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A neural network with symmetric reciprocal connections always admits
a Lyapunov function, whose minima correspond to the memory states
stored in the network. Networks with suitable asymmetric connections
can store and retrieve a sequence of memory patterns, but the dynamics of
these networks cannot be characterized as readily as that of the symmetric
networks due to the lack of established general methods. Here, a reduc-
tion method is developed for a class of asymmetric attractor networks
that store sequences of activity patterns as associative memories, as in
a Hopfield network. The method projects the original activity pattern
of the network to a low-dimensional space such that sequential memory
retrievals in the original network correspond to periodic oscillations in
the reduced system. The reduced system is self-contained and provides
quantitative information about the stability and speed of sequential
memory retrievals in the original network. The time evolution of the
overlaps between the network state and the stored memory patterns can
also be determined from extended reduced systems. The reduction pro-
cedure can be summarized by a few reduction rules, which are applied
to several network models, including coupled networks and networks
with time-delayed connections, and the analytical solutions of the
reduced systems are confirmed by numerical simulations of the original
networks. Finally, a local learning rule that provides an approximation
to the connection weights involving the pseudoinverse is also presented.

1 Introduction

Symmetric connections in a recurrent network allow random memory pat-
terns to be stored as stable states or point attractors (Hopfield, 1982; Cohen
& Grossberg, 1983). When proper asymmetric connections are added, these
memory patterns are no longer stationary but can be recovered sequentially
as the network state evolves spontaneously. This article focuses on the gen-
eral scheme of temporal association in which both the symmetric and the
asymmetric connections are given by the outer product rule like that in
a Hopfield network. These associative memory networks enjoy properties
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such as biological plausibility, robustness again noise and damage, and
capability for pattern completion or recall from partial cues (see Amit, 1989,
for a review).

It is not trivial for an asymmetric network to faithfully follow a long
temporal sequence because interferences between consecutive memory pat-
terns tend to make individual units switch their states at different speeds
and thus destabilize the sequential retrieval. To stabilize the dynamics, Som-
polinsky and Kanter (1986) and Kleinfeld (1986) introduced time delays to
the asymmetric connections while keeping the symmetric connections con-
stant. Various methods for embedding temporal sequences in Hopfield-type
networks have been studied, as reviewed by Kühn and van Hemmen (1995).
Unlike in a symmetric network, where the existence of a Lyapunov function
guarantees the approach to a stationary state (Hopfield, 1982, 1984; Cohen
& Grossberg, 1983), the dynamical stability of an asymmetric network can-
not always be characterized by a Lyapunov function, which may not even
exist except for special cases (Kleinfeld & Sompolinsky, 1988; Herz, Li, &
van Hemmen, 1991).

The analysis in this article is based on the idea of a reduced oscillatory
variable, as illustrated in Figure 1. Let x1, x2, . . . , xM denote M memory
patterns stored in a network. Suppose the instantaneous state x(t) of the
network goes through these memory patterns one after another as follows:
x1 → x2 → · · · → xM. For simplicity, here we assume that each memory
pattern xm is a random vector with N entries that are equal to either 1 or
−1 (on state or off state) with equal probability. Different memory patterns
are drawn independently so that they are approximately orthogonal to
one another. We define the overlap between the network state x(t) and
the memory pattern xm as the dot product 1

N xm · x(t), normalized by the
number of units N in the network. As shown in Figure 1, we can construct
a new scalar variable x(t) by flipping the signs of all the memory overlaps
alternately according to the order in the temporal sequence and then adding
up the results. The overall effect of this procedure is to transform the vector
variable x(t) into a new oscillatory variable defined by

x(t)=− 1
N

x1 · x(t) + 1
N

x2 · x(t) − 1
N

x3 · x(t) + 1
N

x4 · x(t) · · ·

= c · x(t), (1.1)

where c is a fixed vector given by

c = 1
N

M∑
m=1

(−1)mxm. (1.2)

As illustrated in Figure 1, the period of the oscillation is equal to twice the
memory duration T, which is the time per memory pattern in the sequence.
We show later in this article that the dynamical equation of an asymmetric
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A Memory overlaps

B Memory overlaps with alternating signs

C Summation

D Prediction by reduced system

Figure 1: A simple example that shows how to compress a sequence of memory
states into a periodic oscillation. (A) First compute the overlaps (dot products in
this example) between the instantaneous network state and the stored memory
patterns (from 1 to 8) during spontaneous sequential retrievals. (B) Flip the
signs of the overlaps alternately. (C) Add up the curves in panel B to obtain
a single oscillatory variable whose period is twice the memory duration T.
Data were obtained numerically from a single subnet of a conjugate network
(each subnet having N = 5000 units and M = 8 memory patterns with equal on
and off probability, g(x) = tanh(2x), λ = 0.7, and τ = 1). (D) Periodic oscillation
predicted by the reduced system closely matches that in panel C.

Hopfield-type network can often be reduced to an equation that involves
the reduced variable only. The reduced system is much simpler than the
original network and, more important, is self-contained and can be studied
on its own. Figure 1D shows the oscillatory behavior of the reduced system,
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A   Original network

B   Reduced system

Figure 2: Similarity between the behaviors of the original network and those
of its reduced system. (A) Sample trajectories traced by a pair of reduced vari-
ables, each obtained by compressing a subnet of a conjugate network (the same
network as in Figure 1). The initial states (open circles) were set to be propor-
tional to the first memory patterns in the two subnets. The network settled into
one of four stationary states when the asymmetric coupling strength was low
(λ = 0.2). When the coupling strength was stronger (λ = 0.7), the network re-
trieved a sequence of memory patterns. (B) Phase plane of the corresponding
reduced system (equations 3.15 and 3.16) has four point attractors when λ = 0.2
and a limit cycle when λ = 0.7. Plot range from −2 to 2 for both axes.

whose period can be used to predict the memory duration T of the original
network. Figure 1 also shows that the original system need not be periodic,
even though its reduced system oscillates periodically. What the reduced
system reflects is the stereotyped transient dynamics during the transition
between consecutive memory patterns (see also Figure 2).
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The reduction procedure for the dynamical equations of an asymmetric
network can be unified by a few reduction rules. Once these rules for typical
terms are derived, we can apply them directly to a dynamical equation of
any given Hopfield-type network, and the outcome is a reduced dynamical
equation in terms of the reduced variables only. The basic idea of the reduc-
tion method was first proposed for the special case of orthogonal memory
patterns (Zhang, 1994). Here we consider the general case with arbitrary
binary memory patterns that have arbitrary probability for a unit to be
on. We will show that the connection weights based on pseudoinverse of
the memory patterns have statistical regularities that lead to a universal
reduced system regardless of the level of sparsity of the memory patterns.
We will analyze several reduced systems and confirm their predictions by
simulations on the original networks. Finally, the reduction method will be
extended to include additional reduced equations that can fully determine
the time profiles of the memory overlaps.

2 Asymmetric Networks for Storage of Sequential
Memory Patterns

Before explaining the reduction rules, we first need to examine the dy-
namical equations of some representative neural networks that can store
sequential memory patterns. We consider two types of network models
modified from the Hopfield network: one based on time-delayed asymmet-
ric connections and the other on coupled subnetworks.

We start with a Hopfield network with N units and describe the stored
M memory patterns by a matrix:

X = [
x1, x2, . . . , xM] , (2.1)

with M < N. Here the mth memory pattern is a column vector xm =
[xm

1 , . . . , xm
N]T, where each entry xm

i is equal to either 1 (on state) or −1
(off state) and T indicates transpose. We assume that all these memory pat-
terns are linearly independent, an assumption that should be valid almost
certainly if all entries in matrix X are drawn randomly and independently
of one another. The Moore-Penrose generalized inverse of X is given by

X† =

⎡
⎢⎢⎣

x†
1

...
x†

M

⎤
⎥⎥⎦ = (XTX)−1XT, (2.2)

where row vector x†
m is the mth row of matrix X†. We have the orthogonality

condition,

X†X = I, or x†
mxn = δmn, (2.3)
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where I is the M × M identity matrix and δmn is the Kronecker delta. Con-
sider the weight matrix given by

W = XX† =
M∑

m=1

xmx†
m, (2.4)

and write the dynamical equation of the Hopfield network without external
input as

τ
dx
dt

= −x + XX†g(x), (2.5)

where τ is a time constant, x = [x1, . . . , xN]T is the state of the network, and g
is a sigmoidal gain function for the input-output relation of individual units,
with g(x) = [g(x1), . . . , g(xN)]T. The weight matrix defined by equation 2.4
is always symmetric: WT = W. If follows from equations 2.4 and 2.3 that
WX = X, or Wxm = xm. That is, each memory pattern is an eigenvector of
the weight matrix W with eigenvalue 1.

In the special case where the random memory patterns have equal on
and off probability, we can approximate the pseudoinverse in 2.2 by

X† ≈ 1
N

XT, (2.6)

because now 1
N XTX ≈ I. This is the formulation used in the original Hopfield

network (Hopfield, 1982). The pseudoinverse weight matrix in equation 2.4
works for any probability distribution and is therefore more general (Ko-
honen & Ruohonen, 1973; Kohonen, 1977; Personnaz, Guyon, & Dreyfus,
1985; Kanter & Sompolinsky, 1987).

Adding asymmetric connections to a Hopfield network yields the dy-
namical system

τ
dx
dt

= −x + XX†g(x) + λX̃X†g(x), (2.7)

where λ is the strength of the asymmetric coupling and

X̃ = [
x2, x3, . . . , xM, 0

]
(2.8)

is a shifted version of the memory matrix X, with the last column padded
by zeros. The goal here is for the system to spontaneously generate the
temporal sequence x1 → x2 → · · · → xM, and eventually the system will
stay at the last state xM, as in Figure 1. Define the asymmetric weight
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matrix by

W̃ = X̃X† =
M−1∑
m=1

xm+1x†
m. (2.9)

Then it follows from equation 2.3 that W̃X = X̃ or W̃xm = xm+1 for m <

M. Thus, the weight matrix W̃ serves to drive the state of the network
toward memory pattern xm+1 when the current state is xm. To embed a
cyclic sequence (adding xM → x1), replace equation 2.8 by

X̃ = [
x2, x3, . . . , xM, x1] . (2.10)

Whether the sequence is cyclic or not is a global property that does not
affect the stability and speed of local state transitions in the middle of the
sequence.

The system in equation 2.7 is known to be unstable for retrieving a
long sequence. A standard remedy is to add time delays to the asymmetric
connections (Sompolinsky & Kanter, 1986; Kleinfeld, 1986). The dynamical
equation reads

τ
dx(t)

dt
= −x(t) + XX†g (x(t)) + λ

∫ ∞

0
D(t′)X̃X†g(x(t − t′))dt′, (2.11)

where density function D describes the probability distribution of the time
delays.

Another type of network considered in this article is based on coupled
subnetworks or subnets (Zhang, 1994). The simplest case is the conjugate
network with two subnets, described by the dynamical equations

τ
dx
dt

= −x + XX†g(x) + λX̃Y†g(y), (2.12)

τ
dy
dt

= −y + YY†g(y) + λYX†g(x). (2.13)

Each subnet is a Hopfield network with symmetric connections. The first
subnet stores the memory matrix X = [

x1, . . . , xM
]
, while the second subnet

stores the memory matrix Y = [
y1, . . . , yM

]
. The asymmetric connections

are now placed between the two subnets, which are allowed to have differ-
ent sizes. Suppose the initial state of the first subnet is in memory x1; then the
stored memory patterns should occur spontaneously and alternately in the
two subnets in the following order: x1 → y1 → x2 → y2 → · · · → xM → yM.
Defining the state vector z of the whole network by concatenating the subnet
state vectors x and y, we can rewrite equations 2.12 and 2.13 as

τ
dz
dt

= −z + Wg(z), (2.14)
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where z =
[

x
y

]
, g(z) =

[
g(x)

g(y)

]
, and the block matrix

W =
[

XX† λX̃Y†

λYX† YY†

]
(2.15)

is the weight matrix for the entire network. Parameter λ scales the asymmet-
ric weight components and will be referred to as the asymmetric coupling
strength for various models in this article. The process of alternating mem-
ory retrievals in the conjugate network might seem to resemble the bidirec-
tional memory model (Kosko, 1988), but they are actually very different:
the bidirectional memory works for any matrix together with its transpose,
whereas in equation 2.15, the two off-diagonal blocks are generally not
related by a transposition.

3 Reduction Rules

3.1 Basic Idea of the Reduction Rules. Following the example in Fig-
ure 1, we start with the state x of a neural network and define the reduced
scalar variable x by

x(t) = cTx(t). (3.1)

The fixed vector c will be called the compressor vector, and its general
definition is

cT = ωTX† =
M∑

m=1

(−1)mx†
m, (3.2)

where vector

ωT = [−1, 1,−1, 1, . . .] (3.3)

has M entries with alternating signs and X† is the pseudoinverse of the
memory matrix X, as in equation 2.2. In the special case of independent
memory patterns with equal on and off probability, the pseudoinverse can
be approximated by equation 2.6, and the compressor vector in equation 3.2
is reduced to equation 1.2, as used in the example in Figure 1.

The idea is to left-multiply cT on both sides of the dynamical equation of
a neural network and then express each term as a function of the reduced
variable x. The correspondence between the original term as a function of
x and the reduced term as a function of x will be called a reduction rule.
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Table 1: Basic Reduction Rules.

Original Term Reduced Term Remark (equation number)

Rule 1: Network or subnet state x x Definition (3.1)

Rule 2: Time derivative of state
dx
dt

dx
dt

Derivative rule (3.5)

Rule 3: Symmetric drive XX†g(x) f (x) Within a subnet or network
(3.40)

Rule 4: Asymmetric drive X̃X†g(x) − f (x) Within a subnet or network
for shifted sequence (3.44)

Rule 5: Intersubnet drive YX†g(x) f (x) Between subnets (3.45)
Rule 6: Intersubnet drive ỸX†g(x) − f (x) Between subnets for shifted

sequence (3.46)
Rule 7: Delayed asymmetric drive∫∞

0 D(τ )X̃X†g(x(t −τ ))dτ

−∫∞
0 D(τ ) f (x(t −τ ))dτ Connections with time

delays (3.12)
Rule 8: Linear combination

αu + βv
αu + βv Linearity of reduction (3.6),

assuming u and v reduce
to u and v, respectively

Note: f (x) is the odd component of the original gain function g(x) (see equation 3.10).

Several reduction rules are summarized in Table 1; let us now examine them
one by one.

First, it is easy to see why reduction rule 2 in Table 1 is valid. As a constant
vector, cT should commute with the time derivative:

cT d
dt

= d
dt

cT. (3.4)

More specifically, we have

cT dx
dt

= d
dt

(
cTx

) = dx
dt

, (3.5)

where the last step follows from equation 3.1. This proves reduction rule 2
in Table 1.

The reduction rules always reduce a vector to a scalar. The operation of
the compressor vector is linear:

cT (αu + βv) = α
(
cTu

) + β
(
cTu

)
, (3.6)

where α and β are any scalars that are independent of the state x of the
network but may depend on time, and u and v are arbitrary vectors that
may depend on the state x. This is reduction 8 in Table 1. This rule means
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that a dynamical equation can be reduced by first reducing each individual
term separately and then summing up the results.

The linearity of the operation of the compressor vector also implies that

cT(ϕ ∗ u) = ϕ ∗ (cTu), (3.7)

where ∗ indicates convolution in time and ϕ is an arbitrary scalar function
that is independent of the network state but may depend on time.

The challenge now is to move the reduced variable x inside the gain
function g( · ), which is the sole source of nonlinearity in the dynamics. The
key reductions rules are

cT (XX†g(x)
) = f (x), (3.8)

cT (X̃X†g(x)
) = − f (x), (3.9)

where

f (x) = g(x) − g(−x)

2
(3.10)

is the odd component of the original gain function, which is antisymmetric:

f (−x) = − f (x). (3.11)

We will derive these reduction rules in section 3.3.
Reduction rule 7 for delayed connections is given by

cT
(∫ ∞

0
D(τ )X̃X†g (x(t − τ )) dτ

)
= −

∫ ∞

0
D(τ ) f (x(t − τ )) dτ. (3.12)

This may be regarded as a special case of equation 3.7 if we put ϕ = D
and u = X̃X†g(x), and use cTu = − f (see equation 3.9). Thus, equation 3.12
(reduction rule 7) follows the linearity of the compressor vector operation
and from equation 3.9 (reduction rule 4).

3.2 Examples of Reduced Systems. By applying the reduction rules
in Table 1 to each of the terms in equation 2.7 and then summing up the
results, we obtain the reduced system

dx
dt

= −x + f (x) − λ f (x). (3.13)

This system is one-dimensional and can never oscillate periodically, which
is consistent with the fact that the corresponding asymmetric network
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without time delay is unstable (Hopfield, 1982; Sompolinsky & Kanter,
1986; Kleinfeld, 1986).

For the time delay network, the reduction rules in Table 1 reduce the
dynamical equation 2.11 to

τ
dx(t)

dt
= −x(t) + f (x(t)) − λ

∫ ∞

0
D(t′) f (x(t − t′)) dt′. (3.14)

This equation is self-contained and can oscillate periodically for suitable
parameters (see section 4).

Similarly, the conjugate network dynamical equations 2.12 and 2.13 can
be reduced to

τ
dx
dt

= −x + f (x) − λ f (y), (3.15)

τ
dy
dt

= −y + f (y) + λ f (x). (3.16)

Although all the rules in Table 1 use x as the label for the reduced variable,
we can readily switch the role of x and y as well as the memory matrices
X and Y and apply the same rules for reduced variable y. This reduced
system has a two-dimensional state space and allows limit-cycle oscillation
(see Figure 2 and section 4).

3.3 Derivation of the Key Reduction Rules

3.3.1 General Considerations. In this section we derive reduction rules 3
to 6 in Table 1, which all involve putting the reduced variable inside the
nonlinear gain function f. For the remaining reduction rules in Table 1,
reduction rules 2 and 8 follow from the linearity of the compression oper-
ation, and rule 7 may be regarded as a linearly weighted version of rule 4,
as explained at the end of section 3.1.

The derivation of the reduction rules is based on two observations. The
first observation is that the state of a network during sequential memory
retrievals is a linear combination of the stored memory patterns. This is
because any state component that is orthogonal to the stored memory pat-
terns always decays exponentially and thus can be ignored. More precisely,
the state x of a network can always be written as

x(t) =
M∑

m=1

φm(t)xm + v(t), (3.17)

where vector v is orthogonal to all stored memory patterns x1, . . . , xM. The
coefficients φm are given by

φm(t) = x†
mx(t), (3.18)
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which obtains by left-multiplying equation 3.17 by x†m in equation 2.2 and
then using the orthogonality condition 2.3 and the fact that any v that is
orthogonal to all xm is also orthogonal to all x†m. The latter fact means that
for X = [x1, . . . , xM], if vTX = 0T = [0, . . . , 0] with M entries, then X†v = 0.
This is readily verified: X†v = (XTX)−1XTv = (XTX)−1(vTX)T = 0. The scalar
coefficients φm(t) are the general expressions for the memory overlaps, as
illustrated in Figure 1.

All the networks considered in section 2 have dynamical equations of
the form

τ ẋ(t) = −x(t) +
M∑

m=1

Gm(t)xm, (3.19)

where the scalar function Gm includes the contribution from all nonlinear
terms in the original equation. To see this, we rewrite a typical nonlin-
ear term in the dynamical equation as XX†g(x) = ∑

m xm[x†
mg(x)]. Since the

expression inside the brackets is a scalar, the final result is a linear combi-
nation of the memory patterns xm. Similarly, for intersubnet connections, a
typical term X̃Y

†
g(y) = ∑

m xm+1[y†
mg(y)] is also a linear combination of the

memory patterns xm.
Now, plugging equation 3.17 into equation 3.19 yields

τ

M∑
m=1

φ̇mxm + τ v̇ = −
M∑

m=1

φmxm − v +
M∑

m=1

Gmxm, (3.20)

where Gm depends on v implicitly. Since v is orthogonal to all xm, left-
multiplying vT on both sides of equation 3.20 leads to

τvTv̇ = −vTv = −v2, (3.21)

where v = ‖v‖ =
√

vTv is the norm or the length of vector v. Taking the time
derivative on both sides of the equation vTv = v2 yields vTv̇ = vv̇, which
reduces equation 3.21 to

τ v̇ = −v. (3.22)

Therefore, the norm of vector v always vanishes exponentially.
From now on, we discard v and write the state of the system as a linear

combination of the memory states:

x(t) =
M∑

m=1

φm(t)xm. (3.23)
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During sequential memory retrieval, the memory overlaps φ1(t), φ2(t), . . .
should be time-shifted versions of one another, namely,

φ2(t) = φ1(t − T ), φ3(t) = φ2(t − T ) = φ1(t − 2T ), . . . (3.24)

and so on, where T is the memory duration as illustrated in Figure 1.
The second observation is that during slow sequential retrievals, the

instantaneous state of the network (or a subnet) can overlap significantly
with at most two consecutive memory patterns. In other words, no more
than two of the coefficients φm(t) are significantly different from zero at any
given time. This observation is approximately true in simulations, as can
be seen in the memory overlaps in Figure 1. Additional examples are in
Figure 3.

This approximation is valid when the temporal sequence retrieval is rela-
tively slow such that all individual units basically show the same stereotyp-
ical manner of changing its state, regardless of the exact temporal sequence
embedded. Figure 3 compares a network with only 2 memory patterns
(M = 2) against another network with 10 memory patterns (M = 10). The
time profiles of the individual units have only 4 possible types when M = 2,
and the total number of possible time profiles increases to 2M = 1024 when
M = 10. However, if we compare the behaviors of individual units within
the time interval between two neighboring vertical gray lines in Figure 3
(the interval is equal to the memory duration T in Figure 1), there are only
four basic motifs:

1. Stay on (++).
2. Stay off (−).
3. Decrease from on to off (+−).
4. Increase from off to on (−+).

We have approximately the same basic motifs no matter whether M =
2 or M = 10. The difference between these two cases is mainly in how
these motifs are combined to form a sequence. By contrast, if the retrieval
is too fast, the state of an individual unit may not have enough time to
fully settle into a quasi-stationary state before the drive toward the next
memory pattern shows up. Now the individual units change their states in
a sequence-dependent manner rather than following the same stereotypical
basic motifs. For example, consider a unit that follows the sequence 1 →
−1 → 1 and compare it against another unit following the sequence 1 →
−1 → −1 → 1. The first one stays at the −1 state for a shorter period of time
and thus settles more shallowly (for the lack of time) before returning to state
1. In the second sequence, the state can go toward −1 more deeply, but it also
takes longer to come back to 1. Thus, the time profiles of the two units for
the same transition segment −1 → 1 should be quite different. Our second
observation is roughly equivalent to assuming that the temporal sequence
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Figure 3: The states xi(t) of a sample of individual units are compared with
three collective variables: the memory overlaps φm(t) (equation 3.18), the sum
of the memory overlaps s(t) (equation 5.2), and the reduced oscillatory variable
x(t) (equation 5.3). The data are from a subnet of a conjugate network, and
each subnet stores either M = 2 (left column) or M = 10 (right column) memory
patterns, arranged cyclically. The initial state of the subnet was set to zero so that
one can easily tell whether a stationary state is an on or off state. Each tick mark
of the vertical axes indicates the value 0 of the corresponding trace. The vertical
scale is the same for all traces, and the distance between two neighboring tick
marks is 5. Gray vertical lines are based on the extrema of the reduced variable
x(t). The shaded area in the left panel highlights several examples of the basic
motifs. Parameters: probability p = 0.3 for on state, N = 500 in each subnet,
λ = 0.7, τ = 1, and k = 2 for the gain function in equation 4.7.
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retrieval is slow enough so that the actual sequence has a negligible effect
on the manner that an individual unit changes its state.

As a consequence of the second observation, without loss of generality
we can focus on only two consecutive memory patterns, say, x1 and x2, and
write the state of the network as a mixture of the two memory states:

x(t) = φ1(t)x
1 + φ2(t)x

2. (3.25)

This assumption is not identical to assuming that a total of two memory
patterns are stored in the network, although in both cases, equation 3.25
holds. The statistics of the weight matrix generally depends on the number
of embedded memory patterns (see below and appendix A).

Finally, consider the component form of equation 3.25 for the ith unit:
xi(t) = φ1(t)x

1
i + φ2(t)x

2
i . When x1

i = −1 and x2
i = 1, we get the increase

motif: xi(t) = −φ1(t) + φ2(t). When x1
i = 1 and x2

i = −1, we get the decrease
motif: xi(t) = φ1(t) − φ2(t), which is related to the increase motif by a sign
flip. This explains the symmetry with respect to sign flip in the time profiles
of individual units seen in Figure 3.

3.3.2 Derivation. Left-multiplying equation 3.25 by the compressor vec-
tor in equation 3.2, we obtain an explicit expression for the reduced variable
defined by equation 3.1:

x(t) = cTx(t) =
(

M∑
m=1

(−1)mx†
m

) (
φ1(t)x

1 + φ2(t)x
2) = φ2(t) − φ1(t),

(3.26)

where the last step follows from the orthogonality condition 2.3. By equa-
tions 3.2 and 2.3,

cTXX† = ωTX†XX† = ωTX† = cT. (3.27)

Let cT = [c1, . . . , cN] be the compressor vector in component form. We have

cTXX†g(x) = cTg(x) (3.28)

=
N∑

i=1

cig(φ1x1
i + φ2x2

i ) (3.29)

=C++g(φ1 + φ2) + C−−g(−φ1 − φ2) + C+−g(φ1 − φ2)

+C−+g(−φ1 + φ2), (3.30)
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where

C++ =
∑
i∈I++

ci with I++ = {
i: x1

i = +1 and x2
i = +1

}
, (3.31)

C−− =
∑
i∈I−−

ci with I−− = {
i: x1

i = −1 and x2
i = −1

}
, (3.32)

C+− =
∑
i∈I+−

ci with I+− = {
i: x1

i = +1 and x2
i = −1

}
, (3.33)

C−+ =
∑
i∈I−+

ci with I−+ = {
i: x1

i = −1 and x2
i = +1

}
. (3.34)

Step 3.29 is a substitution by equation 3.25. In step 3.30, all terms in the
sum in equation 3.29 are grouped according to the values of x1

i = ±1 and
x2

i = ±1. The coefficient C++ is the sum of all the entries in cT corresponding
to the units for which both x1

i and x2
i are equal to +1. Similarly, C−+ is the

sum of all the entries in cT corresponding to the units for which x1
i = −1 but

x2
i = +1, and so on.

The four coefficients defined by equations 3.31 to 3.34 are determined
by the statistics of matrix X†. Only two among these four are independent,
because the following relations always hold true:

C++ = C−−, (3.35)

C−+ − C+− = 1. (3.36)

To see this, first note that cTx1 = −1, which follows from equations 3.2 and
2.3. On the other hand,

cTx1 =
N∑

i=1

cix
1
i = C++ − C−− + C+− − C−+ = −1, (3.37)

which follows from equations 3.31 to 3.34. Similarly,

cTx2 =
N∑

i=1

cix
2
i = C++ − C−− − C+− + C−+ = 1. (3.38)

Summation of the two equations above yields equation 3.35, while their
subtraction yields equation 3.36.

Suppose the entries of the memory pattern matrix X are drawn indepen-
dently from a random binary distribution with arbitrary probability p for
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+1 and probability 1 − p for −1; then

C++ = C−− = 0, C−+ = 1
2
, C+− = −1

2
(3.39)

in the limit of large network size (N → ∞) as long as the total number of
memory patterns is even (see appendix A for derivation). The exact value
of p does not matter here. When the number of memory patterns M is odd,
equations 3.39 hold true in the limit of large network size (N → ∞) if one of
the following two additional conditions is also satisfied: (1) the probabilities
for on and off memory states are equal (p = 1/2), or (2) the number of
memory patterns increases indefinitely (M → ∞). For finite network size,
equations 3.39 provide good approximations especially when M is even or
when p = 1/2 (see appendix A). For simplicity, we always assume that M
is even, while allowing p to be arbitrary.

In the following we will use equations 3.39 to derive the reduction rules.
Plugging them into expression 3.30 yields

cTXX†g(x) = −1
2

g(φ1 − φ2) + 1
2

g(−φ1 + φ2) = g(x) − g(−x)

2
, (3.40)

where the last step follows from equation 3.26. This establishes reduction
rule 3 in Table 1.

To derive reduction rules involving asymmetric connections, first con-
sider X̃ = XĨ, where X̃ is derived from X by cyclically rotating its columns
leftward by one position (see equation 2.10), and similarly, Ĩ is derived from
the M × M identity matrix I by the same cyclic rotation. Now

X†X̃ = X†XĨ = Ĩ (3.41)

by the orthogonality condition 2.3. Thus,

ωTX†X̃ = ωTĨ = −ωT, (3.42)

where the last step follows from equation 3.3. Equations 3.42 and 3.2 imply
that

cTX̃X
† = (

ωTX†X̃
)

X† = −ωTX† = −cT. (3.43)

Therefore, we have

cTX̃X†g(x) = −cTg(x) = −g(x) − g(−x)

2
, (3.44)
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where the last equality follows from equations 3.28 and 3.40. This proves
reduction rule 4 in Table 1.

Reduction rules 5 and 6 in Table 1 involve intersubnet connections be-
tween different subnets. The results turn out to be identical to that for con-
nections within the same subnet. Let dT = ωTY† be the compressor vector
for another subnet. Then dTYX† = ωTY†YX† = ωTX† = cT because Y†Y = I.
Thus, we have

dTYX†g(x) = cTg(x) = g(x) − g(−x)

2
, (3.45)

where the last equality follows from equations 3.28 and 3.40. This proves
reduction rule 5 in Table 1. An argument analogous to that for deriving
equation 3.44 leads to

dTỸX†g(x) = −cTg(x) = −g(x) − g(−x)

2
. (3.46)

This is reduction rule 6 in Table 1.

4 Analysis of the Reduced Systems

In this section, we analyze several reduced systems in detail. For each
system, we start with some general considerations and then focus on special
cases that allow analytical solutions. The theoretical predictions by the
reduced system are compared with numerical simulations of the original
networks.

4.1 Example 1: Conjugate Network with Piecewise Linear Gain Func-
tion

4.1.1 General Considerations. Consider the reduced system of the conju-
gate network given by equations 3.15 and 3.16. The origin (x, y) = (0, 0) is
always an equilibrium state because, by equation 3.10, the gain function f
is an odd function with f (0) = 0. Linearization around the origin yields

[
ẋ
ẏ

]
=
[

k − 1 −λk
λk k − 1

] [
x
y

]
, (4.1)

where k = f ′(0) is the slope of the gain function at 0. The eigenvalues
are k − 1 ± iλk, meaning that the origin is an unstable equilibrium state (a
source) when k > 1. In the following, we always assume that

k > 1. (4.2)
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Now that the flow (ẋ, ẏ) diverges around the origin, if we can show
that the flow converges toward the origin for large radius r = √

x2 + y2,
then a limit cycle should exist by the Poincaré-Bendixson theorem (Hirsch
& Smale, 1974), assuming that the nullclines of equations 3.15 and 3.16
intersect at only the origin so that there is no other equilibrium state. It
follows from equations 3.15 and 3.16 that

rṙ = xẋ + yẏ =−x2 + (
f (x) − λ f (y)

)
x − y2 + (

f (y) + λ f (x)
)
y (4.3)

≤−r2 + (| f (x)| + λ| f (y)|) |x| + (| f (y)| + λ| f (x)|) |y| (4.4)

≤−r2 + B(1 + λ)(|x| + |y|) (4.5)

≤−r2 +
√

2B(1 + λ)r, (4.6)

where in step 4.5, we assume that the gain function is bounded, namely,
| f | ≤ B, and step 4.6 follows from the inequality |x| + |y| ≤ √

2r. Thus, we
are guaranteed to have ṙ < 0 or converging flow when r >

√
2B(1 + λ).

4.1.2 Exact Solution for Piecewise Linear Gain Function. In the following
we assume that the gain function is a clipped linear function,

f (x) =

⎧⎪⎪⎨
⎪⎪⎩

1 if x > k−1,

kx if − k−1 ≤ x ≤ k−1,

−1 if x < −k−1,

(4.7)

where k (>1) is the slope of the middle linear segment. This gain
function can be written equivalently as f (x) = (|kx + 1| − |kx − 1|)/2 =
min(1, max(−1, kx)). Here the maximum value of | f | is taken as 1 with-
out loss of generality. To see this, suppose we replace the gain function f (u)

by the new gain function B f (u/B), whose maximum becomes B while the
middle segment slope is still k. Equations 3.15 and 3.16 with the new gain
function can be changed back to their original forms if we simply replace
variables x and y by the new variables x/B and y/B.

Equations 3.15 and 3.16 allow a limit cycle oscillation when

λ > λc ≡ 1 − k−1, (4.8)

where λc is a critical coupling strength. It follows from equations 4.2 and 4.8
that 0 < λc ≤ 1, and λc = 1 is achieved in the limit k → ∞ or when the gain
function approaches the step function f (x) = sign(x). Figure 4A shows an
example with k = 2 and λc = 1/2.
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Figure 4: Analytical solutions of several reduced systems are confirmed by nu-
merical simulations of the original networks. Right panels: The memory dura-
tions predicted by the reduced systems (curves) are compared with the results
of the original networks (symbols). In all cases, τ = 1. The memory patterns
were drawn randomly with equal on and off probability, and the connections
weights were constructed using the approximation in equation 2.6 rather than
the exact pseudoinverse. (A) Conjugate network with clipped linear gain func-
tion (k = 2, N = 5000, and M = 2 or 10 in each subnet). Left: Limit cycle in the
phase plane of the reduced system, which has nine piecewise linear regions
separated by x = ±k−1 and y = ±k−1. The arrows indicate vector field (ẋ, ẏ)

by equations 3.15 and 3.16. (B) Cyclic networks with step gain function and
either three or four subnets (N = 5000 and M = 5 in each subnet). Left: stable
oscillation of the reduced system with three subnets. (C) Delay networks with
step gain function and either a single delay or exponentially distributed delays
(τD = 2, N = 25,000, and M = 6). Left: limit cycle in the equivalent phase plane
of the exponential system (see equations 4.63 and 4.64).
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To see why condition 4.8 holds, set ẋ = 0 in equation 3.15 and consider
the nullcline equation f (x) = x + λ f (y), with −1 ≤ f (y) ≤ 1. For successful
transition toward the next memory, λ should be large enough such that
x + λ or x − λ intersects f (x) at a single point, which specifies the next
state. If λ is too small, there are multiple intersection points that suggest
additional stationary states. The critical case corresponds to the tangential
situation where the lines x ± λ touch the gain function at x = ±k−1, which
leads to equation 4.8. The critical strength can be obtained for an arbitrary
gain function by more general arguments based on nullcline analysis (see
appendix C).

To solve for the limit cycle, use the lines x = ±k−1 and y = ±k−1 to sepa-
rate the phase plane into nine piecewise linear regions, as distinguished by
shades in Figure 4A (left). Since the system is symmetric with respect to a 90
degree rotation, we only need to solve one-fourth of the limit cycle, say, the
segment from point P to point R. The time tPQ for traveling from point P to
point Q (with y changing from −k−1 to k−1) can be solved from equation 3.16,
which now reads τ ẏ = −y + ky + λ. The result is

tPQ = τ ln γ , (4.9)

where

γ ≡
(

λ + λc

λ − λc

)1/λc−1

. (4.10)

Similarly, the time tQR for traveling from point Q to point R (with y changing
from k−1 to a) can be solved also from equation 3.16, which now becomes
τ ẏ = −y + 1 + λ, yielding

tQR = τ ln
λ + λc

λ + 1 − a
. (4.11)

Here the parameter a (>0) is defined by the intersection of the limit cycle
with the lines x = ±k−1 or y = ±k−1, as shown in Figure 4A (left). Since the
denominator in equation 4.11 has to be positive, we have

0 < a < λ + 1. (4.12)

The exact value of a is determined as follows. When traveling from point P
to point R, f (x) = 1 always holds true, and so we can multiply equation 3.16
by λ and then add to equation 3.15 to eliminate f (y) and get

τ
d
dt

(x + λy) = −(x + λy) + 1 + λ2. (4.13)
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Using x + λy as a new variable, which changes from a − λk−1 to k−1 + λa
during the time interval tPR, we solve equation 4.13 and obtain

tPR = τ ln
λ2 − λcλ + λ + 1 − a

λ2 − aλ + λc
. (4.14)

Since tPR = tPQ + tQR, it follows from equations 4.9, 4.11, and 4.14 that

λ2 − λcλ + λ + 1 − a
λ2 − aλ + λc

= γ
λ + λc

λ + 1 − a
. (4.15)

This equation is equivalent to a quadratic equation of a, which has the
solution

a = λ + 1 − η +
√

η2 − γ λ2 + γ λ2
c, (4.16)

with

η ≡ γ − 1
2

λ2 + γ + 1
2

λcλ, (4.17)

where an extraneous negative solution is discarded.
The predicted memory duration T is obtained as follows. Since T =

2tPR = 2(tPQ + tQR), it follows from equations 4.9 and 4.11 that

T = 2τ ln
γ (λ + λc)

λ + 1 − a
, (4.18)

where λc, γ , and a are given by equations 4.8, 4.10, and 4.16, respectively.
The shape of the limit cycle segment from point P to point Q is readily

solved from equations 3.15 and 3.16 as a curve (X(t),Y(t)) parameterized
by time, starting from the initial condition (X(0),Y(0)) = P = (a,−k−1).
Alternatively, the trajectory can also be solved from

dx
dy

= ẋ
ẏ

= −x + f (x) − λ f (y)

−y + f (y) + λ f (x)
. (4.19)

As illustrated in Figure 4A (left), the maximum amplitude A (≥ a) of
variable x should be reached at a point P∗ = (A, P∗

y ), which is characterized
by ẋ = 0. Figure 1D illustrates the meaning of the maximum amplitude A
in time domain. The maximum amplitude of variable y is also equal to A
due to the symmetry of the system. It follows from equation 3.15 that ẋ =
−x + 1 − λ f (y) ≤ −x + 1 + λ because | f (y)| ≤ 1. Now, setting ẋ = 0 yields
0 ≤ −A + 1 + λ. Thus,

a ≤ A ≤ 1 + λ. (4.20)
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To determine the exact value of A, we take the solution curve (X(t),Y(t))
mentioned above and use the condition Ẋ(tPP∗ ) = 0 to solve for the time tPP∗

for traveling from point P to point P∗. Then we obtain A = X(tPP∗ ), which
reads

A = λ2

λc
+ 1 − 1

λc

(
λ2 − λcλ

)1−λc
(
λ2 − λcλ + λ + 1 − a

)λc , (4.21)

together with P∗
y = Y(tPP∗ ) = (λc − 1)(A − 1)/λ. The segment of the limit

cycle between point Q = (Qx, k−1) and point R = (k−1, a) turns out to be a
straight line, with Qx = λ2 + λcλ − λ + 1 − (λ2 − λcλ + λ + 1 − a)/γ .

4.1.3 Limit Cases. Now consider a few limit cases of the solutions ob-
tained above:

1. As k → ∞ (step gain function limit), we have a → 2, A → 2, and
T → 2τ ln((λ + 1)/(λ − 1)), which is consistent with equation 4.43 to
be discussed later. The shape of the limit cycle approaches the square
described by |x| + |y| = 2 (see Figure 5B, left).

2. As λ → λc (weak coupling limit), we have a → 1 + λc, A →
1 + λc, and T → ∞, with an asymptotic formula T ∼ (2τ/λc)

ln
(
2λ

λc+1
c /(λ − λc)

)
, which follows from equation 4.18 using the

asymptote: (λ + 1 − a) ∼ (λ − λc)/λc. Therefore, there is no limit on
how slow the cycle limit can be. The shape of the limit cycle ap-
proaches a square made of line segments described by |x + λcy| =
λ2

c + 1 and |λcx − y| = λ2
c + 1 (see Figure 5B, middle).

3. As λ → ∞ (strong coupling limit), we have

a∞ ≡ lim
λ→∞

a = λc +
√

(2λ2
c + 1)/3, (4.22)

A∞ ≡ lim
λ→∞

A = (λc + 1)/2 +
√

(2λ2
c + 1)/3, (4.23)

and limλ→∞ T → 0, with an asymptotic formula T ∼ 2τ (a∞ − λc +
1)/λ. Thus, there is no top speed limit on the limit cycle oscillation.
The segment of the limit cycle between point P and point Q (see
Figure 4A, left) approaches the parabola given by x + y2/(2(1 −
λc)) = A∞, while the segment between Q and R approaches the line
x + y = a∞ − λc + 1 (see Figure 5B, right).

An implicit assumption underlying most analysis in this section is that
the limit cycle should stay outside the center square enclosed by ±k−1 in
the phase plane (see Figures 4A and 5A). Setting a∞ = k−1, with a∞ given
by equation 4.22, we find λc = 1/5 or k = 5/4. When k ≥ 5/4, parameter a as
given by equation 4.16 decreases monotonically as λ increases, and so if the
intrusion into the center square does not occur in the limit λ → ∞, it cannot
occur for any λ > λc. The critical case where the limit cycle touches a corner
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Figure 5: Properties of the reduced system for the conjugate network with
clipped linear gain function. (A) Phase diagram for parameters k and λ. Regions
I and II allow only point attractors (sinks). A limit cycle exists in region III
(shaded area bounded by k > 1 and λ > λc = 1 − k−1). In subregion IIIa, the
limit cycle avoids the center square enclosed by the straight lines x = ±k−1 and
y = ±k−1, whereas in subregion IIIb, the limit cycle enters the center square,
as illustrated by the two examples (top: k = 1.5 and λ = 1; bottom: k = 1.15
and λ = 0.5; plot range: [−1.5, 1.5] for both axes). (B) Shape of the limit cycle
in three limit cases. The phase plane is divided into piecewise linear regions
(distinguished by shades) by the straight lines x = ±k−1 and y = ±k−1. Plot
range: [−2, 2] for both axes. (C) Nullclines of the basic reduced system (left,
equations 3.15 and 3.16) and the accompanying system for the sums of memory
overlaps (right, equations 5.22 and 5.23) intersect at stable (filled circles) or
unstable (open circles) equilibrium states. The limit cycle is shown in gray (left).
Parameters: k = 2, λ = 0.7. Plot range: [−2.5, 2.5] for both axes.
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of the center square means that a∞ = k−1, which yields k = 5/4, as stated
above. Therefore, if we assume k ≥ 5/4, it is sufficient to guarantee that the
limit cycle stays clear of the center square so that our analysis in this section
is valid. For 1 < k < 5/4, the limit cycle may or may not actually enter the
home square. If it does, the system is still piecewise linear and solvable, but
further consideration will be omitted.

4.1.4 Phase Diagram. The phase diagram for parameters k and λ is shown
in Figure 5A. The parameter space is divided by the two curves k = 1 and
λ = λc = 1 − k−1 into the following three regions:

I. k < 1. The system described by equations 3.15 and 3.16 has a single
equilibrium point, a sink at the origin (0, 0).

II. k > 1 and λ < λc. There are nine equilibrium points, including a
source at the origin, four sinks, and four saddle points. The locations
of these equilibrium points are symmetric with respect to a 90 degree
rotation about the origin. In the quadrant with x > 0 and y > 0, the
saddle is located at (λ/λc − λ, 1 + λ2/λc), while the sink is located
at (1 − λ, 1 + λ).

III. k > 1 and λ > λc (shaded region). The system has a limit cycle and
a source at the origin. The shaded region is divided into two sub-
regions (IIIa and IIIb) by the dashed curve, which was obtained for
each given k by numerically solving for λ from the equation a = k−1,
with a given by equation 4.16. This dashed curve approaches the
asymptote k = 5/4 for large λ . In the subregion below the dashed
curve (IIIb), the limit cycle intrudes into the center square enclosed
by ±k−1 (see an example in Figure 5A), whereas in the subregion
above the dashed curve (IIIa), the limit cycle stays outside the center
square so that the formulas derived in this section are valid.

4.2 Example 2: Cyclic Network with Step Gain Function

4.2.1 General Cyclic Networks. A cyclic network consists of n Hopfield
networks linked into a ring by unidirectional connections. Each subnet
drives memory transitions in the next subnet so that memory retrievals
occur cyclically. The conjugate network may be regarded as the special case
with n = 2.

Consider a cyclic network with n = 3 subnets that obey the dynamical
equations:

τ ẋ =−x + XX†g(x) + λX̃Z†g(z), (4.24)

τ ẏ =−y + YY†g(y) + λYX†g(x), (4.25)

τ ż =−z + ZZ†g(z) + λZY†g(y). (4.26)
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The stored memory patterns X = [
x1, . . . , xM

]
, Y = [

y1, . . . , yM
]
, and Z =[

z1, . . . , zM
]

are retrieved in the following order:

x1 → y1 → z1 → x2 → y2 → z2 → · · · → xM → yM → zM. (4.27)

The only place where a shifted memory matrix X̃ occurs is the last term
in equation 4.24. This is because in the sequence above, only transition
zm → xm+1 advances the memory index from m to m + 1, whereas all other
transitions, such as xm → ym, leave the memory index m unchanged.

Left-multiplying the three equations 4.24 to 4.26 by ωTX†, ωTY†, and
ωTZ†, respectively, we get the reduced system:

τ ẋ = −x + f (x) − λ f (z), (4.28)

τ ẏ = −y + f (y) + λ f (x), (4.29)

τ ż =−z + f (z) + λ f (y). (4.30)

More generally, a cyclic network with n subnets obeys the dynamical
equations:

τ1ζ̇1 =−ζ1 + Z1Z†
1g1(ζ1) + λ1Z̃1Z†

ngn(ζn), (4.31)

τkζ̇k = −ζk + ZkZ†
kgk(ζk) + λkZkZ†

k−1gk−1(ζk−1), k = 2, . . . , n (4.32)

where time constant τl , gain function gl, and coupling strength λl are al-
lowed to vary from subnet to subnet (l = 1, . . . , n). This system subsumes
the the conjugate network (equations 2.12 and 2.13) and the cyclic network
with three subnets (equations 4.24–4.26) as special cases. The reduced sys-
tem is given by

τ1ζ̇1 = −ζ1 + f1(ζ1) − λ1 fn(ζn), (4.33)

τkζ̇k = −ζk + fk(ζk) + λk fk−1(ζk−1), k = 2, . . . , n, (4.34)

where ζl is the variable reduced from the state ζl of the lth subnet in equa-
tions 4.31 and 4.32 and fl (x) = (gl (x) − gl (−x))/2 is the odd component of
gain function gl (l = 1, . . . , n).

4.2.2 Exact Solution for Step Gain Function. In the following, we consider a
cyclic network with n subnets, assuming a single step gain function f (x) =
sign(x) and a single coupling strength λ > λc = 1 for all the units. The
system described by equations 4.33 and 4.34 is piecewise linear and can be
solved analytically. As illustrated in Figure 4B, the system has a periodic
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solution, and the predicted memory duration T is equal to one-half of the
period. It can be computed as T = t+ + t− , where t+ is the duration of the
rising phase and t− is the the duration of the falling phase with ζ1 > 0 (see
Figure 4B). During the rising phase, ζ1 increases from 0 to A, with A being
the amplitude of oscillation. Here ζ1 satisfies equation 4.33, which now
becomes τ ζ̇1 = −ζ1 + 1 + λ. Solving this linear equation yields

t+ = τ ln
λ + 1

λ + 1 − A
. (4.35)

Similarly, during the falling phase, ζ1 decreases from A to 0, and equation
4.33 becomes τ ζ̇1 = −ζ1 + 1 − λ, with the solution

t− = τ ln
λ − 1 + A

λ − 1
. (4.36)

Thus,

T = t+ + t− = τ ln
(λ + 1)(λ − 1 + A)

(λ − 1)(λ + 1 − A)
. (4.37)

Next we will determine the amplitude A. We always have

0 < A < 1 + λ (4.38)

because the amplitude of an oscillation is positive by definition and the de-
nominator in the logarithm in equation 4.35 must be positive. As illustrated
in Figure 4B, we observe that

t+ = (n − 1)t− (4.39)

because during the rising phase of variable ζ1 with duration t+, the other
variables ζ2, . . . , ζn go through consecutive phases that are equivalent to
either the falling phase of ζ1 or its mirror image, each of duration t−. Substi-
tution of equations 4.35 and 4.36 into equation 4.39 yields an equation that
amplitude A must satisfy:

(λ + 1 − A) (λ − 1 + A)n−1 = (λ + 1)(λ − 1)n−1. (4.40)

Using this equation, we can rewrite equation 4.37 in the following equiva-
lent form:

T = nτ ln
λ − 1 + A

λ − 1
. (4.41)
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Equation 4.40 is a polynomial equation of degree n in A. It always has a
trivial solution A = 0, which should be discarded. Eliminating the factor A
from equation 4.40 reduces it to a polynomial equation of degree (n − 1):

An−1 +
n−2∑
k=0

(
n − 1

k

)(
2λ − n

λ + 1
k + 1

)
(λ − 1)n−2−kAk = 0. (4.42)

When n = 2 (conjugate network), equation 4.42 is a linear equation with
the solution A = 2. Now equation 4.37 becomes

T = 2τ ln
λ + 1
λ − 1

= 4τ tanh−1 1
λ

. (4.43)

This result is consistent with equation 4.18 in the limit k → ∞. The shape
of the limit cycle is a square defined by |x| + |y| = 2 (see Figure 5B, left),
regardless of the value of λ (>λc = 1).

When n = 3 (cyclic network with three subnets), equation 4.42 is a
quadratic equation with the solution

A = 1
2

(
3 − λ +

√
5λ2 + 2λ − 3

)
. (4.44)

A negative solution is discarded.
When n = 4 (cyclic network with four subnets), equation 4.40 is a cu-

bic equation, which is solvable by radicals (Press, Teukolsky, Vetterling, &
Flannery, 2007). The solution can be written as

A = 1
3

(
4 − 2λ + 2

2λ2 + λ − 1
C

+ C
)

, (4.45)

where

C =(
19λ3 −6λ2 − 15λ + 10 + 33/2(λ2 − 1)

√
11λ2 − 12λ + 4

)1/3
. (4.46)

Here we have discarded a pair of complex conjugate roots as extraneous
solutions. It is noted that sign before the factor 33/2 in equation 4.46 can be
flipped from + to − without changing the value of A in equation 4.45.

Figure 4B (right) shows the examples for n = 3 and 4. Here the mem-
ory duration T is obtained by substituting equation 4.44 or 4.45 into
equation 4.41.

4.2.3 Asymptotic Properties. In the limit of weak coupling, namely,
λ → λc = 1, we always have A → 2 because equation 4.40 reduces to
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(2 − A)An−1 = 0, whose only nontrivial solution is A = 2. Now T in equa-
tion 4.41 increases without bound as λ → 1, with an asymptotic formula
T ∼ nτ ln(2/(λ − 1)).

In the limit of strong coupling, namely, λ → ∞, we have a heuristic
asymptotic formula,

A = αλ + β + ε, (4.47)

where limλ→∞ ε = 0 and coefficients α and β are independent of λ and can
be determined by

α = lim
λ→∞

(A/λ), β = lim
λ→∞

(A − αλ). (4.48)

When n = 3, for instance, we obtain from equation 4.44 that α = (
√

5 − 1)/2
and β = 3/2 + √

5/10; when n = 2, we have A = 2, and hence α = 0 and
β = 2. In general, as λ → ∞, it follows from equation 4.47 and inequality
4.38 that 0 ≤ α ≤ 1. Writing equation 4.40 in an equivalent form,(

1 − A
λ + 1

)(
1 + A

λ − 1

)n−1

= 1, (4.49)

we see that A cannot grow faster than λ because otherwise the left-hand
side of this equation would grow indefinitely rather than equaling 1. This
observation justifies an asymptotic formula that is linear in λ (see equation
4.47). Substituting equation 4.47 into equation 4.41 yields

lim
λ→∞

T = nτ ln(1 + α), (4.50)

which is the limit of the fastest possible sequential retrieval. This limit is
zero when n = 2 and greater than zero when n ≥ 3. This means that there
is a top speed limit for cyclic networks with three or more subnets.

Coefficients α and β can be solved directly without using equations 4.48,
which require an explicit formula of A. Coefficient α satisfies the equation

(1 − α)(1 + α)n−1 = 1, n ≥ 2, (4.51)

which is derived by substituting equation 4.47 into equation 4.49 and then
taking the limit λ → ∞. The solution of equation 4.51 is verified to be con-
sistent with the limit in equation 4.48 when A is given explicitly by equation
4.44 for n = 3 or equation 4.45 for n = 4. As n increases, α approaches 1 be-
cause otherwise, the left-hand side of equation 4.51 would exceed 1 due to
the explosion of the term (1 + α)n−1. Similarly, we find

β = nα + (2 − n)α2

nα + 2 − n
, n ≥ 3 (4.52)
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from equations 4.47 and 4.49 by Taylor expansion with small terms in the
order of 1/(λ − 1) and then taking the limit λ → ∞ after some algebra.

4.3 Example 3: Delay Network with Step Gain Function and a Single
Delay. We start with the reduced equation 3.14 and assume all the asym-
metric connections have the same time delay τD. Now the delay distribution
is a Dirac delta function D(t) = δ(t − τD), and equation 3.14 reduces to

τ ẋ(t) = −x(t) + f (x(t)) − λ f (x(t − τD)). (4.53)

We assume the gain function is the step function: f (x) = sign(x). When
λ > λc = 1, this system oscillates periodically between −A and A, where
A > 0 is the amplitude of oscillation. Since equation 4.53 is symmetric with
respect to sign flipping (x → −x), we only need to consider half of the
period with x going from 0 to A and then back to 0. This half-period will be
divided into a rising phase (ẋ > 0) and a falling phase (ẋ < 0).

Consider the rising phase (ẋ > 0 with x increasing from 0 to A). At the
beginning of this phase, x = 0 (just turning from negative to positive). This
means that its past value x(t − τD) < 0. Thus, equation 4.53 becomes

τ ẋ(t) = −x(t) + 1 + λ. (4.54)

After a duration of τD, the value of x(t − τD) turns positive, echoing the
beginning of the rising phase. At this moment, the last term of equation 4.53
flips its sign, and the falling phase starts. Thus, the duration of the rising
phase is

t+ = τD. (4.55)

Solving equation 4.54 with the conditions x(0) = 0 and x(τD) = A yields the
amplitude:

A = (λ + 1)(1 − e−τD/τ ). (4.56)

Similarly, during the falling phase (ẋ < 0 with x decreasing from A to 0),
equation 4.53 becomes τ ẋ(t) = −x(t) + 1 − λ. Solving this equation with the
conditions x(0) = A and x(t−) = 0 yields the duration of the falling phase:

t− = τ ln
λ − 1 + A

λ − 1
. (4.57)

The predicted memory duration is

T = t+ + t− = τ ln
2λeτD/τ − λ − 1

λ − 1
, (4.58)
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which follows from equations 4.55 to 4.57 and the identity t+ = τD =
τ ln eτD/τ . Figure 4C (right) plots an example of this formula.

Finally, when λ → 1, we have T → ∞, with an asymptotic formula T ∼
τ ln

(
(2eτD/τ − 2)/(λ − 1)

)
. When λ → ∞, we have T → τ ln(2eτD/τ − 1) >

τD , which is the top speed limit.

4.4 Example 4: Delay Network with Exponential Distribution of
Delays

4.4.1 Equivalence to a Coupled Network. Consider the dynamical equation
3.14 with an exponential delay distribution:

D(t) = e−t/τD/τD, (4.59)

where τD is the average delay. Define a new auxiliary variable,

y(t) ≡
∫ ∞

0
D(t′) f (x(t − t′)) dt′ = e−t/τD

τD

∫ t

−∞
eζ/τD f (x(ζ )) dζ , (4.60)

where the last step is a substation by equation 4.59 using a new dummy
variable ζ = t − t′. It follows from equation 4.60 that

dy(t)
dt

=− e−t/τD

τ 2
D

∫ t

−∞
eζ/τD f (x(ζ )) dζ + e−t/τD

τD
et/τD f (x(t)) (4.61)

= −y(t)/τD + f (x(t))/τD. (4.62)

Thus, the dynamical equation 3.14 is equivalent to

τ ẋ =−x + f (x) − λy, (4.63)

τDẏ =−y + f (x), (4.64)

where y is defined by equation 4.60 and equation 4.64 comes from
equation 4.62. This system may be regarded as a special case (n = 2) of the
general cyclic network described by equations 4.33 and 4.34, which allow
different subnets to have different time constants and coupling strengths.

4.4.2 Exact Solution for Step Gain Function. In the following, we assume
a step gain function f (x) = sign(x) in equations 4.63 and 4.64. This system
has a two-dimensional phase plane that contains a solvable limit cycle when
λ > λc = 1 (see Figure 4C). Since the system is invariant with respect to the
transformation (x, y) → (−x,−y), which is a 180-degree rotation, we need
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to consider only half of the phase plane, say, the half with x > 0. Now
equations 4.63 and 4.64 become

τ ẋ = −x + 1 − λy, (4.65)

τDẏ = −y + 1. (4.66)

The memory duration T is equal to half of the period of the limit cycle. From
time 0 to time T, the state (x, y) moves from (0,−A) to (0, A) along the limit
cycle, where A is the oscillation amplitude of variable y (see Figure 4C, left).
Solving equation 4.66 under the conditions y(0) = −A and y(T ) = A yields

T = τD ln
1 + A
1 − A

= 2τD tanh−1 A (4.67)

or, equivalently,

A = tanh(T/2τD). (4.68)

We need another equation in order to determine both T and A.
When τD �= τ , multiplying equation 4.66 by α = λτ/(τD − τ ) and then

adding to equation 4.65, we find τ u̇ = −u + 1 + α, where u = x + βy with
β = λτD/(τD − τ ). Solving this equation under the conditions u(0) = −βA
and u(T ) = βA yields

eT/τ = 1 + α + βA
1 + α − βA

. (4.69)

Substituting equation 4.68 into equation 4.69 and expressing the tanh func-
tion in terms of eT/τD , we obtain, after some algebra, an equation that T must
satisfy,

eT/τ − eT/τD + heT/τ eT/τD − h = 0, (4.70)

where

h = (λ − 1)(τ − τD)

(λ − 1)τ + (λ + 1)τD
. (4.71)

It is verified that |h| < 1 for λ > 1. Equation 4.69 can be written equivalently
as

Z − Zκ + hZ1+κ − h = 0, (4.72)
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where Z = eT/τ and κ = τ/τD. If we define Z = e−T/τ , equation 4.72 remains
valid. Another form of equation 4.72 is (1 − hZ)(1 + hZκ ) = 1 − h2.

The value of T is determined by equation 4.70 or, equivalently, by equa-
tion 4.72. There is always a trivial solution T = 0, which should be ignored.
To verify that equation 4.70 also has another solution T > 0, define function

ϕ(T ) = eT/τ − eT/τD + heT/τ eT/τD − h (4.73)

and consider its derivative at T = 0:

ϕ′(0) = 1/τ − 1/τD + h(1/τ + 1/τD) = −2h/(τ (λ − 1)), (4.74)

where the last step follows from equation 4.71. Note that ϕ′(0) and h always
have opposite signs since we assume λ > λc = 1. We start from the trivial
root ϕ(0) = 0 and consider the value of ϕ(T ) as T increases. When T is small,
ϕ(T ) has the same sign as ϕ′(0), or the opposite sign of h. For large T, ϕ(T ) is
dominated by the term heT/τ eT/τD , which has the same sign as h. Therefore,
ϕ(T ) for small enough T and ϕ(T ) for large enough T have opposite signs.
The continuity of ϕ implies the existence of another root ϕ(T ) = 0 for some
T > 0.

When τD = τ , solving linear equations 4.65 and 4.66 with the conditions
(x(0), y(0)) = (0,−A) and (x(T ), y(T )) = (0, A) yields an equation for T:

e2T/τ − beT/τ T/τ − 1 = 0, (4.75)

where

b = 2λ/(λ − 1). (4.76)

Equation 4.75 can also be derived from equation 4.70 in the limit τD → τ by
dividing it by h and then observing that

lim
τD→τ

eT/τ − eT/τD

h
= −beT/τ T/τ. (4.77)

Equation 4.75 has a trivial solution T = 0 and another solution T > 0. To
see this, let ψ(T ) denote the left-hand side of equation 4.75. Since ψ(0) = 0
and ψ ′(0) = −2/((λ − 1)τ ) < 0, we have ψ(T ) < 0 for small enough T. For
large enough T > 0 we have ψ(T ) > 0 because the term e2T/τ dominates.
Thus, there must exist another root ψ(T ) = 0 for some T > 0.

We can solve for T at least numerically from equation 4.70 or equation
4.75. Figure 4C shows an example for τ = 1 and τD = 2.
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5 Time Evolution of the Memory Overlaps

The oscillatory reduced variable as illustrated in Figure 1 essentially re-
flects the difference between consecutive memory overlaps, but it provides
only partial information about the time courses of the memory overlaps
themselves. To determine the memory overlaps explicitly, we consider the
sum of memory overlaps and show that this sum satisfies an additional
reduced dynamical equation, assuming once again that the network state
has significant simultaneous overlaps with at most two memory patterns.
The extended reduced equations allow us to completely determine the time
courses of the memory overlaps in addition to the time courses of the orig-
inal reduced variables.

5.1 Reduction Rules for the Sum of Memory Overlaps. Based on the
compressor vector in equation 3.2, we define a modified compressor vector
for the sum of memory overlaps as follows:

sT = 1TX† =
M∑

m=1

x†
m, (5.1)

where 1T = [1, . . . , 1] with M entries. Applying this vector to the network
state x(t) = ∑M

m=1 φm(t)xm as given by equation 3.23, we obtain a new scalar
variable:

s(t) = sTx(t) =
M∑

m=1

φm(t). (5.2)

This is the sum of all the memory overlaps. For comparison, the original
reduced variable in equation 3.1 reads

x(t) = cTx(t) =
M∑

m=1

(−1)mφm(t). (5.3)

The derivation of the reduction rules in section 3.3 is based on the assump-
tion of simultaneous overlaps with no more than two memory patterns.
Under this assumption, we can write, without loss of generality, the re-
duced variable as

x(t) = φ2(t) − φ1(t), (5.4)

as given by equation 3.26. Under the same condition, we can write

s(t) = φ1(t) + φ2(t). (5.5)
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Since we already know how to solve for x(t), all we need now is another
independent equation for s(t). Once x(t) and s(t) are determined, so is

φ1(t) = s(t) − x(t)
2

. (5.6)

All other memory overlaps φm(t) are simply time-shifted versions of φ1(t)
(see equation 3.24).

Now we will employ the same argument as in section 3.3 to derive a
new set of reduction rules for vector sT = [s1, . . . , sN] given by equation 5.1.
Define

S++ =
∑
i∈I++

si, S−− =
∑
i∈I−−

si, S+− =
∑
i∈I+−

si, S−+ =
∑
i∈I−+

si, (5.7)

where I++, I−−, I+−, and I−+ are the same index sets as defined in equations
3.31 to 3.34. Only two among these four coefficients are independent because
by similar argument that leads to equations 3.35 and 3.36, we now find

S++ − S−− = 1, S−+ = S+−. (5.8)

The actual values of these coefficients depend on the statistics of the memory
matrix and can be determined in the large network limit, as shown in
appendix B.

Table 2 contains a new set of reduction rules obtained by left-multiplying
sT with various terms in the original dynamical equations. To derive the
new reduction rule 3, note that

sTXX† = 1TX†XX† = 1TX† = sT (5.9)

by equations 5.1 and 2.3. Therefore,

sTXX†g(x)= sTg(x) (5.10)

= S++g(s) + S−−g(−s) + S+−g(x) + S−+g(−x) (5.11)

= f (s) + (2S++ − 1)ge(s) + 2S−+ge(x) (5.12)

≡ F(s, x), (5.13)

where s and x are given by equations 5.5 and 5.4,

f (z) = g(z) − g(−z)

2
(5.14)
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Table 2: Reduction Rules for the Sum of Memory Overlaps.

Original Term Reduced Term Remark (equation number)

Rule 1: Network or subnet state x s Definition (5.2)

Rule 2: Time derivative of state
dx
dt

ds
dt

Derivative rule

Rule 3: Symmetric drive XX†g(x) F(s, x) Within a subnet or network
(5.12)

Rule 4: Asymmetric drive X̃X†g(x) F(s, x) Within a subnet or network
for shifted sequence (5.17)

Rule 5: Intersubnet drive YX†g(x) F(s, x) Between subnets
Rule 6: Intersubnet drive ỸX†g(x) F(s, x) Between subnets for shifted

sequence
Rule 7: Delayed asymmetric drive∫∞

0 D(τ )X̃X†g(x(t − τ ))dτ

∫∞
0 D(τ )F(s(t − τ ),

x(t − τ ))dτ

Connections with time delays

Rule 8: Linear combination
αu + βv

αu + βv Linearity of reduction,
assuming u and v reduce
to u and v, respectively

Note: Function F(s, x) is given by equation 5.12.

is the odd component of the original gain function as used before, and

ge(z) = g(z) + g(−z)

2
(5.15)

is the even component. Expression 5.11 is analogous to expression 3.30. To
go from expression 5.11 to expression 5.12, use equations 5.8 to eliminate
S−− and S+− and then make the substitutions g(±z) = ge(z) ± f (z).

To derive reduction rule 4 in Table 2, consider

sTX̃X† = 1TX†X̃X† = 1TĨX† = sT, (5.16)

where the first step is a substitution by equation 5.1, the second step follows
from equation 3.41, and the last step follows from the identity 1TĨ = 1T and
equation 5.1. Thus

sTX̃X†g(x) = sTg(x) = F(s, x), (5.17)

where the last step follows from equations 5.10 to 5.13. This gives reduction
rule 4 in Table 2.

The new reduction rules 1, 2, and 8 in Table 2 are analogous to their cor-
responding original reduction rules in Table 1. However, the new reduction
rules 3 to 7 in Table 2 are quite different from their counterparts in Table 1
because the reduced term F(s, x) depends on the new summation variable s,
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as well as the original reduced variable x. Notice also that in Table 1, the
sign of the reduced term ± f (x) can be either positive or negative, whereas
in Table 2, the sign of the reduced term F(s, x) is always positive.

5.2 Extended Reduced System for the Sums of Memory Overlaps.
Applying the reduction rules in Table 2 to equations 2.12 and 2.13 of the
conjugate network yields the reduced system:

τ ṡ = −s + F(s, x) + λF(u, y), (5.18)

τ u̇ =−u + F(u, y) + λF(s, x), (5.19)

where s and u are the sums of memory overlaps in the two subnets, while
x and y are the original reduced variables governed by equations 3.15 and
3.16. Applying the reduction rules to equation 2.11 of the delay network
yields

τ ṡ(t) = −s(t) + F(s(t), x(t)) + λ

∫ ∞

0
D(t′)F(s(t − t′), x(t − t′)) dt′,

(5.20)

where s is the sum of memory overlaps and x is the original reduced variable
governed by equation 3.14.

These equations imply that in general, the time evolution equation of the
sum of memory overlaps is not self-contained because of its dependence on
the original reduced variables, which obey their own dynamical equations.
By contrast, the dynamics of the original reduced variables is self-sufficient
and independent of the dynamics of the sum of memory overlaps. To com-
pletely determine the time evolution of the memory overlaps, we need
to combine the new equations for the sums of memory overlaps with the
original reduced equations.

Nevertheless, the memory overlap dynamics can become self-contained
in several special situations. When the original gain function g is an odd
function, its even component ge vanishes, so that expression 5.12 reduces to

F(s, x) = f (s), (5.21)

which no longer depends on x. Another special case is p = 1/2, which leads
to S++ = 1/2 and S−+ = 0 by equations B.5 and B.6, so that expression
5.12 also reduces to equation 5.21. Finally, when M = 2, we have S−+ = 0
by equation B.6, so that expression 5.12 becomes F(s, x) = f (s) + (2S++ −
1)ge(s), which is independent of x regardless of the value of S++.
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In the analysis below, we assume that equation 5.21 holds. Now equa-
tions 5.18 and 5.19 read

τ ṡ =−s + f (s) + λ f (u), (5.22)

τ u̇ = −u + f (u) + λ f (s). (5.23)

They are almost identical to equations 3.15 and 3.16 of the original reduced
system, except that the sign of the last term in equation 5.22 is positive rather
than negative. These equations apply to the example in Figure 3 because
the clipped linear gain function in equation 4.7 is an odd function.

5.3 An Explicit Solution of Memory Overlaps. In this section we solve
for the memory overlaps from equations 5.22 and 5.23. This system has
simple dynamics that allows only point attractors, in contrast to the corre-
sponding original reduced system, which allows a limit cycle.

Due to the symmetry of their nullclines, equations 5.22 and 5.23 permit
only an equilibrium state that lies on the diagonal line s = u in the phase
plane. Figure 5C shows an example with a clipped linear gain function f
given by equation 4.7.

The nullcline for u̇ = 0 (see Figure 5C, right) looks identical to the null-
cline for ẏ = 0 (see Figure 5C, left) because equations 3.16 and 5.23 are
equivalent. This nullcline is piecewise linear, intersecting lines x = ±k−1 at
points (±k−1,±(1 + λ)) and lines y = ±k−1 at points (∓(λc − λ2

c )/λ,±k−1).
The nullclines for ṡ = 0 and u̇ = 0 are symmetric with respect to the diagonal
line u = s.

Thus, the equilibrium state s∗ of equation 5.22 satisfies the algebraic
equation:

0 = −s∗ + (1 + λ) f (s∗). (5.24)

After s(t) reaches its the equilibrium state, we have

φ1(t) + φ2(t) = s∗ (5.25)

by equation 5.5. Combining this result with equation 5.4, we get the explicit
solutions:

φ1(t) = s∗ − x(t)
2

, φ2(t) = s∗ + x(t)
2

. (5.26)

Therefore, the time profile of the memory overlap φm(t) is a scaled and
shifted version of the time profile of the original reduced variable x(t).
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This explains the similarity between the reduced variable and the memory
overlaps in Figures 1 and 3.

Since the overlaps with different memory patterns are time-shifted ver-
sions of one another (see equation 3.24), substituting equations 5.26 into
φ2(t − T ) = φ1(t) yields

x(t − T ) = −x(t). (5.27)

This result is consistent with the symmetry of the reduced system with
respect to sign flipping x → −x (see section 6.2). It is also consistent with
the fact that the reduced variable has period 2T, that is,

x(t − 2T ) = −x(t − T ) = x(t). (5.28)

These properties are obvious in Figures 1 and 3.
Under the assumption of significant overlap with at most two memory

patterns, equation 5.25 implies that the sum of all memory overlaps should
reach the same constant,

s(t) =
M∑

m=1

φm(t) = s∗, (5.29)

after the system settles. This prediction is consistent with the numerical sim-
ulation in Figure 3, where the empirical plateau value of s(t) is 1.699998(±9)

for M = 2, and 1.703(±1) for M = 10. For comparison, the predicted theo-
retical value is s∗ = 1 + λ = 1.7, where

s∗ = 1 + λ (5.30)

is a solution to equation 5.24 when f is the clipped linear gain function. Now
equation 5.24 also admits a trivial solution s∗ = 0 and an extraneous nega-
tive solution s∗ = −1 − λ. The stationary state (0, 0) is a saddle and therefore
unstable, while the stationary states (1 + λ, 1 + λ) and (−1 − λ,−1 − λ) are
both stable sinks (Figure 5C, right).

The time delay equation 5.20 also has a stationary solution s(t) = s∗

that satisfies equation 5.24, assuming that condition 5.21 holds. This is
easily verified by plugging s(t) = s∗ into equation 5.20 and noting that∫∞

0 D(t′)dt′ = 1.
Finally, when the gain function g is not an odd function, equation 5.21

no longer holds. Then we have to solve for the sum s(t) from equations 5.18
and 5.19, which now depend on variables x and y. This means that the sum
s(t) will be oscillatory instead of approaching a constant whenever vari-
ables x and y are oscillatory. This prediction is also confirmed by numerical
simulation (data not shown).
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6 Summary and Extensions

6.1 How the Reduced System Is Related to the Original Network. The
reduced variable is defined in such a manner that if the original network can
retrieve a sequence of memory patterns, the reduced variable must exhibit
a periodic oscillation (see Figure 1). A logically equivalent statement is
that whenever a reduced system does not oscillate periodically, one can
predict that the corresponding original network cannot retrieve a sequence
of memory patterns.

All the reduced systems considered in this article have parameter values
that prohibit periodic oscillations. An extreme case is the simple network
described by equation 2.7. Its reduced equation 3.13 is one-dimensional and
therefore cannot oscillate at all, regardless of the choice of parameters. All
other reduced systems studied in this article approach some fixed point at-
tractor when the asymmetric coupling strength λ is below a certain critical
value λc. Numerical simulations confirmed that when λ < λc, the origi-
nal networks indeed settled into a stationary state rather than followed a
sequence of memory patterns (see Figures 2, 4, and 6).

When a reduced system oscillates periodically, what does it tell us about
the original network? First, based on how a reduced variable is constructed,
we expect that the original network should be able to retrieve a sequence
of memory patterns robustly, and moreover, the duration of each mem-
ory should be equal to half of the period of the oscillation in the reduced
system (see Figure 1). This prediction has been confirmed quantitatively
in several models (see Figure 4, right panels, and Figure 6). In all of these
cases, sequential memory retrievals occurred when the asymmetric cou-
pling strength was strong enough (λ > λc) and the retrievals tended to be
faster for greater λ, as predicted by the reduced systems.

The reduced system also tells us about the shape of the time profile
of the overlap between the network state and a stored memory pattern.
When the gain function in the original network is an odd function, as is
the case in Figure 3, the reduced variable has the same time profile as
the oscillations of the individual units, up to a sign flip, if there are only
two memory patterns (see Figure 3, left). When more memory patterns are
stored, different individual units may follow different individual sequences,
but the stereotypical manner of how an individual unit changes its state
shows the same basic time profile (see Figure 3, right). When the gain
function is not an odd function, the overlap time profile can be determined
if we extend the reduced system by including additional equations for the
sum of memory overlaps (see section 5).

The reduced system method yields good approximations to the behav-
iors of the original networks with diverse architectures and a wide range
of parameter values (see Figures 4 and 6). Since the reduction rules have
been derived under the assumption of a large network, the correspondence
between a reduced system and the original network is statistically in nature.
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Figure 6: Different original networks that can be compressed into the same
reduced system have similar global properties. (A) Using different gain func-
tions with an identical odd component in an original network leads to the same
reduced system. This equivalence is confirmed by numerical simulations of a
conjugate network with various gain functions (insets). Gain functions a and
e are odd functions considered in section 4.1, whereas gain functions b, c, and
d have an identical odd component, which is the same as d itself. The mem-
ory duration data from the last three cases fall on the same theoretical curve
obtained numerically from the reduced system. Each subnet of the conjugate
network has N = 5000 units, and M = 8 memory patterns with equal on and
off probability. The vertical dashed lines indicate the critical coupling strength
(λc = 1/2 or 1). (B) The memory durations of various cyclic network with three
subnets all follow the same theoretical curve as predicted by equations 4.37 and
4.44, regardless of the total number of memory patterns (M), and the probability
(p) for the units to be on in these memory patterns. Each subnet has N = 1000
units, and the gain function is the step function. The critical coupling strength
λc = 1.
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As expected, numerical simulations confirm that a larger network tends to
follow more closely the predictions by its reduced system.

All the reduced systems analyzed in this article (see section 4) predict a
minimum required coupling strength λc for sequential memory retrievals,
which is consistent with the behaviors of the original networks. When λ

decreases toward λc, all the reduced systems predict that the memory dura-
tion should increase indefinitely without bound. In simulations, the original
networks initially followed the predictions and, of course, failed eventually
when λ was too close to λc. The empirical values of λc were much closer
to the theoretical predictions when the pseudoinverse (see equation 2.2)
rather than the transpose approximation (see equation 2.6) was used in the
weight matrix. In the latter case, the empirical values of λc tended to be
slightly lower than the predictions.

The main limitation of the reduction method is its inability to predict a
maximum coupling strength for sequential memory transitions. All of the
reduced systems analyzed in section 4 keep on oscillating as the coupling
strength increases indefinitely (λ → ∞). In numerical simulations, if λ is
too large, the original network may get stuck in a fixed point or show
other oscillatory behaviors rather than follow the desired memory sequence.
For instance, in Figure 4A, with M = 10 memory patterns, the conjugate
network could not be driven beyond λ ∼ 1.8. The same was true in Figure 6B
for the network with M = 250. The delay networks in Figure 4C were even
more prone to failure for large λ. The problem with large λ is expected in the
sense that the derivation of the reduced system is based on the assumption
of relatively slow state transition, which translates into a relatively small
λ. All of these discrepancies depend on the size of the network and the
number of memory patterns embedded, factors that have not been taken
into account by the reduced system in the present form.

6.2 Symmetry and Equivalence. The reduction rules in Table 1 imply
that the reduced system involves only the odd component f of the original
gain function g, but not g itself. Since f is always an odd function

f (−x) = − f (x), (6.1)

the reduced system is invariant under sign flipping of all its variables (e.g.,
x → −x). As a consequence, the oscillation of a reduced variable should
have positive and negative segments that are mirror images of each other
(see Figures 1 and 3). Equations 5.27 and 5.28 reflect this symmetry with
respect to sign flip. When the original gain function itself is not an odd
function, namely, g(−x) �= −g(x), flipping the states of all the units in the
original network can affect the outputs of these units but not the macro-
scopic behavior captured by the reduced system. In fact, the raw state of an
individual unit (before applying the gain function) is also symmetric with
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respect to sign flip even if the original gain function g is not an odd function,
as explained following equation 3.25. Numerical simulation confirmed that
the memory duration T indeed depended on only the odd component of g
(see Figure 6A).

From a given neural network, we may derive more than one reduced
system, depending on how we define the reduced variables. For example,
if we choose to define the sign vector ωT as [1,−1, . . .] instead of [−1, 1, . . .]
in equation 3.3, then the compressor vector cT = ωTX† in 3.2 would change
its sign, and so would the reduced variable x = cTx. The final effect is
equivalent to a sign flip x → −x in the final reduced system. For another
example, in a conjugate network we may call the reduced variable from the
first subnet as y, and that from the second subnet as x, or vice versa. Since
these different reduced systems correspond to the same original network,
they are equivalent and should have an identical period of oscillation and
condition of stability, and so on. The difference is essentially a change of the
coordinate system.

To elaborate on the idea of equivalence, let us directly change the coor-
dinate system of the conjugate equations 3.15 and 3.16, replacing (x, y) by
(±x,±y) or (±y,±x), with all possible combinations of signs. Transforma-
tions that map (x, y) to (−y, x), (−x,−y) or (y,−x) are rotations in multiple
of 90 degrees, and they all leave equations 3.15 and 3.16 unchanged. Reflec-
tions map (x, y) to (y, x), (−y,−x), (x,−y), or (−x, y), and they all transform
equations 3.15 and 3.16 into

τ ẋ =−x + f (x) + λ f (y), (6.2)

τ ẏ =−y + f (y) − λ f (x). (6.3)

This system is equivalent to the original reduced system, but with switched
x and y variables.

Similarly, for the cyclic network with three subnets, we may replace
(x, y, z) by any permutation of the three variables with arbitrary sign flip-
ping. For example, (x, y, z) → (x,−y, z) transforms equations 4.28 to 4.30
into an equivalent but symmetric form:

τ ẋ =−x + f (x) − λ f (y), (6.4)

τ ẏ =−y + f (y) − λ f (z), (6.5)

τ ż =−z + f (z) − λ f (x). (6.6)

This symmetry may help analyze the system. For instance, in the special
case λ = 1, adding up the three equations yields τd(x + y + z)/dt = −(x +
y + z), which implies x + y + z → 0 as t → ∞ for all initial state. Thus, any
stable states of the reduced system, including a limit cycle, can exist only on
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the plane given by x + y + z = 0. The reduced system for the cyclic network
with three subnets has eight equivalent forms. In this article, we need to
consider only a single form of reduced system for all practical calculations.

Finally, note that the extended reduced system for the sum of memory
overlaps depends in general on both the odd component and the even
component of the original gain function (see section 5), in contrast to the
basic reduced system, which depends on only the odd component of the
original gain function. Therefore, the effect of sign flipping becomes more
complicated in the extended reduced system.

6.3 Complex Sequences. The reduced system captures the stereotyped
manner of sequential memory transition between two consecutive memory
patterns. The reduced system may stay the same regardless of the global
structure of the stored temporal sequences, which might be linear, cyclic,
or part of a more complex arrangement with converging branches. For
concrete examples, let

X = [
x1, x2, x3, x4, x5, x6, x7, x8, x9, x10] (6.7)

be a matrix of linearly independent memory patterns, and let its shifted
version be given by

X̃ = [
x2, x3, x4, x1, x6, x7, x8, x9, x10, x7] . (6.8)

The weight matrix W = X̃X
†

specifies two separate groups of sequences as
follows:

x1 → x2

↑ ↓
x4 ← x3

x5 → x6 → x7 → x8

↑ ↓
x10 ← x9

. (6.9)

The transition between any two neighboring memory patterns has the same
dynamics. A reduced variable can describe this stereotyped dynamics while
ignoring everything else.

Although the networks considered in this article cannot directly embed
a sequence with repeated memory patterns, such as

a → b → a → a → c → · · ·, (6.10)

one can get around this problem by adding hidden units to the network
storing an augmented sequence as follows:

[
a

u1

]
→

[
b

u2

]
→

[
a

u3

]
→

[
a

u4

]
→

[
c

u5

]
→ · · · (6.11)
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The augmented memory patterns shown above are all distinct and linearly
independent as long as patterns u1, u2, . . . for the hidden units are linearly
independent (Kühn & van Hemmen, 1995).

6.4 How to Learn the Pseudoinverse of Memory Patterns. Consider a
Hopfield network with N units and M memory patterns: X = [x1, . . . , xM],
where each column xm = [xm

1 , . . . , xm
N]T is a memory pattern. The weight

matrix

W = 1
N

XXT or wi j = 1
N

M∑
m=1

xm
i xm

j (6.12)

can be learned by a simple Hebb rule of the form �wi j ∝ xm
i xm

j . This learning
rule is local in the sense that wij depends on only the activities of units i and
j, but not any other units.

More generally, a weight matrix of the form W = XX† cannot be learned
locally because wij depends on the activities of not only units i and j, but also
all other units throughout the network. However, as shown in appendix A,
the pseudoinverse X† has an approximation given by equation A.9 for large
N. We can use this approximation and write the weight matrix as

W = XX† ≈ aXXT − b (X1) (X1)T (6.13)

or, equivalently,

wi j = a
M∑

m=1

xm
i xm

j − b

(
M∑

m=1

xm
i

)(
M∑

m=1

xm
j

)
, (6.14)

where 1 = [1, . . . , 1]T with M entries, a = 1/(Nσ 2) and b = aμ2/(σ 2 + μ2M).
Here μ is the mean and σ 2 is the variance of the memory states xm

i . In the
special case where the memory states have equal on and off probability
(p = 1/2), we have μ = 0 and σ 2 = 1 by equations A.10 and A.11, so that
a = 1/N and b = 0, reducing equation 6.13 to equation 6.12.

The weight wij in equation 6.14 is local since it depends on only the
activities of units i and j. Equation 6.14 may be interpreted loosely as a
modified Hebb rule, which learns all the memory patterns as a batch and
subtracts out a background of total activity (or average activity) across all the
memory patterns. The formula actually resembles the model in Sejnowski
(1977). Similarly, for weight matrix of the form W = X̃X

†
, we need to replace
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xm
i by xm+1

i in equation 6.14. For weight between different subnets, such as
W = YX†, we just need to replace xm

i by ym
i . In all these cases, the weight

matrix remains local.
Numerical simulations confirmed that weight matrices based on the

pseudoinverse approximation as considered above could indeed store and
retrieve a temporal sequence in a cyclic network, in a manner as predicted
by the reduced system, although the errors tended to be larger than that
when exact pseudoinverses were used.

7 Discussion

The dynamics reduction method developed here provides a concise charac-
terization of the transient nonlinear dynamics of a class of asymmetric net-
works during sequential memory retrievals. On the one hand, the dynamics
of the reduced system is completely self-contained and formally indepen-
dent of the instantaneous state of the original network. Thus, a reduced sys-
tem can be analyzed on its own without referring to the original network.
On the other hand, the two systems are linked by a compression procedure
such that a periodic oscillation in the reduced system corresponds to spon-
taneous sequential memory retrievals in the original network (see Figures 1
and 2). This correspondence allows the reduced system to predict the sta-
bility and the speed of sequential retrievals in the original network. The
reduction method can be summarized by a few general reduction rules (see
Table 1), which may apply to arbitrary Hopfield-type networks that may
contain sparse memory patterns, asymmetric connections, time delays, and
coupled subnets.

Numerical simulations have confirmed the correspondence between the
behaviors of an original network and the predictions of its reduced system.
For example, the reduced system can correctly predict the existence of a
critical coupling strength for sequential memory retrievals, the quantitative
relationship between the memory duration and the coupling strength (see
Figures 4 and 6B), and the odd symmetry of the effective gain function (see
Figure 6A).

The reduction method has been generalized to derive an extended set
of reduction rules for the sum of memory overlaps without sign flipping
(see Table 2). The extended reduced system can be used along with the
basic reduced system to fully determine the time profiles of the overlaps
between the network state and the stored memory patterns in a sequence
(see section 5).

Simulations have also revealed limitations of the reduced system
method. Memory sequence retrieval in an original network may fail when
the asymmetric coupling strength λ is either too large or too small. The
reduced system can correctly predict the minimal coupling strength (λc)
required for sequential retrieval, with extremely high accuracy when exact
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pseudoinverse is used in the weights of the original network. However,
as λ increases, the cyclic network with three or more subnets often tends
to be more stable than the conjugate network, which in turn tends to be
more stable than the time delay networks. Since the reduced systems can
oscillate perfectly in all these cases as λ → ∞, they do not provide complete
information about the stability of the original networks for large λ. Thus,
the main shortcoming of the reduced system is that it cannot predict the
failure of sequential retrievals when λ is too large (see section 6.1). Because
the key reduction rules are based on asymptotic properties of a sufficiently
large network with fixed number of memory patterns (see appendix A), all
finer details of the behaviors of the original network, including any effects
related to the actual network size and the memory load, are ignored in the
reduced system.

Although the method developed here is based on associate memories
in Hopfield-type networks, it might generalize to other situations as well.
For example, it should be straightforward to extend the method from con-
tinuous dynamics as used in this article to stochastic dynamics. In general,
given any regular sequential state transitions in a network, one may always
construct an oscillatory variable like that in Figure 1. The real problem is
whether a self-contained system can be derived, at least approximately. An-
other possible extension of the method is in the area of temporal sequence
recognition. For example, in a subnet of a cyclic network with sparse mem-
ory patterns, one may set the asymmetric connections to be too weak to
drive spontaneous retrieval by themselves unless assisted by an input pat-
tern that matches the next memory pattern in the stored sequence. In the
reduced system, this process should correspond to jumping between point
attractors under external driving force.

How the brain handles temporal sequences is largely unknown, and
recent theoretical and experimental results point in several interesting
directions (see, e.g., Diesmann, Gewaltig, & Aertsen, 1999; Hopfield &
Brody, 2001; Hahnloser, Kozhevnikov, & Fee, 2002; Maass, Natschläger,
& Markram, 2002; Ikegaya et al., 2004; Mauk & Buonomano, 2004; Jin, Fujii,
& Graybiel, 2009). The hippocampal system is another widely used model
system in the study of attractor dynamics, oscillations, and temporal se-
quences (McNaughton et al., 2006; Buzsáki, 2006; Burgess, 2007; Hasselmo,
2012; Knierim & Zhang, 2012). The networks studied in this article, espe-
cially the coupled networks, take very little to implement in biologically
plausible hardwares. The connection weight matrix based on pseudoin-
verse of memory patterns can potentially be learned by local learning rules
(see section 6.4). To control the speed of sequential retrieval, adjustment of
the coupling strength λ could be implemented as multiplicative modula-
tion of the gain function g(x) because in the original network, what matters
is the product λg(x). For various simplified network models, the reduced
system method developed here may provide a few convenient tools for
further exploration and analysis.
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Appendix A: Asymptotic Properties of the Compressor Vector

In this appendix, we show that the compressor vector based on the pseu-
doinverse of binary memory patterns has some statistical regularities, which
are used for deriving the reduction rules in section 3.3. We will derive equa-
tions A.21 and A.22 below for C++ and C−+ only, because C−− and C+− can
be obtained from equations 3.35 and 3.36.

A.1 Approximation to the Pseudoinverse of Memory Matrix. Let X =[
x1, . . . , xM

]
be M random memory patterns, where each memory pattern is

a column vector xm = [xm
1 , . . . , xm

N]T with N entries. We assume that different
entries of matrix X are drawn independently from the same probability
distribution. We start with the general case and do not require the memory
patterns to be binary for the time being. The memory state xm

i for any given
m and i has the same statistics. Let

μ = 〈
xm

i

〉
(A.1)

be the mean and

σ 2 = 〈(
xm

i − μ
)2〉 = 〈(

xm
i

)2〉 − μ2 (A.2)

be the variance. Now the second moment is

〈(
xm

i

)2〉 = μ2 + σ 2. (A.3)

Consider matrix 1
N XTX. Its entry in the mth row and the nth column is

{
1
N

XTX
}

m,n
= 1

N

N∑
i=1

xm
i xn

i →
{

μ2 + σ 2 if m = n

μ2 if m �= n
(A.4)

in the limit of large network (N → ∞). When m = n, the result is the same as
the second moment in equation A.3; when m �= n, we have two independent
random variables xm

i and xn
i , so that the average of their product is equal to

the product of their averages. In other words,

lim
N→∞

1
N

XTX = σ 2I + μ211T, (A.5)

where I is the M × M identity matrix and 1 = [1, . . . , 1]T with M entries.
For finite N, equation A.5 holds approximately, and we write

1
N

XTX = σ 2I + μ211T + O
(
N−1/2) , (A.6)
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where the term O(N−1/2) means that each entry of the matrix should include
an additional error term, which approaches 0 at the rate of N−1/2 as N → ∞.
Using the identity, (cI + abT)−1 = I/c − abT/(c2 + cbTa) for arbitrary scalar
c and column vectors a and b, we obtain the inverse,

(
XTX

)−1 = 1
Nσ 2

(
I − q11T) + O

(
N−3/2) , (A.7)

where

q = μ2

σ 2 + μ2M
. (A.8)

This leads to an approximation to the pseudoinverse:

X† = (XTX)−1XT = 1
Nσ 2

(
XT − q1(X1)T) + O

(
N−3/2) . (A.9)

In the special case of binary memory patterns, suppose the entries of
matrix X are drawn independently, taking the value +1 with probability p
and the value −1 with probability 1 − p. Now the mean and variance of
each memory state xm

i are given by

μ = 〈
xm

i

〉 = 2p − 1, (A.10)

σ 2 = 〈(
xm

i

)2〉 − μ2 = 4p(1 − p). (A.11)

The approximate formula A.9 is readily applicable to the present case. In
particular, when p = 1/2, we find μ = 0, σ 2 = 1 and q = 0, so that equation
A.9 reduces to equation 2.6.

Figure 7A shows that equation A.9 provides a reasonably good approxi-
mation to the exact pseudoinverse of binary memory matrix. The entries in
the approximate pseudoinverse matrix X† ≈ 1

Nσ 2

(
XT − q1(X1)T) by equa-

tion A.9 may have at most M + 3 distinct values, whereas the values of
the entries of the exact pseudoinverse X† = (XTX)−1XT are scattered more
smoothly and, for large N, show multiple peaks at the corresponding dis-
crete values specified by the approximation (see Figure 7A).

A.2 Statistics of the Compressor Vector. By substituting equation A.9
into equation 3.2, the compressor vector now reads

cT = ωTX† = 1
Nσ 2

(
(Xω)T − q

(
ωT1

)
(X1)T) + O

(
N−3/2) , (A.12)
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Figure 7: The pseudoinverse of the memory pattern matrix of a large network
has statistical regularities that make it possible to derive the reduction rules.
(A) Pseudoinverse approximation by equation A.9 is compared with the exact
pseudoinverse, showing that the approximation holds up to the level of indi-
vidual matrix entries. Top: All the entries of the exact pseudoinverse matrix are
sorted and displayed (black dots) and then compared against the corresponding
entries of the approximation (gray dots). Any two dots with the same vertical
coordinate (“Entry Index”) come from the same location in the two matrices.
Middle and bottom: Histogram of all the entries in the exact or the approximate
pseudoinverse matrix. The approximate case shows discrete clusters. Frequency
in arbitrary units. Parameters: M = 20, N = 50,000, and p = 0.3. (B) Statistical
properties of the compressor vector based on the pseudoinverse, as predicted
by equations A.21 and A.22 (curves), are confirmed by simulations (N = 1000
and each data point is the average of 1000 random repeats).
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where the term O
(
N−3/2

)
means that each entry of the vector includes an

additional error term that vanishes at the rate of N−3/2 as N → ∞. Here ωT1
is the sum of all entries of the vector ωT = [−1, 1, . . .] in equation 3.3, so that

ωT1 =
{

0 if M is even,

−1 if M is odd.
(A.13)

When M is an even number, equation A.12 reduces to

cT = (Xω)T

Nσ 2 + O
(
N−3/2) , (A.14)

where

Xω =
M∑

m=1

(−1)mxm = −x1 + x2 − x3 + · · · + xM. (A.15)

Now coefficient C++ defined by equation 3.31 becomes

C++ =
∑
i∈I++

ci = O
(
N1/2

)
Nσ 2 + |I++|O(

N−3/2) → 0 (A.16)

as N → ∞, where |I++| is the total number of elements in the set I++. To
see why equations A.16 should hold, first note that the contribution by
−x1 + x2 from equation A.15 to the sum in equation A.16 is zero, because
for each index i ∈ I++, we have x1

i = x2
i = 1 by definition, so that −x1

i + x2
i =

−1 + 1 = 0. The term O
(
N1/2

)
is the total contribution by −x3 + · · · + xM,

because these terms can be arranged in pairs with opposite signs, so that
the result should cancel out on average, leaving a residual noise term that
should increase as N1/2. The term |I++|O(

N−3/2
)

comes from the error term
in equation A.14, and it should vanish as N → ∞ because |I++| increases
linearly with N. By similar analysis,

C−+ =
∑
i∈I−+

ci = 2|I−+| + O
(
N1/2

)
Nσ 2 + |I−+|O(

N−3/2) → 1
2

(A.17)

as N → ∞. The term 2|I−+| is the contribution by −x1 + x2 from equation
A.15 because for each index i ∈ I−+, we have −x1

i + x2
i = −(−1) + 1 = 2,

and the total number of indices in I−+ is |I−+|. The term O
(
N1/2

)
is the total

contribution by −x3 + · · · + xM, whereas the term |I−+|O(
N−3/2

)
comes from

the error term in equation A.14. The last step in equation A.17 follows from
the relation |I−+|/N → (1 − p)p and equation A.11.
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When M is an odd number, equation A.12 becomes

cT = 1
Nσ 2

(
(Xω)T + q (X1)T) , (A.18)

where X1 = x1 + x2 + · · · + xM and Xω = −x1 + x2 − · · · − xM. The last term
in Xω has a negative sign because M is odd, whereas the remaining M − 1
terms can be arranged in pairs with opposite signs. Thus, we have

C++ = |I++|
Nσ 2

(by −x1 + x2︷ ︸︸ ︷
−1 + 1 +

by −xM︷ ︸︸ ︷
(−μ) +q

(by x1 + x2︷ ︸︸ ︷
1 + 1 +

by x3 + · · · + xM︷ ︸︸ ︷
(M − 2)μ

))
+ O

(
N−1/2) , (A.19)

where the contributions by various terms are labeled above the over-braces.
Besides the contribution from x1 and x2, as considered before for even M,
we also need to consider the effect of the unpaired term −xM. Since xM

i has
the mean value μ, the total contribution by −xM should be |I++|(−μ). By
the same argument, the contribution by x3 + · · · + xM is |I++|(M − 2)μ. The
term O

(
N−1/2

)
represents the total effects all the remaining noisy terms.

Similarly,

C−+ = |I−+|
Nσ 2

(by −x1 + x2︷ ︸︸ ︷
−(−1) + 1 +

by −xM︷ ︸︸ ︷
(−μ) +q

(by x1 + x2︷ ︸︸ ︷
−1 + 1 +

by x3 + · · · + xM︷ ︸︸ ︷
(M − 2)μ

))
+ O

(
N−1/2) , (A.20)

where |I−+| is the total number of indices in the set I−+.
We finally obtain from equations A.16, A.17, A.19, and A.20 that

C++ =

⎧⎪⎨
⎪⎩

0 if M is even,

p(1 − p)(1 − 2p)

M(2p − 1)2 + 4p(1 − p)
if M is odd,

(A.21)

C−+ =

⎧⎪⎨
⎪⎩

1/2 if M is even,

M(1 − 2p)2 + 2p2(1 − 2p) + 1
2M(2p − 1)2 + 8p(1 − p)

if M is odd,
(A.22)

in the large network limit N → ∞, using equations A.8, A.10, and A.11,
together with the limits |I++|/N → p2 and |I−+|/N → (1 − p)p. When p =
1/2, we have C++ = 0 and C−+ = 1/2 for any M. For odd M, the curves of
C++ and C−+ are antisymmetric about the point p = 1/2, at which point all
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curves share the same slope −1/2. For odd M, we always have C++ → 0
and C−+ → 1/2 as M → ∞, regardless of the value of p. The results from
equations A.21 and A.22 agree nicely with direct numerical simulations
with large N (see Figure 7B).

Finally, in the special case with only two memory patterns (M = 2), it is
verified that the following equations hold exactly for any given network
size N:

C++ = 0, C−+ = |I−+|
|I−+| + |I+−| . (A.23)

Since both |I−+|/N and |I+−|/N approach p(1 − p) as N → ∞, we have
C−+ → 1/2, confirming that equations A.23 are consistent with equations
A.21 and A.22.

Appendix B: Statistical Properties of the Extended Compressor
Vector for Memory Overlap Summation

In this section we evaluate the coefficients S++ and S−+ defined by equations
5.7. The memory matrix X is the same as that considered in appendix A. We
start with the approximate pseudoinverse in equation A.9,

X† = 1
Nσ 2

(
XT − q1(X1)T) + O

(
N−3/2) , (B.1)

where q is given by equation A.8 and 1 = [1, . . . , 1]T with M entries. Now
the extended compressor vector defined by equation 5.1 becomes

sT = 1TX† = 1 − qM
Nσ 2 (X1)T + O

(
N−3/2) , (B.2)

where X1 = x1 + · · · + xM. By similar argument as in section A.2 of appendix
A, we get

S++ =
∑
i∈I++

si = 1 − qM
Nσ 2 |I++|

(by x1 + x2︷ ︸︸ ︷
1 + 1 +

by x3 + · · · + xM︷ ︸︸ ︷
(M − 2)μ

)
+ O

(
N−1/2) .

(B.3)
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Unlike the results in appendix A, here the formula is the same regardless of
whether number M is even or odd. Similarly,

S−+ =
∑
i∈I−+

si = 1 − qM
Nσ 2 |I−+|

(by x1 + x2︷ ︸︸ ︷
−1 + 1 +

by x3 + · · · + xM︷ ︸︸ ︷
(M − 2)μ

)
+ O

(
N−1/2) .

(B.4)
In the large network limit N → ∞, we obtain

S++ = p2(2 + (2p − 1)(M − 2))

M(2p − 1)2 + 4p(1 − p)
, (B.5)

S−+ = p(1 − p)(2p − 1)(M − 2)

M(2p − 1)2 + 4p(1 − p)
, (B.6)

using equations A.8, A.10, and A.11, together with the limits |I++|/N →
p2 and |I−+|/N → (1 − p)p. These two formulas have been confirmed by
numerical simulations (data not shown). In the special case p = 1/2, we
have S++ = 1/2 and S−+ = 0. Given coefficients S++ and S−+ in equations
B.5 and B.6, the remaining two coefficients, namely, S−− and S+−, are readily
obtained from equations 5.8.

Appendix C: Critical Coupling Strength of the Conjugate Network

In this section we determine the critical asymmetric coupling strength λc of
the reduced system for a conjugate network (equations 3.15 and 3.16), with
an arbitrary gain function.

C.1 Exact Solution. Setting ẋ = 0 in equation 3.15 yields the nullcline
equation,

− x + f (x) − λ f (y) = 0, (C.1)

whereas setting ẏ = 0 in equation 3.16 yields

− y + f (y) + λ f (x) = 0. (C.2)

Taking the derivative of these two equations with respect to x, we find

− 1 + f ′(x) − λ f ′(y)
dy
dx

= 0, (C.3)

( − 1 + f ′(y)
)dy

dx
+ λ f ′(x) = 0, (C.4)
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where f ′ is the derivative of f. The intersections of the two nullclines are the
stationary states of the system.

Figure 8 shows an example with f (u) = tanh(2u). When λ < λc, the two
nullclines intersect at nine points, including four sinks, four saddles, and
one source at the origin (see Figures 8A and 8B). Each nullcline, say, the
one for ẋ = 0, can have disjoint branches when λ is too small (see Figure
8A). For a given x, equation C.1 yields a solution y = f −1((−x + f (x))/λ)

only if | − x + f (x)|/λ = | f (y)| ≤ 1, because it is impossible to have | f (y)| =
| tanh(2y)| > 1. Therefore, the asymptotes for the disjoint branches of ẋ = 0
should satisfy the algebraic equation: | − x + f (x)| = λ.

When λ > λc, there is only one intersection point at the origin, and the
system has a limit cycle (see Figure 8D and section 4.1). At the critical
strength λ = λc, the two nullclines touch at four points (see Figure 8C).

In order to compute λc, note that when the two nullclines touch at a
point, the slope dy/dx must be the same at that point. Canceling dy/dx from
equations C.3 and C.4 yields

(1 + λ2) f ′(x) f ′(y) − f ′(x) − f ′(y) + 1 = 0. (C.5)

Thus, solving the three simultaneous algebraic equations C.1, C.2, and C.5
should yield the coordinates (xc, yc) of a contact point, as well as the critical
coupling strength λc.

For the example in Figure 8, by numerically solving equations C.1, C.2,
and C.5, we found λc = 0.2713, xc = −0.4387, and yc = 1.173. The solutions
for xc and yc are not unique because of rotation symmetry.

C.2 Approximate Solution. The approximation is based on the obser-
vation that dy/dx ≈ 0 at a contact point for the nullclines ẋ = 0 (see Figure
8C). Setting dy/dx = 0 at x = xc in equation C.3, we get

f ′(xc) ≈ 1. (C.6)

Solving xc from this algebraic equation gives one coordinate of the touch
point. Cancelling λ from equations C.1 and C.2 yields

(
f (x) − x

)
f (x) + (

f (y) − y
)

f (y) = 0. (C.7)

Since the touch point approximately coincides with the point with the
largest (or least) value of y on nullcline ẋ = 0 (Figure 8C), we set f (yc) = fmax
in equation C.7, with fmax being maximum possible value of the gain func-
tion f, and then obtain

yc ≈ fmax + (
f (xc) − xc

)
f (xc)/ fmax. (C.8)
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Figure 8: Analysis of the critical asymmetric coupling strength for the reduced
system of the conjugate network. The origin (0, 0) is always an unstable sta-
tionary point (source). The arrows indicate the vector field (ẋ, ẏ). Plot range is
from −1.5 to 1.5 for both axes. Gain function f (u) = tanh(2u). (A) When the
asymmetric coupling is too weak (λ = 0.15 < λc), the nullcline for ẋ = 0 consists
of three disjoint branches, and so does the nullcline for ẏ = 0. These two sets
of nullclines intersect at eight stationary points besides the origin, including
four stable sinks (filled circles) and four unstable saddle points (open circles).
(B) When the asymmetric coupling is stronger but still below the critical value
(λ = 0.268 < λc), the two nullclines, each now becoming a single continuous
curve, intersect at eight stationary points besides the origin, including four sta-
ble sinks (filled circles) and four unstable saddle points (open circles). (C) At the
critical coupling strength (λ = λc = 0.2713), the four pairs of sinks and saddles
in panel B now merge into four stationary points at which the two nullclines are
tangent to each other. (D) When the asymmetric coupling exceeds the critical
value (λ = 0.28 > λc), the nullclines intersect only at the origin, while a limit
cycle (gray curve) emerges.
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Finally, the critical coupling strength can be solved from equations C.1 and
C.6:

λc ≈ (
f (xc) − xc

)
/ fmax. (C.9)

For example, for f (u) = tanh(ku) with k = 2, we have fmax = 1. Equation
C.6 yields a solution xc ≈ −k−1arcsech k−1/2 ≈ −0.4407, which leads to yc ≈
1.188 and λc ≈ 0.2711 by equations C.8 and C.9. These results are fairly close
to the exact numerical solutions given at the end of last subsection.
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Buzsáki, G. (2006). Rhythms of the brain. Oxford: Oxford University Press.
Cohen, M. A., & Grossberg, S. (1983). Absolute stability of global pattern formation

and parallel memory storage by competitive neural networks. IEEE Transactions
on Systems, Man and Cybernetics, 13, 815–826.

Diesmann, M., Gewaltig, M.-O., & Aertsen, A. (1999). Stable propagation of syn-
chronous spiking in cortical neural networks. Nature, 402, 529–533.

Hahnloser, R. H. R., Kozhevnikov, A. A., & Fee, M. S. (2002). An ultra-sparse code
underlies the generation of neural sequences in a songbird. Nature, 419, 65–70.

Hasselmo, M. E. (2012). How we remember: Brain mechanisms of episodic memory. Cam-
bridge, MA: MIT Press.

Herz, A. V. M., Li, Z., & van Hemmen, J. L. (1991). Statistical mechanics of temporal
association in neural networks with transmission delays. Physical Review Letters,
66, 1370–1373.

Hirsch, M. W., & Smale, S. (1974). Differential equations, dynamical systems, and linear
algebra. New York: Academic Press.

Hopfield, J. J. (1982). Neural networks and physical systems with emergent collective
computational abilities. Proceedings of the National Academy of Sciences USA, 79,
2554–2558.

Hopfield, J. J. (1984). Neurons with graded response have collective computational
properties like those of two-state neurons. Proceedings of the National Academy of
Sciences USA, 81, 3088–3092.

Hopfield, J. J., & Brody, C. D. (2001). What is a moment? Transient synchrony as a
collective mechanism for spatiotemporal integration. Proceedings of the National
Academy of Sciences USA, 98, 1282–1287.



General Reduction Rules for Memory Sequences 1599

Ikegaya, Y., Aaron, G., Cossart, R., Aronov, D., Lampl, I., Ferster, D., & Yuste, R.
(2004). Synfire chains and cortical songs: Temporal modules of cortical activity.
Science, 304, 559–564.

Jin, D. Z., Fujii, N., & Graybiel, A. M. (2009). Neural representation of time in cortico-
basal ganglia circuits. Proceedings of the National Academy of Sciences USA, 106,
19156–19161.

Kanter, I., & Sompolinsky, H. (1987). Associative recall of memory without errors.
Physical Review A, 35, 380–392.

Kleinfeld, D. (1986). Sequential state generation by model neural networks. Proceed-
ings of the National Academy of Sciences USA, 83, 9469–9473.

Kleinfeld, D., & Sompolinsky, H. (1988). Associative neural network model for the
generation of temporal patterns: Theory and application to central pattern gen-
erators. Biophysical Journal, 54, 1039–1051.

Knierim, J. J., & Zhang, K. (2012). Attractor dynamics of spatially correlated neural
activity in the limbic system. Annual Reviews of Neuroscience, 35, 267–285.

Kohonen, T. (1977). Associative memory: A system-theoretical approach. Berlin: Springer-
Verlag.

Kohonen, T., & Ruohonen, M. (1973). Representation of associated data by matrix
operators. IEEE Transactions on Computers, 22, 701–702.

Kosko, B. (1988). Bidirectional associative memories. IEEE Transactions on Systems,
Man and Cybernetics, 18, 49–60.
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