_). Substitutingthe rate constantsthe modelwithout membranepotential
gives

1+i€—GB/RT
Ca

and with membrane potential

1
B=

; .
1+aexp[(G3 —2FV /2)/RT |

Problem 3

Part a) The equilibrium points are the intersectionsof the nullclines for this
system. The nullclines are as follows:

d I-(b+1 d b
e e -
dt au dt au

At the equilibrium points



vu = vV’
I-(b+Du b
al au
-1+(b+u=bu = u,,=1 and v,  =b/a

The equationfor the equilibrium point turns out to be linear, so thereis only one
equilibrium point.

Part b) TheJacobian for this system is found in the usual way.

o, R,

Jo| ou o | =@ +1)+2auv auz} _[b—l a}
oF, dF, b—2auv —au’ o -b -al
du v Jleqpt.

The eigenvalues of the Jacobian are given by solving the usual characteristic equation.

det[AT-J]=0,
A=b+1)(A+a)+ab=0,
A +(@-b+DA+a=0.

The quadratic equation has the following roots

2_ fa— [a—
L_b-a-1 \®-a-1Y-d4a . b-a 1{& [ 4a 2} -
2 2 2 (b—a-1)

Part ¢) The eigenvaluesare complexif the value underthe radical in the
eigenvalue equation above is negative, so

da

m>1 or a’!2ab! 2a+1! 2b+b*><0 (*%)
. a.

wherethe quadraticequationdollow from thefirst equationwith somealgebraNotethat
the quadraticequationis symmetricin a andb. To find the boundarybetweenreal and
complexeigenvaluesthe quadraticcanbe setto 0 andsolved.The solutioncanbe found
by writing it asa quadratidn termsof eithervariableandapplyingthe quadraticformula,
giving

A -2b+Da+(b-1"=0 = a=b+1)*2b,
or

b —2(a+Db+(a-1>=0 = b=(a+1)*t2a.

Theregionsof the (a,b) planearesketchedelowfrom thesesolutions.Theinequalityin
Eqgn. (**) is satisfiedin the shadedegion,wherethe eigenvaluesrecomplex.Note that
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Egn. (**) hasa zerodenominatorwhen b = a+1. However,looking back at Eqn. (*)
shows thak is well-behaved and imaginary at that value, which is on the red line.

If the eigenvaluesrecomplex,thenfrom Eqn. (*), thereal partof A is negative
(stable) for

bl a! 1<0 so b<a+l (**)

thatis, in the regionbelow the redline in the 20
sketch. b

16}

Part d) If thevalueundertheradicalin I
Eqn.(*) is positive(realeigenvalues)it hasto 45| real, unstable
besmallerthan1, becauséoth4a and(b-a-1)*

arepositive.ThusthevaluelJ_rx/T in Egn.(*) 8}
is alwayspositiveandthe eigenvaluefiavethe

complex

unstable

sign of (b-a-1)/2. Thusthe conditionfor stable 4} SEk :
real eigenvaluess that they be outsidethe | A
shadedareain the figure and below thered ¢ -,
L 0 2 4 6 8 10
line, Eqn. (***). a

For the same reason, saddle nodes are not possible in this system.

Part e) A phaseplaneis plottedatright 2—————— —
usinga=3, b=3, within the stablespiral region. \ 1
Thestructureof the planedoesnGthangemuch , | . -
with parametersalthoughthe quiver plots do. 5 ™~ N
The equilibrium point at u=1, v=b/a is shown | —=0 -

by the greendot. Poincare-Bendixsogannot 1} N\
be appliedbecausan appropriatdboundaryon

ther.h.s.of the plot doesnot exist. However,if ~ -

a limit cycle exists, it must circle the

equilibrium point and be within the 1* \
guadrantshownin the plot. Thatis, thelimit 0o N L S
cycle cannotcrossthe v or u axesbecausdlow d
nearthemis only in onedirection,asplotted.So,without moreinformation,a limit cycle
might exist, but cannot be proven.

2



