
Biosensors and Bioelectronics 19 (2004) 1097–1107

Model development and numerical simulation of
electric-stimulus-responsive hydrogels subject

to an externally applied electric field

Hua Lia,∗, Z. Yuana, K.Y. Lama, H.P. Leea, Jun Chena, Justin Hanesb, Jie Fub

a Institute of High Performance Computing, National University of Singapore, 1 Science Park Road, #01-01 The Capricorn,
Singapore Science Park II, Singapore 117528, Singapore

b Department of Chemical Engineering, The Johns Hopkins University, 3400 N. Charles Street, 221 MD Hall, Baltimore, MD 21218, USA

Received 10 June 2003; received in revised form 13 October 2003; accepted 14 October 2003

Abstract

Based on a multi-phasic mixture theory with consideration of ionic diffusion and convection, a multi-physic model, called the multi-effect-
coupling electric-stimulus (MECe) model, is developed for simulation of responsive behavior of the electric-sensitive hydrogels when they
are immersed into a bathing solution subject to an externally applied electric field. In the developed model, with chemo-electro-mechanical
coupling effects, the convection–diffusion equations for concentration distribution of diffusive ions incorporate the influence of electric
potential. The electroneutrality condition is replaced by the Poisson equation for distribution of electric potential. The steady and transient
analyses of hydrogel deformation are easily carried out by the continuity and momentum equations of the mixture phase. Further, the
computational domain of the present model covers both the hydrogel and the surrounding solution. In order to solve the present mathematical
model consisting of multi-field coupled nonlinear partial differential governing equations, a hierarchical iteration technique is proposed and a
meshless Hermite–Cloud method (HCM) is employed. The steady-state simulation of the electric-stimulus responsive hydrogel is numerically
conducted when it is subjected to an externally applied electric field. The hydrogel deformation and the ionic concentrations as well as electric
potentials of both the hydrogel and external solution are investigated. The parameter influences on the swelling behaviors of the hydrogel are
also discussed in detail. The simulating results are in good agreement with the experimental data and they validate the presently developed
model.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Recently biosensors/actuators, made of stimuli-responsive
polymeric hydrogels, have attracted much attention for
their wide-range biological applications in drug delivery,
artificial muscle and BioMEMS, such as hydrogel-actuated
microvalves and microfluidic controllers in microchannels
(Brock et al., 1994; Shahinpoor, 1995; Beebe et al., 2000;
Kim and Peppas, 2002; Baldi et al., 2002). Their capability
of reversible volume change makes them have potential
BioMEMS application, where large swelling and shrinking
of the hydrogels are desired when they are induced by bios-
timuli, e.g. pH, temperature and electric field (de Gennes
et al., 2000; Eichenbaum et al., 1998; Miyata et al., 1999;
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Nemat-Nasser and Li, 2000). In particular, electric-sensitive
hydrogels with biocompatibility and biostability are more
attractive as they are able to implement an isothermal
energy conversion from chemical free energy directly to
mechanical work, actuated by an external electric stimulus.
As such, the mechanical energy is triggered by an electric
signal. This results in one of their important functions as
biosensors/actuators, in which the electric-stimulus respon-
sive hydrogels with fixed-charge groups can bend reversibly
when they are subjected to an externally applied electric
field. Usually the electric-sensitive hydrogels are composed
of electrolytes and a swellable and insoluble crosslinked
polymer network with fixed-charge groups, as shown in
Fig. 1. When the hydrogels are immersed into a bathing
solution under an externally applied electric field, the hy-
drogels deform. They swell and bend due to the pressure
difference of both hydrostatic and osmotic pressures, which
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Fig. 1. Micro view of the hydrogel structure.

are caused by ionic concentration difference between the
internal hydrogels and the external solutions.

Many experiments have been performed to study the be-
havior of the hydrogels under the external electric field (Kim
and Shin, 1999; Homma et al., 2000, 2001; Sun and Mak,
2001; Fei et al., 2002). However, the multiphysics character-
istics of the hydrogels are not fully understood. Further, in
the development of mathematical models of electric-stimuli
responsive hydrogels, few studies have been made in the
past decades. For exampleGrimshaw et al. (1990)and
Shahinpoor (1994)developed the continuum models cou-
pling multiphysics domains for the hydrogels.Shiga et al.
(1993) studied a bending hydrogel due to the change of
osmotic pressure.Doi et al. (1992)andShahinpoor (2000)
carried out the deformation analysis of the hydrogel subject
to an external electric field.Brock et al. (1994)andWang
et al. (1997)investigated the dynamics of large-deformation
hydrogels. However, it is difficult for these models to pro-
vide accurate simulations of the electric-stimulus respon-
sive hydrogels, when they are immersed into the solution
under an external electric field. Recently,Wallmersperger
and Kroeplin (2001)and Zhou et al. (2002)made further
studies of electric-sensitive hydrogels. However, the model
developed byWallmersperger and Kroeplin (2001)does
not incorporate the mixture-phase continuity and can not
directly compute the transient displacements. In the model
developed byZhou et al. (2002)for the steady-state analy-
sis of equilibrium swelling hydrogel, no diffusive effect is
considered, the electro-neutrality constraint has to be im-
plemented and the computational domain excludes the sur-
rounding solution. In addition, it is noted that the studies on
hydrogel-like biological tissues are helpful for the investiga-
tion of electric-stimuli responsive hydrogels. They include
the triphasic and multi-phasic mixture theories developed
for the analysis of swelling and deformation of articular
cartilage and other biological tissues (Lai et al., 1991, 2000;
Mow et al., 1998; Hon et al., 1999; Gu et al., 1998, 1999).

In this paper, a novel mathematical model, called the
multi-effect-coupling electric-stimulus (MECe) model, is
developed with consideration of chemo-electro-mechanical
coupling effects. In the MECe model, the continuity
equations of the triphasic mixture theory for ion phases
are modified to incorporate the electric-potential influ-
ence and convection–diffusion characteristics. The com-

putation of solid-phase displacement is explicit, and the
simulated domain covers both the hydrogels and the
surrounding solution. The governing equations of the
presently developed model include (a) the continuity
equations describing the solid and fluid phases, (b) the
convection–diffusion equations computing the diffusive ion
concentrations, (c) the Poisson equation for the electric
field, and (d) the momentum equation for the mechanical
response.

A novel meshless Hermite–Cloud method (HCM) based
on a fixed kernel approximation (Li et al., 2003) is used to
solve the challenging mathematical model here consisting
of nonlinear coupling partial differential equations with
remeshing requirement in hierarchical iteration procedure.
The interpolation functions are constructed according to a
set of points scattered in the problem domain and no back-
ground mesh is required. The point collocation technique
is employed in the problem domain for discretization of
the governing equations and boundary conditions. By the
true meshless HCM, the nonlinear coupling partial differ-
ential governing equations are solved for simulation of the
response characteristics of the electric-sensitive hydrogels
subject to an externally applied electric field. The numeri-
cally computed results are obtained for the distributions of
diffusive ionic concentrations and electric potentials in both
the interior of hydrogels and the exterior solution, and the
swelling and bending deformations of the hydrogels. Com-
pared with experimental data, a very good agreement is
achieved. Moreover, several studies of the influence of the
parameters on the hydrogel deformations are conducted to
enhance the understanding of the chemo-electro-mechanical
behaviors of the smart electric-stimuli responsive hydrogels.

2. Development of the MECe models

The classical triphasic and multi-phasic mixture models
were developed for simulation of charged hydrated biologi-
cal soft tissues (Lai et al., 1991, 2000; Mow et al., 1998; Hon
et al., 1999; Gu et al., 1998, 1999). Zhou et al. (2002)ex-
tended the work to a steady-state analysis of hydrogel mem-
brane under an external electric field. Based on their work,
this paper develops the MECe model with the assumption
that the ions flow, osmosize and redistribute in porous media
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subject to an externally applied electric field. This results in
the deformation of swelling, shrinking and bending of the
porous media, such as the biological tissues and hydrogels
(Yuan et al., 2002). The governing equations of the tripha-
sic and multi-phase mixture models consist of the following
equations.

The saturation condition is given by:

φs + φw +
N∑
k=1

φk = 1 (1)

in which φα (α = s,w, k) are the volume fractions of solid
network, water, and ionic species, respectively,N total num-
ber of electrolyte ionic species,φw = 1 − φs

0/(1 + Tr(E))
(φs

0 is the solid-phase volume fraction at a reference config-
uration andE is the elastic strain vector of the solid-phase).

The continuity equations of water, solid network and ion
phases are

∂ρα

∂t
+ ∇ · (ραvα) = 0 (α = s,w, k) (2)

where t is time, the apparent mass densitiesρα = ραTφ
α

(α = w, s), ρk = ρkTφ
k = ckMkφ

w (ck andMk are the
concentration and molar weight of thekth ionic species,
respectively),ραT and vα (α = s,w, k) are the true mass
density and velocity vector of phase�.

The conservation of the fixed charge groups attached on
the polymer network is given by:

∂cf

∂t
+ ∇ · (cf vs) = 0, and cf = cf

0

(1 + Tr(E)/φw
0 )

(3)

in which,cf
0 andφw

0 are the fixed charge density and the water
volume fraction at the reference configuration, respectively.

The continuity equation of the mixture phase is given
below by neglectingφk (k = 1,2,3, . . . N) when they are
compared withφs andφw

∇ · (φsvs + φwvw) = 0 (4)

The momentum equations on neglecting the effects of
body and inertial forces are given by

mixture phase ∇ · σ = 0 (5)

water phase − ρw∇µw + fws(v
s − vw)

+
N∑
k=1

fwk(v
k − vw) = 0 (6)

thekth ion phase − ρk∇µk + fks(v
s − vk)

+fkw(vw − vk)+
N∑

j=1(j �=k)
fkj(v

j − vk)

= 0 (k = 1,2,3, . . . N) (7)

in whichσ is the mixture stress,µα (α = w, k) the chemical
potential of phaseα, fαβ = fβα are the frictional coefficients

corresponding to the resisting forces per mixture volume
between phasesα andβ.

The electro-neutrality condition is

zf cf +
N∑
k=1

zkck = 0 (8)

in which zk (k = 1,2,3, . . . N) is the valence of ionkand
the constitutive equations are

σ = −pI − TcI + λsTr(E)I + 2µsE (9)

µw = µw
0 +

[
p− RT

∑N
k=1Φ

kck + BwTr(E)
]

ρw
T

(10)

µk = µk0 +
(

RT

Mk

)
ln (γkc

k)+ zkFcψ

Mk

(11)

Additionally, the fluxes of water and ion are given as

Jw = φw(vw − vs) and Jk = φwck(vk − vs) (12)

wherep is the fluid pressure,I the identity tensor,Tc the
chemical expansion stress,Φk the osmotic coefficient of the
kth ionic species.λs andµs are the Lame coefficients of the
solid matrix.γk is the activity coefficient of thekth ionic
species,µα0 (α = w, k) the chemical potential of phaseα
at the reference configuration.R and T are the universal
gas constant and absolute temperature.Fc is the Faraday
constant,ψ the electrical potential andBw is the coupling
coefficient.

The classical triphasic and multi-phasic mixture models,
consisting ofEqs. (1)–(12), are unable to directly simulate
the distribution of electrical potentials due to the use of
electro-neutrality condition. The computational domain cov-
ers the porous media only. In order to overcome these draw-
backs and take into account the chemo-electro-mechanical-
coupling effects on both the domains of the hydrogels and
the surrounding solution, the multiphysical MECe model is
developed here for simulation of the multi-effect-coupling
electric-stimulus responsive hydrogels based on the clas-
sical triphasic and multi-phasic mixture theories. The
governing equations of the MECe model are derived as
follows.

By summarizingEqs. (6) and (7)for all of the N ionic
species, and neglectingfks and fkj when they are compared
with fkw (Lai et al., 2000), we have

fws(v
s − vw) = ρw∇µw +

N∑
k=1

ρk∇µk (13)

After substituting the constitutiveEqs. (10) and (11)into
the aboveEq. (13), takingρw = ρw

Tφ
w andρk = ρkTφ

k =
ckMkφ

w, and on assuming the osmotic coefficientsΦk (k =
1,2, . . . N) of all ionic species equal toΦ for an ideal solu-
tion without chemical reactions (Hon et al., 1999; Lai et al.,
2000; Zhou et al., 2002), i.e.Φ1 = Φ2 = · · · = Φk = · · · =
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ΦN = Φ Eq. (13)can be rewritten

(vs − vw)=
(
φw

fws

)[
∇p− RT(Φ− 1)∇

(
N∑
k=1

ck

)

+Bw∇Tr(E)+ Fc

N∑
k=1

zkck∇ψ
]

(14)

whereBw is set to zero in the present computational simula-
tions since its value is very small whenBwTr(E) is compared
with the fluid pressurep (Lai et al., 1991; Sun et al., 1999;
Hon et al., 1999; Zhou et al., 2002).

Compared withφs and φw, φk (k = 1,2,3, . . . N) are
very small and thus, they can be neglected. As a result, we
haveφs+φw ≈ 1 by the saturation condition (1). Then, the
continuityEq. (4) is expressed as

∇ · vs + ∇ · φw(vw − vs) = 0 (15)

On substitutingEq. (14)into Eq. (15)the continuity equa-
tion of the mixture phase is obtained

∇ · us
t = ∇ ·

{(
(φw)2

fws

)[
∇p− RT(Φ− 1)∇

(
N∑
k=1

ck

)

+Fc

N∑
k=1

zkck∇ψ
]}

(16)

whereus is the displacement of the solid-phase andus
t = vs.

In order to incorporate the effects of electrical potential in
the modeling and simulation, unlike the classical triphasic
and multi-phasic mixture models using the electro-neutrality
constraint, the Nernet–Planck type of mass conservation
equations for the divergence of each diffusive ionic flux is
introduced as:

ckt = ∇ · (Dk∇ck)+
(
Fc

RT

)
zk∇ · (ckDk∇ψ)

− ∇ · (ckV )+ rk(c
k) (k = 1,2, . . . N) (17)

This replacesEq. (2) of the ionic phase. The fol-
lowing Poisson equation is employed to replace the
electro-neutrality condition (8)

∇2ψ = − Fc

εε0

N∑
k=1

(zkck + zf cf ) (18)

whereV = (vw − vs) is the fluid velocity relative to the
polymer network and can be computed directly byEq. (14).
Dα is the diffusive coefficient,rα the source term resulting
from the chemical conversation of the molecules,ε the di-
electric constants andε0 the permittivity of the free space.

So far, the development of the multiphysical MECe model
has been completed for (3+ N) unknown variables,p, us,
ψ andck (k = 1,2, . . . N). As a chemo-electro-mechanical
coupled formulation with nonlinear partial differential equa-
tions, it consists of the momentumEq. (5), the continuity

Eqs. (16) and (17)with theEq. (14)and the PoissonEq. (18).
The developed MECe model is able to make the transient
analysis for the kinetic behavior of the electric-sensitive hy-
drogels immersed in the bathing solution subject to an ap-
plied electric field, and to compute the distributions of ionic
concentrations and electric potential in both the hydrogels
and exterior solution. The MECe model can also be used for
the steady-state simulation of equilibrium characteristics of
the hydrogels. By neglecting the effects of convection and
chemical conversion in the MECe governingEqs. (5) and
(16)–(18), a set of reduced governing equations is obtained
for steady-state equilibrium analysis as expressed below.

The momentum equation by neglecting chemical expan-
sion stressTc is simplified to

∇ · σ = ∇ · (−pI + λsTr(E)I + 2µsE) = 0 (19)

The continuity equation of the mixture phase is rewritten
as

∇ ·
{(

(φw)2

fws

)[
∇p− RT(Φ− 1)∇

N∑
k=1

ck

+Fc∇ψ
N∑
k=1

zkck

]}
= 0 (20)

The continuity equations of diffusive ionic concentrations
are given as

∇ · (Dk∇ck)+
(
Fc

RT

)
zk∇ · (ckDk∇ψ) = 0

(k = 1,2, . . . N) (21)

The Poisson equation for electric potential keeps as

∇2ψ = − F

εε0

N∑
k=1

(zkck + zf cf ) (22)

For the present computational domain including both the
hydrogels and the surrounding solution, the boundary con-
ditions consist of the Dirichlet boundary conditions at the
edges of bathing solution as

ψ|Anode = +0.5 Ve, and ψ|Cathode= −0.5 Ve (23)

ck|Anode = ck|Cathode= c̄∗k (24)

and the interfacial conditions at hydrogel–solution interfaces
as

pinterface= RT
N∑
k=1

(ckin-interface− ckout-interface)− p0 (25)

pinterfaceI = λsTr(Einterface)I + 2µsEinterface (26)

wherec̄∗k (k = 1,2, . . . N) are the bathing solution concen-
trations at the anode and cathode of the externally applied
electric field,ckin-interface the kth ionic concentration within
the hydrogels near the interfaces andckout-interface is the
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kth ionic concentrations of the bathing solution near the
interfaces,p0 represents the osmotic pressure at reference
configuration. It is noted thatcf = 0 in the exterior solution
domain. The present interfacial conditions are based on the
assumptions that, at the hydrogel–solution interface, the
chemical potentials of hydrogels are equal to those of the
bathing solution, and the mixture-phase stress is equal to
zero.

For numerical examination of the presently developed
MECe model with chemo-electro-mechanical coupling ef-
fects, several one-dimensional equilibrium simulations are
carried out for the steady-state deformation in the thickness
h direction of strip-like electric-sensitive hydrogels, when
they are immersed into the bathing solution under an elec-
tric field. In the simulations it is assumed that the diffusive
coefficientsDk = D (k = 1,2, . . . N) and the strain here is
isotropic, i.e.

Tr(E) = 3e11 = 3
∂u

∂x
(27)

wheree11 is the strain in thickness direction. Furthermore,
for demonstration of the one-dimensional equilibrium de-
formation, an average curvatureKa, resulting from the pres-
sure difference between the two ends of the thicknessh, is
defined geometrically at the middle point of the thickness
(Zhou et al., 2002)

Ka = 2(e1 − e2)

h(2 + e1 + e2)
(28)

wheree1 ande2 indicate the swelling strains at the two ends
of hydrogel thickness.

In the present numerical algorithms, a two-level hierar-
chical iteration technique is employed to solve the MECe
coupled nonlinear partial differential governing equations.
The inner iterations are to simultaneously compute the dif-
fusive ion concentrations and electric potential. Then the
computed results are substituted into the subsequent outer
iteration loop for computation of the displacement and pres-
sure. The fixed-charge concentration and water volume frac-
tion can also be computed iteratively. For implementation
of the two-level hierarchical iteration, a meshless approach
called the Hermite–Cloud method (Li et al., 2003) is used
and the remeshing technique is required due to the move-
ment of hydrogel–solution interfaces.

3. Hermite–Cloud method (HCM)

In this section, a recently developed meshless approach—
Hermite–Cloud method (Li et al., 2003) is introduced to
solve the above nonlinear partial differential boundary value
(PDBV) problems. As an extension of the classical repro-
ducing kernel particle method (RKPM) (Liu et al., 1995,
1996), this meshless approach uses the Hermite theorem for
construction of the interpolation functions and the point col-
location technique for discretization of the PDBV problems.

For any unknown real functionf(x,y), such as the present
kth ionic concentrationck, electric potentialψ, fluid pressure
p and solid-phase displacementu, the approximationf(x,y)
can be constructed by the meshless HCM

f̃ (x, y)=
NT∑
n=1

Nn(x, y)fn +
NS∑
m=1

(
x−

NT∑
n=1

Nn(x, y)xn

)

×Mm(x, y)Gxm +
NS∑
m=1

(
y −

NT∑
n=1

Nn(x, y)yn

)

×Mm(x, y)Gym (29)

where NT and NS(≤ NT) are total numbers of discrete
points covering the computational domain, andNn(x,y) are
the shape functions defined as

Nn(x, y)= B(pn, qn)A
−1(xk, yk)B

T(x, y)

×K(xk − pn, yk − qn)+Sn (n = 1,2, . . . NT)

(30)

in whichK(xk −pn, yk − qn) is the kernel function defined
as

K(xk − p, yk − q) = 1

+x+y
W∗

(
xk − p

+x

)
W∗

(
yk − q

+y

)
(31)

B(p,q) is the linearly independent basis. For example for
one- or two-dimensional quadratic PDBV problem, it is
given, respectively, as

B(p) = {b1(p), b2(p), . . . , bβ(p)} = {1, p, p2} (β = 3)

(32)

B(p, q)= {b1(p, q), b2(p, q), . . . , bβ(p, q)}
= {1, p, q, p2, pq, q2} (β = 6) (33)

andA(xk,yk) is a symmetric matrix associated with the fixed
kernel centered point (xk,yk) and is expressed as

Aij(xk, yk)=
NT∑
n=1

bi(pn, qn)K(xk − pn, yk − qn)bj(pn, qn)

×+Sn (i, j = 1,2, . . . , β) (34)

In Eq. (31), W∗(z) is called the window function and
defined as a cubic spline function

W∗(z) =




0 2< |z|
(2 − |z|)3

6
1 ≤ |z| ≤ 2(

2

3

)
− z2(1 − 0.5|z|) 0 ≤ |z| ≤ 1

(35)

wherez = (xk − p)/+x or z = (yk − q)/+y for the x- or
y-component,+x and+y denote the cloud sizes of the fixed
kernel centered at the point (xk,yk) in thex- andy-direction,
respectively.
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In the approximate solution (29), assumingGx(x, y) =
∂f(x, y)/∂x andGy(x, y) = ∂f(x, y)/∂y, the discrete approx-
imations ofGx(x,y) andGy(x,y) may be given by (Li et al.,
2003)

G̃x(x, y)=
Ns∑
m=1

Mm(x, y)Gxm G̃y(x, y)

=
Ns∑
m=1

Mm(x, y)Gym (36)

It is noted that, compared with the shape functionsNn(x,y)
constructed onβ-order basis inEq. (30), the present shape
functionsMm(x,y) are constructed on (β − 1)-order basis.

The auxiliary conditions are required for the additional
unknown functionsGx(x,y) and Gy(x,y). By imposing the
first-order partial differentials with respect to the variables
x andy on the approximationf(x,y) expressed byEq. (29),
and usingEq. (36), we have the auxiliary conditions as

NT∑
n=1

Nn,x(x, y)fn −
NS∑
m=1

(
NT∑
n=1

(Nn,x(x, y)xn)

)
Mm(x, y)Gxm

−
NS∑
m=1

(
NT∑
n=1

(Nn,x(x, y)yn)

)
Mm(x, y)Gym = 0 (37)

NT∑
n=1

Nn,y(x, y)fn −
NS∑
m=1

(
NT∑
n=1

(Nn,y(x, y)yn)

)
Mm(x, y)Gym

−
NS∑
m=1

(
NT∑
n=1

(Nn,y(x, y)xn)

)
Mm(x, y)Gxm = 0 (38)

So far the formulation of the meshless Hermite–Cloud
method has been completed. By the point collocation tech-
nique to discretize the PDBV problems, it employs the Her-
mite interpolation theorem to construct the approximate un-
known functionf(x,y) by Eq. (29), and couples the first-order
differential functions Gx(x,y) and Gy(x,y) expressed by
Eq. (36)and the auxiliary conditions (37) and (38).

In general, the PDBV problems in engineering may be
written as

Lf(x, y) = P(x, y) inΩ (39)

f(x, y) = Q(x, y) inΓD (Dirichlet boundary conditions)

(40)

fn = R(x, y) inΓN (Neumann boundary conditions)

(41)

whereL is differential operator,f(x,y) unknown real func-
tion andΩ the interior domain. By the point collocation
technique, the PDBV problem is discretized as

Lf̃ (xi, yi) = P(xi, yi) i = 1,2, . . . , NΩ (42)

f̃ (xi, yi) = Q(xi, yi) i = 1,2, . . . , ND (43)

f̃n = R(xi, yi) i = 1,2, . . . , NN (44)

whereNΩ, ND andNN are the numbers of scattered points
in the interior computational domain, and along the Dirich-
let and Neumann boundaries, respectively. Thus, the total
number of scattered pointsNT = (NΩ +ND +NN).

After substituting the approximate solutions (29) and (36)
into Eqs. (42)–(44), a set of algebraic equations is obtained
as follows

[Hij](NT+2NS)×(NT+2NS){Fi}(NT+2NS)×1 = {di}(NT+2NS)×1

(45)

where{di} and{Fi} are (NT + 2NS)-order column vectors

{Fi}(NT+2NS)×1 = {{fi}1×NT , {Gxi}1×NS, {Gyi}1×NS}}T

(46)

{di}(NT+2NS)×1 = {{P(xi, yi)}1×NΩ, {Q(xi, yi)}1×ND ,

× {R(xi, yi)}1×NN , {0}1×2NS}T (47)

and [Hij] is a (NT + 2NS)× (NT + 2NS) coefficient matrix

[Hij] =




[LNj(xi, yi)]NΩ×NT

[
L
((
xi −

∑NT
n=1Nn(xi, yi)xn

)
Mj(xi, yi)

)]
NΩ×NS

[
L
((
yi −

∑NT
n=1Nn(xi, yi)yn

)
Mj(xi, yi)

)]
NΩ×NS

[Nj(xi, yi)]ND×NT [0]ND×NS [0]ND×NS

[0]NN×NT [Mj(xi, yi)]NN×NSix [Mj(xi, yi)]NN×NSiy

[Nj,x(xi, yi)]NS×NT

[
−
(∑NT

n=1Nn,x(xi, yi)xn

)
Mj(xi, yi)

]
NS×NS

[
−
(∑NT

n=1Nn,x(xi, yi)yn

)
Mj(xi, yi)

]
NS×NS

[Nj,y(xi, yi)]NS×NT

[
−
(∑NT

n=1Nn,y(xi, yi)xn

)
Mj(xi, yi)

]
NS×NS

[
−
(∑NT

n=1Nn,y(xi, yi)yn

)
Mj(xi, yi)

]
NS×NS




(48)

whereix andiy are outward normal vectors. The complete
set of the above algebraic equations can be solved numer-
ically to obtain (NT + 2NS) point values{Fi}. Accord-
ingly, the approximate solutionsf(x,y) and the corresponding
first-order differentialsGx(x,y) andGy(x,y) can be computed
throughEqs. (29) and (36).

4. Numerical results and discussions

To investigate the swelling equilibrium behavior of
electric-stimulus responsive hydrogels by the multiphysic
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Fig. 2. Bending deformation of hydrogel strip in bathing solution subject
to externally applied electric field.

MECe model, one-dimensional steady-state numerical sim-
ulations are carried out along thex-axis for a hydrogel strip
immersed into the NaCl solution subject to an externally
applied electric field, as shown inFig. 2. In the solution
domain x(m) ∈ [0,0.005] ∩ [0.010,0.015], the Dirichlet
boundary conditions of the solution ion concentrations and
electrical potential at anode and cathode are imposed at
x = 0 and 15× 10−3 m and expressed by theEqs. (23)
and (24). The specified parameters areφw

0 = 0.8, ε0 =
8.854×10−12 C2/(N m2), ε = 80,(3λ+2µ) = 1.2×105 Pa,
Φ = 1, γk = 1 (k = 1,2, . . . N), T = 293 K, R = 8.314
(J/(mol K)) andFc = 9.6487× 104 C/mol.

When the fixed-charge concentrationcf
0 = 10 mM with

the valancezf = −1, the thickness of the hydrogel strip
h = 5×10−3 m, and the ionic concentrations of the bathing

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014
0

1

2

3

4

5

6

7

8

9

10

   Na+ distribution

   Cl_  distributionIo
ni

c 
co

nc
en

tr
at

io
n 

 (
m

M
)

x  ( m )

Fig. 3. Distribution of ionic concentrations without external electric field.
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Fig. 4. Distribution of electric potential without external electric field.

solution c̄∗
Na+ = c̄∗

Cl− = 1 mM, the simulated results are
obtained and shown inFigs. 3 and 4for the distributions
of the diffusive ionic concentrations and electrical potential,
where no external electric field is applied (Ve= 0). It is
observed from the figures that the electroneutrality exists in
the bathing solution and the hydrogel strip with fixed charge
groups. It is also known that the uniform distributions of
ionic concentrations and electric potential within hydrogels
result in the uniform swelling (no bending) deformation of
hydrogel strip.

When the external electric field Ve= 0.2 V with ψ =
+0.1 V at anode andψ = −0.1 V at cathode is applied as
shown inFig. 2, cf

0 = 10 mM, zf = −1, h = 5 × 10−3 m,
c̄∗k = 1 mM, and no effect of mechanical deformation is con-
sidered, the variations of diffusive ionic concentrations and
electrical potential are numerically simulated and depicted
in Figs. 5 and 6. The present hydrogel is charged by fixing
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Fig. 5. Distribution of ionic concentrations with external electric field.
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Fig. 6. Distribution of electric potential with external electric field.

the anions (zf = −1) on the polymer chains of the hydro-
gel. The cations thus, are the dominant mobile ions within
the hydrogel. When the external electric field is applied, the
cations transport from anode side to cathode side until the
equilibrium state attains. Therefore, the cation concentration
increases near the hydrogel edge close to the cathode and
decreases near the hydrogel edge close to the anode. Since
the electric current is constant in the equilibrium state (Doi
et al., 1992), this requires the electro-neutrality. As a result,
the anion concentration also increases near the cathode side
and decreases near the anode side. In other words, with in-
creasing the distance from the cathode, the diffusive ionic
concentration within the hydrogels decreases. With increas-
ing the distance from the anode, the diffusive ionic concen-
tration in the hydrogel strip increases.Fig. 5 depicts well
the above phenomena. It is also seen fromFig. 5 that the in-
terface ion concentration difference between the interior hy-
drogel and exterior bathing solution near the anode is larger
than that near the cathode. Additionally, it is observed from
Figs. 5 and 6that, corresponding to the larger number of mo-
bile ions, the hydrogel has the higher conductivity than the
solution. The increase of the electric potential in the hydro-
gel is smaller than that in the solution. The smaller change
of the electric potential in the hydrogel is compensated by a
smaller step at the cathode side and a larger one at the anode
side of the hydrogel, as shown inFig. 6. Namely the Donnan
potential+ψ has a more negative value at anode side and
a less negative value at the cathode side, compared with the
initial value without applied electric field. As such, the larger
difference of electric potential on the anode side leads to the
larger interface concentration difference near the anode side.
Furthermore, compared with the concentration difference on
the cathode side, the larger concentration difference results
in the larger osmotic pressure on the anode side. The dif-
ference of osmotic pressure between the anode and cathode
sides makes the hydrogel have a bending deformation. These
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Fig. 7. Effect of fixed charge on the variation of average curvatureKa

against externally applied electric field.

simulated results are validated by the experiment (Homma
et al., 2001; Wallmersperger and Kroeplin, 2001). Therefore,
it is concluded that the presently simulated electric-potential
distribution agrees well with Wallmersperger’s FEM simu-
lations and is also acceptable when compared with the ex-
perimental data (Wallmersperger and Kroeplin, 2001).

Fig. 7 is achieved to study the mechanical deformation of
the hydrogel strip withh = 5 × 10−3 m. For c̄∗k = 1 mM,
the figure illustrates the variation of the average curvature
Ka against the externally applied electric fieldVe for differ-
ent fixed-charge concentrationscf

0 = 1, 5 and 10 mM with
zf = −1. It is seen that, with the increase of the externally
applied electric voltage, the differences of concentrations
and electric potential increase between the hydrogel strip
and the bathing solution. As such, the average curvatureKa
increases almost linearly and the bending deformation be-
comes larger, which are in good agreement with the exper-
imental phenomena (Homma et al., 2000; Sun and Mak,
2001; Fei et al., 2002).

Fig. 8 demonstrates the influence of the externally ap-
plied electric fieldVe on the relation between the average
curvatureKa and the fixed-charge concentrationcf

0, where
zf = −1, h = 5 × 10−3 m, c̄∗k = 1 mM, Ve = 0.02, 0.1
and 0.2 V, namelyψ = +0.01,+0.05 and+0.1 V at anode,
ψ = −0.01,−0.05 and−0.1 V at cathode, respectively. It is
known that, for a given applied voltageVe, the average curva-
tureKa increases with the fixed-charge concentrationcf

0. The
computed results are examined by the experiment (Homma
et al., 2000). Furthermore, in order to ascertain the influence
of the externally applied electric field Ve on the relation be-
tween the average curvatureKa and bathing-solution con-
centrationc̄∗k , Fig. 9 is plotted whencf

0 = 10 mM,zf = −1,
h = 5 × 10−3 m and Ve= 0.02, 0.10 and 0.20 V, respec-
tively. An optimal c̄∗k value is observed when the hydrogel
strip reaches the largest bending deformation. If the concen-
trationc̄∗k of the bathing solution is larger than the computed
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optimal concentration, the bending deformation of hydro-
gel strip decreases with increasingc̄∗k . The present simula-
tions agree well with the experimental results (Homma et al.,
2000, 2001; Sun and Mak, 2001; Fei et al., 2002).

For cf
0 = 10 mM, zf = −1, and c̄∗k = 1 mM, Fig. 10

shows the relation between the average curvatureKa and the
thicknessh of hydrogel strip for various externally applied
electric field,Ve = 0.02, 0.1 and 0.2 V, respectively. It is
presented that the average curvatureKa of the hydrogel strip
decreases rapidly with increasing thicknessh, which is in
consistence with the experiment (Homma et al., 2000, 2001).

In order to investigate the effect of multivalent electrolyte
on the average curvatureKa of bending deformation, the hy-
drogel strip is immersed into the bathing solutions of CuSO4
and Na2SO4, respectively. For Ve= 0.2 V, cf

0 = 10 mM,
zf = −1 andh = 5× 10−3 m, Fig. 11is depicted. It is seen
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clearly that the average curvatureKa of the hydrogel strip
in Na2SO4 solution is larger than that in CuSO4, which is
also in agreement with the experimental results (Homma
et al., 2000, 2001). When the hydrogel strip is placed into
the electrolyte solution with an applied electric field, the
decrease of the univalent cation Na+ concentration within
the hydrogel strip at the anode is much larger than that
of the bivalent cation Cu2+ concentration subject to the
same electric field. The more the counterion decreases, the
larger bending deformation the hydrogel yields. Therefore,
it is reasonable that the average curvatureKa for univalent
electrolyte solution Na2SO4 is larger than that for bivalent
electrolyte solution CuSO4.

For examination of the presently developed MECe model,
as shown inFig. 12, the simulated results are compared
numerically with experimental data (Zhou et al., 2002) for
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Fig. 12. Comparison of simulated results with experimental data (Zhou
et al., 2002) for the hydrogel strip with positive fixed charge group.

the positive fixed charge groups (zf = +1) attached on the
polymer network of the hydrogel strip. The parameters used
are φw

0 = 0.8, ε0 = 8.854× 10−12 C2/(N m2), ε = 80,
(3λ+ 2µ) = 1.2× 105 Pa,h = 1.0× 10−3 m, cf

0 = 20 mM,
c̄∗k = 5.5 mM,Φ = 1, γk = 1 (k = 1,2, . . . N), T = 278 K,
R = 8.314 J/(mol K). The distance between two electrodes
is 2.0 × 10−2 m and only univalent ions are considered. As
depicted inFig. 12, the average curvaturesKa of both the
computed and experimental results increase linearly with the
externally applied electric field Ve. Both the results meet
well under 5 V applied electric field. However, they seem to
have different trends above 5 V. As well known, the bend-
ing deformation of the present electric-sensitive hydrogels
depends directly on many parameters, including the volt-
age of applied electric field, electrolyte composition, fixed
charge, chemical reactions, temperature, heat conduction,
ionic diffusion and convection. As a preliminary work with
isotropy assumption, the influences of chemical reactions,
heat conduction and temperature have not been included in
the presently developed mathematical MECe model. This
simplification is feasible under low voltage (such as 5 V) of
the applied electric field. However, with the increase of the
applied electric voltage, these nonlinear effects become more
and more significant (Snita et al., 2001) and they should,
thus be considered. Probably, these are the main reasons for
the different trends above 5 V between the experimental data
and the numerical results. Anyway, the present comparisons
achieve very good agreements between the simulated results
and experimental data (Zhou et al., 2002).

5. Conclusion

In this paper, a multiphysic mathenatical model, termed
the MECe model, has been developed with considera-

tion of chemo-electro-mechanical coupling effects for the
simulation of the responsive behavior of electric-sensitive
hydrogels when they are immersed into a bathing solu-
tion subject to an externally applied electric field. The
formulation is able to describe the swelling and shrink-
ing as well as bending deformation of the hydrogel, the
distributions of diffusive ion concentrations and electric
potential in both the interior hydrogel and the exterior so-
lution. One-dimensional numerical simulations are carried
out for a hydrogel strip and the influences of physical
parameters on the deformed hydrogel strip are also dis-
cussed. The numerically simulated results demonstrate good
agreements with experimental data and published FEM
solutions. They validate the presently developed MECe
models.
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