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Abstract

When a particle is placed in a thin liquid film on a planar substrate, the liquid either climbs or descends the particle surface to
wetting boundary condition. Analytical solutions for the film shape, the degree of particle immersion, and the downward force ex
the wetting meniscus on the particle are presented in the limit of small Bond number. When line tension is significant, multiple solu
the equilibrium meniscus position emerge. When the substrate is unyielding, a dewetting transition is predicted; that is, it is ene
favorable for the particle to rest on top of the film rather than remain immersed in it. If the substrate can bend, the energy to drive thi
is found in the limits of slow or rapid solid deflection. These results are significant in a wide array of disciplines, including controlled
of drugs to pulmonary airways, the probing of liquid film/particle interface properties using particles affixed to AFM tips and the pos
of small particles in thin films to create patterned media.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A particle will enrobe itself in a fluid until its contact an
gle boundary condition is satisfied. The partial wetting
particles has been extensively studied because of its im
tance in several applications, including froth flotation a
means of recovering ore particles[1–3], the use of partially
wetted particles to form or disrupt emulsions[4,5], the use
of aerosol particles laden with drugs in particle-based d
delivery[6,7], and, more recently, the use of evaporating t
films containing particles to create colloidal crystals[8].

The configuration of spherical particles and their pa
wise interaction at interfaces of infinitely deep fluids h
been extensively studied cf.[1–5,9–13]. The weight or buoy-
ancy of the particles deflects the surfaces, which bend
distances comparable to the capillary length. Asymme
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menisci form when particles are closer than the capil
length, creating net forces between particles that drive t
toward each other. For small Bond numberBo (the ratio of
gravitational forces to surface tension forces on the partic
the fluid interface becomes planar, and capillary interact
between particles vanish[11].

The situation of a single particle in a thin film has be
less studied. For the case of two free surfaces, spherica
ticles spanning the film have been used to infer film heig
in a film-thinning apparatus by comparing the shape of
interface inferred by interference fringes to the shape
dicted by integrating the Young–Laplace equation[14]. In
contrast, pairs of particles in a thin liquid film[8,15–18]have
been extensively studied to understand attractive interac
caused by the menisci between them. Even in the limi
vanishingBo, these interactions remain finite when the fi
thickness is less than the particle diameter. These force
exploited in techniques to create colloidal assemblies.

In this work, an analysis of the wetting of a single pa
cle in a thin fluid film on top of a planar surface is present
In the small slope limit, analytical solutions for the inte
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face shape, the degree of submersion of the particle an
magnitude of the forces on the underlying solid surface
derived. The effects of line tension are also considered.
pending on its sign, line tension can either further subme
or float particles. A discontinuous dewetting transition
predicted for critical values of the (positive) line tensio
That is, for large enough line tensions, it is energetically
vorable for the particle to rest on top of the film rather th
to immerse itself in it. This transition is discussed in co
parison to the discontinuous wetting transition predicted
particles at interfaces of deep fluids[12].

The wetting meniscus exerts a downward force on
particle. To estimate whether the particle can bend the
derlying substrate, an energy analysis is performed in
limits of slow or rapid substrate bending. Such substrate
flection has been reported for small particles placed in
liquid films in the lung[6]. A brief discussion of the impli-
cations of these results in that context is presented.

2. Theory

2.1. Force balance on the particle

A spherical particle of radiusa placed on a planar suppo
covered with a thin liquid film of far-field thicknessh∞ < 2a

will enrobe itself in liquid to satisfy its contact angleθ to
form a wetting angleφc (which locates the 3-phase conta
line) as shown inFig. 1. A vertical force balance on the pa
ticle yields:

4

3
πa3g

{
(ρs − ρv) − (ρL − ρv)

4

[
2− 3 cosϕc + cos3 ϕc

− 3
(hc − h∞)

a
sin2 ϕc)

]}

(1)+ 2πaγ sinϕc sin(ϕc + θ) − FN = 0,

where ρi (i = s,L, v) denote densities, with subscripts,
L and v referring to the solid particle, the liquid film an
the surrounding vapor phases, respectively, andγ denotes
the surface tension. In Eq.(1), the first term contains th
forces exerted by gravity on the particle (including buo
ant forces exerted by the fluid which intersects the sphe
heighthc = a(1 − cosφc)); the second term is the surfa
tension force exerted along the wetted perimeter (of len
2πa sinφc); and the third termFN is the magnitude of the
upward normal force exerted by the underlying solid on
particle at the wetted pole. This equation can be reca
non-dimensional form to become:

4

3
πBo

[
ρs − ρv

ρL − ρv

− 1

4

[
2− 3 cosϕc

+ cos3 ϕc − 3
(hc − h∞)

a
sin2 ϕc)

]]
t

(2a)− 2π sinϕc sin(ϕc + θ) + FN

aγ
= 0,

whereBo, the Bond number, is defined:

(2b)Bo= (ρL − ρv)ga2

γ
.

For significant Bond numbers, the gravitational terms m
be retained, as discussed in detail in references[1] and[10].
However, for solid particles with radii less than millim
ters in aqueous systems,Bo� 1. Provided thatBo and the
productBo[(ρs − ρv)/(ρL − ρv)] are small, the first term in
Eq.(2a)can be neglected, and the force balance becom

(2c)
FN

aγ
= 2π sinϕc sin(ϕc + θ).

Equation (2c) requires thatFN be as large as necessa
to balance the surface tension wetting force. Note tha
h∞ were greater than 2a, FN would be zero, so the ne
vertical surface tension force would also be zero requi
180◦ = θ + φc for all θ , recovering the known solution of
flat interface for large film thicknesses(h∞ > 2a).

2.2. The film interface shape

The shape of the fluid interface is determined by
Young–Laplace equation in cylindrical coordinates:

(ρv − ρL)g
(
h(r) − h∞

) = −
[

h′′

(1+ (h′)2)3/2

(3)+ 1

r

h′√
1+ (h′)2

]
γ,

where the primes indicate derivatives ofh with respect to
the radial coordinate. For smallBo, (h′)2 � 1, so Eq.(3)
can be simplified by approximating the denominators on
right-hand side as unity. The equation is then recast in
mensionless form according to:

(4a)G(r̂) = h(r) − h∞
a

, r̂ = r

Lc

, ĥ = r

a
,

whereLc is a capillary length, defined as:

(4b)Lc =
√

γ

�ρg

to yield a modified Bessel equation:

(5)G′′ + G′

r̂
− G = 0

subject to two boundary conditions:

(6a)lim
r̂→∞

G = 0,

(6b)G
(
r̂ = sinϕc

√
Bo

) = ĥc − ĥ∞.

Thus, the final expression for the shape of the liquid–gas
terface is:

(7)ĥ(r̂) = ĥ∞ + ĥc − ĥ∞√ K0(r̂),

K0(sinϕc Bo)
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Fig. 1. (a) Particle of radiusa and densityρs situated in a thin liquid film of thicknessh∞ and densityρL on a planar substrate. A vapor phase of densityρv

is above the liquid. To satisfy the contact angleθ , the fluid climbs the particle to a heighthc with a wetting angleφc at the contact line. (b) Forces acting o
a particle situated in a thin film of liquid.Fg is the particle weight;FB is the buoyant force;FST is the force exerted by the meniscus andFN is the normal
reaction force exerted by the substrate on the particle.
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whereĥc = 1 − cosϕc andK0 denotes the modified Bess
function of order zero.

The slope of Eq.(7) can be used to find tanψ ∼ ψ , the
angle made by the interface with the horizontal.

ψ = −√
Bo

dĥ

dr̂

∣∣∣∣√
Bosinϕc

(8)=
√

Bo(ĥc − ĥ∞)

K0(
√

Bosinϕc)
K1

(√
Bosinϕ

)
,

whereK1 denotes the modified Bessel function of order o
The angleψ can be related to the contact angle by:

(9)ψ = 180− φc − θ.

Combining Eqs.(8) and (9):

(10)ϕc = 180− θ −
√

Bo(ĥc − ĥ∞)

K0(
√

Bosinϕc)
K1

(√
Bosinϕc

)
.

In principle, Eq.(10) allows us to find the degree of im
mersion of a particle in a thin film as a function of the cont
angleθ , the Bond numberBo, and the far-field film thick-
ness,ĥ∞, all of which would be known quantities in a
experiment. However, because Eq.(10) is a transcendenta
equation, solving forφc given θ,Bo and ĥ∞ is not con-
venient. It is convenient to specifyBo, φc, ĥ∞ and solve
afterwards for the contact angleθ consistent with those pa
rameters and slopes using Eq.(10). Thereafter,FN can be
determined from Eq.(2c). In performing these calculation
polynomial expansions are used to approximate the m
fied Bessel functions,K0 andK1 [19]. (Alternatively, simple
asymptotic approximations in the limit of small argume
x could be adopted, for whichK0(x) = −C + ln(x/2)[1 +
O(x2/4)], K1(x) = 1/x + O((x/2) ln(x/2)).)

2.3. Line tension

For large wetting peripheries, line tension effects are t
ically negligible, and the analysis given above suffices
describe a particle in a thin film. However, for smaller pa
cle radii, line tension can become important. In the abse
of line tension, mechanical equilibrium at the 3-phase c
tact line requires that the Young equation be satisfied:

(11)cosθ0 = γsv − γsL

γ
,

whereγi (i = sv,sL) is the interfacial energy of the soli
surface, with subscripts sv and sL referring to the so
vapor and solid–liquid interfaces respectively, andγ is the
surface tension of the liquid–vapor interface introduced
Eq. (1). In Eq. (11), the contact angleθ0 is introduced to
refer to the contact angle when line tension effects are n
gible.

Let Σ denote a dimensionless line tension,

(12)Σ = σ

γ a
,

whereσ is the line tension. When line tension is importa
the modified Young equation governs the contact angle[20]:

(13)cosθ = cosθ0 − Σ cotϕc,

whereθ is the contact angle including the effects of line te
sion, which differs fromθ0 for fixed σ for particles with
small radii. (One can imagine measuringθ0 on very large
particles made of the material of interest. The line tensioσ

is fixed by intermolecular interactions along the three-ph
contact line. Thus,θ0 andσ can be treated as the material p
rameters in the problem. However, the mechanical resp
of the system is determined byθ , defined in Eq.(13), which
indeed reduces toθ0 whenΣ is negligible.)

Inserting the expression forθ from Eqs.(10) into (13)
gives:

Σ = cosθ0

cotϕc

+ cos

[(
ϕc + √

Bo(ĥc − ĥ∞)
)

(14)× K1(
√

Bosinϕc)

K0(
√

Bosinϕc)

]
1

cotϕc

.

Equation(14)provides an implicit relationship for the effe
of line tension on modifying the contact line positionφc.
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3. Results and discussion

3.1. Interface shape and forces exerted on the substrate

Fig. 2a shows the interface shapeĥ(r̂) for Bo = 10−6

and ĥ∞ = 0.3 for several values of the contact angleθ .
This figure also captures the dependence of the inter
shape on the Bond numberBo implicitly in that the ra-
dial coordinate is scaled by the capillary lengthLc so that;
r̂ = r/Lc = (r/a)

√
Bo. IncreasingBo decreases the leng

scaleLc over which the meniscus approaches its planar
ymptote. For smallBo, a particle deflects the interface ov
distances orders of magnitude larger than the particle it
The effects of varying the contact angle are also reporte
Fig. 2. The interface intersects the particle with a planar s
face forθ = 135◦. To satisfy contact angles lower than th
value, the interface deflects upwards (e.g., forθ = 45, the
fluid climbs the sphere to establish a contact line positio
at φc = 123.4); for contact angles greater than this value
bends downwards (e.g., forθ = 180, the meniscus descen
along the sphere to locate the contact angle atφc = 10.3). In
Fig. 2b, the interface shape close to the particle is shown
this case, both axial and radial coordinates are scaled
the particle radiusa.

In Fig. 3, the angle defining the degree of submersion
the particleφc is plotted as a function ofθ for various val-
ues ofĥ∞. Consider the behavior at some fixed value oθ .
If ĥ∞ = ĥ∞flat = 1 + cosθ , the film intersects the particl

Fig. 2. The interface shape for a particle in a film withĥ∞ = 0.3 and
Bo = 1 × 10−6 for various values ofθ . (a) ĥ is scaled with the particle
radius,r̂ is scaled withLc . (b) Close-up of interfaces near particle surfa
both axes are scaled with the particle radius.
with a planar interface so thatθ is satisfied. Then, the in
terface does not deflect, andφcflat = 180◦ − θ . For thinner
films, the interface must bend upward to satisfy its con
angle boundary condition (i.e.,ψ > 0), soφc decreases. I
is interesting to note that perfect wetting of a particle can
be achieved for film thickness less than the particle dia
ter. Even whenθ = 0, there is a maximum value forφcMax
that is less thanπ . This bound occurs because forĥ∞ < 2,
the interface must bend to wet the particle, soψ > 0. Since
θ + φc + ψ = 180◦, the maximum wetting angleφcMax is
determined byφcMax = 180◦ − ψ(φcMax, ĥ∞,Bo). This im-
plicit equation forφcMax defines the intercepts inFig. 3 at
θ = 0. Similarly, whenθ = 180◦, there is no finite thick-
ness for the film for whichφc is zero; in order to try
to dewet the sphere, the interface deflects downward,
ψ < 0. Thus, there is a minimum value forφc defined by
φcMin = −ψ(φcMin, ĥ∞), defining the values forφc in Fig. 3
at θ = 180◦.

In Fig. 4a, the forceFN is shown as a function of con
tact angleθ for variousĥ∞. The greater the deflection of th
interface, the greater is the magnitude of the force. For
case where the interface remains perfectly planar (i.e.,ĥ∞ =
ĥ∞flat), FN is zero. Forĥ∞ < ĥ∞flat, the wetting meniscu
pulls the particle down onto the surface andFN > 0. For
caseŝh∞ > ĥ∞flat, the non-wetting meniscus pulls the par
cle away from the solid. This configuration is only possi
if the solid exerts a downward, attractive forceFN < 0. In
Fig. 4b, the magnitude ofFN is shown to increase withBo
for ĥ∞ = 0.3, since the greater isBo, the greater is the su
face deflection.

3.2. Line tension effects

Line tension can change the equilibrium wetting con
uration significantly. In order to place our results in conte
the behavior of a sphere in a deep fluid studied in detai
Aveyard and Clint[12] is briefly described. For this cas
the interface must remain planar for the force balanc
be satisfied, soϕc = 180◦ − θ . Solving Eq.(13) for θ as a

Fig. 3. Angle of intersection with particleφc as a function of contact angl
θ for variousĥ∞ for fixedBo= 1× 10−6. φc depends only weakly on̂h∞
because of smallBo.
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Fig. 4. (a) ForcesFN exerted by solid surface on particle as a function of contact angleθ for variousĥ∞ for fixed Bo= 1 × 10−6. (b) FN as a function of
contact angleθ for variousBo for fixed ĥ∞ = 0.3.
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function ofΣ for fixed θ0 = 70◦ yields the results shown i
Fig. 5a. Over an extended range ofΣ , there are multiple so
lutions for θ ; the continuous loop forθ shown in the lower
left-hand side of the graph, and another branch of solut
shown above that loop which becomes the sole solutio
largeΣ . There is another possible configuration for a p
ticle in a deep fluid: it can undergo a wetting transition a
be pulled under the liquid surface. An energy analysis
be used to ascertain which of these solutions are stable
stable configurations, described in detail in[12], are shown
as the bold lines inFig. 5a. AsΣ increases, the contact lin
reduces slightly (i.e.,θ decreases). At a critical value for th
line tensionΣwet the particle abruptly undergoes a wetti
transition. (While these authors did not comment on the
per branch of solutions in their study, their results rem
unaltered, since the upper branch is not stable when c
pared to the immersed particle.)

In contrast, a particle situated in a thin film on a solid s
port that remains planar cannot immerse itself comple
in the fluid. This situation is considered inFig. 5b. The
solid lines correspond tôh∞ = 0.1, θ0 = 70, and the dashe
curves are simply the results inFig. 5a, repeated for com
parison. Equation(14) yields multiple solutions forθ as a
function ofΣ , which differ from the deep fluid case becau
of the finite slope of the interfaceψ . While the particle can
not be immersed beneath the film, it can be expelled f
it. Thus, another possible configuration is a particle res
on top of the film. (The energy of the point of contact
the sphere on the plane is neglected.) An energy ana
is constructed to ascertain which configuration is stable
constantT andP , the Helmholtz free energyA∗ of a par-
tially wetted particle in a thin film can be calculated as:

(15)A∗ = γsLAsL + γsvAsv + γALv + 2πa sinϕcσ

in dimensional form. (In Eq.(15), all terms associated wit
the gravitational potential energy have been neglected in
limit of small Bo.) The areas of the various interfaces are r
resented byAi (i = sL,sv,Lv). If the location of the contac
line changes fromϕc1 to ϕc2, the change in energy can b
calculated as:

�A∗ = A∗(ϕc2) − A∗(ϕc1)

= (γsL − γsv)�AsL + γ�ALv

(16)+ 2πaσ(sinϕc2 − sinϕc1),

where �AsL is the change in wetted surface area of
sphere:

(17)�AsL = 2πa2(cosϕc1 − cosϕc2),

and�ALv is the change in area of the liquid–vapor interfa
which is given by:

(18a)�ALv = 2π

a sinϕc2∫
a sinϕc1

{
1+

(
dh

dr

)2
}1/2

r ′ dr ′

which in the limit of smallBo becomes:

(18b)�ALv ≈ πa2[sin2 ϕc1 − sin2 ϕc2
]
.

Inserting these statements into Eq.(16) and rearranging
yields:

�α = �A∗

πa2γ

= −2 cosθΣ=0(cosϕc1 − cosϕc2)

(19)+ [
sin2 ϕc1 − sin2 ϕc2

] + 2Σ[sinϕc2 − sinϕc1].
If �α is negative, the change in contact line position fr
ϕc1 to ϕc2 decreases the free energy, and so is favored.

Comparing the various solutions, the stable configu
tions are indicated by the bold lines inFig. 5b. As Σ in-
creases from zero,θ first decreases slightly, then jumps
zero (which, recall, does not correspond to particle imm
sion, but rather toϕcMax = 148.3◦). Thereafter,θ increases
until a critical valueΣdewet, for which the particle is expelle
from the film in a dewetting transition. Note that this dew
ting transition is predicted for a system that favors wett
in the absence of line tension. InFig. 5c, the correspond
ing graph of stableϕc is shown. This behavior is typical fo
θ0 < 85◦. For larger values, the continuous loop of solutio
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nsion
Fig. 5. (a). Contact angleθ as a function of line tensionΣ for θ0 = 70◦ for a particle in a deep fluid (valid for̂h∞ > 2.0). Stable solutions are shown by th
bold solid line. The critical value for line tension for wetting isΣwet. (b) Solid curves: contact angleθ as a function of line tensionΣ for θ0 = 70◦ for a
particle in thin film withĥ∞ = 0.1. Dashed curves: results inFig. 5a, repeated for comparison. Bold curves: stable solutions. The critical value for line te
for dewetting isΣdewet. (c) Stableϕc for θ0 = 70◦ for a particle in thin film withĥ∞ = 0.1. (d) Contact angleθ as a function of line tensionΣ for θ0 = 110◦.
Dashed curve: a particle in a planar interface (valid forĥ∞ > 2.0). Solid curve: a particle in thin film witĥh∞ = 0.1. Bold curves: stable solutions.
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Fig. 6. A graph summarizing the stable contact angleθ as a function of line
tensionΣ for variousθ0 (the intercept for each curve) for fixed̂h∞ = 0.1
Each curve terminates atΣdewet. Dashed curve: the envelope ofΣdewetas
a function ofθ0.

is inverted. Stable solutions forθ follow the lowest branch
of the curve, and jump to the dewetting transition at a crit
value forΣ , as shown inFig. 5d.

A graph summarizing the stable contact angle soluti
θ vs Σ as a function ofθ0 (the intercept on the vertical ax
for each curve) for̂h∞ = 0.1 is shown inFig. 6. Each curve
terminates at the dewetting transition. The dashed curv
dicates the envelopeΣdewetvalues for this transition.

3.3. Flexible substrate

The preceding analysis can lend some insight into
more complex problem in which the substrate on which
particle rests is flexible and is subject to bending by the
ticle. The force exerted by the particle on the solid surf
is −FN , determined by the analysis described above fo
given free surface configuration. The energy made avail
by wetting the particle to deflect the substrate can also
estimated. In making this estimate, the ability of the s
strate to exert a restoring force is neglected. Amendmen
the analysis to include these effects are straightforward.
limits for substrate deflection are considered below for
case of a particle placed in a thin film of a given thickn
with a given contact angle.

3.3.1. Slow substrate deflection
Consider a particle placed on a thin film withĥ∞ = 0.1

andθ = 70 in the absence of line tension. If the solid surfa
deflects slowly compared to the rate at which the menis
adjusts itself to maintain an equilibrium configuration,
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Fig. 7. Energy profile�α(180◦, φc) = α(φc = 180◦) − α(φc) as a func-
tion of Σ for fixed θ0 = 70◦ and ĥ∞ = 0.1. For Σ = 0, �α = −0.025,
the difference between the circle and square of theΣ = 0 curve. Recall
Σwet = 0.25 andΣdewet= 0.58. Case (i): circle onΣ = 0.2 (Σ < Σwet)

curve: θ = 67.1◦ and φc = 103.5◦. Square: a planar interface interse
ing the particle withθ = 64.2◦ and φc = 115.8◦. Case (ii): Σ = 0.4
(Σwet < Σ < Σdewet) circle: θ = 8.2◦, φc = 148.3◦. Case (iii):Σ = 0.6
(Σ > Σdewet) initial state: φc = 0◦ on the Σ = 0.6 curve. Final state
φc = 180◦. The activation energy barrier is given by the difference betw
the maximum in the free energy and the initial state.

initial state will be that of a particle with a fluid interfac
configuration in equilibrium with a film of far-field thicknes
ĥ∞ = 0.1. In the final state, the particle will be immers
to a depth dx on the axis of revolution so that the fluid in
terface is flat, andFN = 0 (i.e., ĥ∞ + dx = 1 + cosθ =
1.34 andφc = 110◦ for the example discussed here). Usi
Eq.(19)to calculate the change of energy in these two sta
�α = −0.025, indicating energy in the amount 0.025πγ a2

is made available to deflect the substrate.
Line tension effects can be included. Consider the c

of θ0 = 70◦, ĥ∞ = 0.1, and refer to the energy profi
�α(π,φc) = α(φc = π) − α(φc) reported inFig. 7. Recall
that for θ0 = 70◦, Σwet = 0.25 andΣdewet= 0.58. Three
cases must be considered, discussed individually below

(i) ConsiderΣ = 0.2, for which Σ < Σwet. The parti-
cle rests initially in a thin film of thicknesŝh∞ = 0.1,
θ = 67.1◦ andφc = 103.5◦, indicated by a circle on th
curve inFig. 7. (These values correspond to a stable
lution of Eqs.(13) and (14), as shown inFig. 5b and
5c). The final state on a planar fluid interface requi
θ = 63.9◦ andφc = 116.1◦, indicated by the square o
the curve. (These values correspond to a solution
modified Young equation forθ , and the assumption of
planar interface forφc.) The change in energy betwee
these two states is�α = −0.024. Since the energ
decreases monotonically between the initial and fi
states, there is no energy barrier to this process. If
energy liberated by immersing the particle is suffici
to bend the underlying substrate, it will spontaneou
do so.

(ii) ConsiderΣ = 0.4, for whichΣwet < Σ < Σdewet. For
this case, the initial state consists of a particle in a t
film in equilibrium with this value ofΣ (i.e.,θ = 8.2◦,
φc = 148.3◦, indicated by a circle on the curve
Fig. 7), while the final state corresponds to a complet
immersed particle (φc = 180◦). The energy liberated in
immersing the particle is�α = −0.246, with no acti-
vation energy barrier to this immersion being provid
by the particle.

(iii) ConsiderΣ = 0.6, for whichΣ > Σdewet. For this case
the initial state consists of a particle that has been
pelled from the thin film (corresponding toφc = 0◦ on
theΣ = 0.6 curve inFig. 7), while the final state con
sists of a particle submerged in the fluid (correspond
to φc = 180◦ on the same curve). The energy diffe
ence between the final and initial states is�α = −1.31.
The free energy activation energy barrier between th
states is evident inFig. 7. The free energy first increase
asφc increases from zero, then decreases. The heig
the maximum in free energy above the initial state
fines the activation free energy barrier�Eact = 0.265.
(This can be understood in approximate terms by c
sidering the transient state in which a hole is crea
in the liquid–vapor interface (with a free energy d
crease of−1 in scaled form) while the perimeter of th
hole increases the free energy by 2Σ (with a free en-
ergy increase of 1.2), thus creating an energy barrie
roughly 0.2.) For allΣ > Σdewet, the initial and final
states remain the same as those described in the
above. The energy liberated by immersing the part
increases linearly with cosθ0, and the activation energ
barrier increases linearly withΣ , as the cost of the tran
sient state increases.

3.3.2. Rapid substrate deflection
If the substrate deflects rapidly compared to the rate

capillary rise, the energy made available by immersing
particle to deflect the substrate can be estimated by co
ering the energy between an initial state of a particle sit
in a planar interface of uniform thicknesŝh∞ = 0.1 with
contact angle 70◦ (a configuration that is not in equilibrium
and a final state of a planar interface with film thickness 1
in equilibrium with the contact angleθ . The energy differ-
ence between these two states can be found using[19] to be
�α = −1.75. The effects of line tension can be estimated
allowing Σ to alter the initial value forθ0 according to the
modified Young equation, and considering the free energ
cross a planar interface. This analysis has been presen
Fig. 7of Aveyard and Clint[12], who consider a range ofΣ
values and who also comment on the free energy activa
barriers.

3.4. Bending of flexible membranes by particles

Particles placed in thin liquid films above pulmonary e
ithelial cell layers have been observed to deflect the c
beneath them. The constitutive response of the cellular l
must be known to determine whether the energy provide



514 J. Fiegel et al. / Journal of Colloid and Interface Science 291 (2005) 507–514

end

ring

arti-
the

is

is-
rane
ar

icles
em-
ore
an-
the

on
re
ag-
ing
ca-
ew

ine
fluid
xi-
tting

ates
the
.

76)

79

sol

ria,
ci-

77)

5.
. 92

v,

00)

. 6

1)

ns
ork,

979)
immersing the particle can perform the work needed to b
the cellular layer. The simplest estimate of the workW re-
quired to deflect a membrane can be obtained by conside
the product of a membrane tensionτ (of typical magnitude
on the order of 1–10 mN/m for lipid bilayers[21]) times
the expansion area of the cells required to embed the p
cle in them, which is comparable to the surface area of
particles,

(20)W ≈ τ4πa2,

while the energy liberated by immersing the particles
given by:

(21)�A∗ ≈ �αγπa2,

where�α is the energy liberated in dimensionless form, d
cussed above. If the work required to deflect the memb
is comparable to�A∗, the particles can deform the cellul
layer. Therefore, the ratioW/�A∗ ≈ 4τ/�αγ < 1 (inde-
pendent of particle radius) determines whether the part
will bend the membranes beneath them to embed th
selves. This framework can be readily extended to m
complex constitutive relationships to describe the mech
ical response of the substrate, which would simply alter
expression for the workW .

4. Conclusions

Analytical expressions for the equilibrium configurati
of a particle in a thin liquid film on a solid substrate a
found, including the shape of the free surface and the m
nitude of the force exerted by the particle on the underly
substrate. The effects of line tension in changing the lo
tion of the three-phase contact line are also found. A n
dewetting transition is reported at a critical value for the l
tension, at which the particle dewets and rests atop the
interface rather than immerse itself in the film. For fle
ble substrates, the downward force created by the we
meniscus on the particle can deflect the substrate. Estim
for the energy provided by wetting the particle to bend
surface are provided, including the effects of line tension
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