1.1Fourier transform and Fourier Series

We have already seen that the Fourier transform is important. For an LTI system, x(t) = e'®t,

then the complex number determining the output y(t) = H(f)e'?™t is given by the Fourier
transform of the impulse response:

H(f) = f ooh(t)e—izﬂftdt

Well what if we could write arbitrary inputs as superpositions of complex exponentials, i.e. via
sums or integrals of the following kind:

x(t) = Z X, e?™kt
K
Then notice, outputs of LTI systems y(t) will always take the form

y(©) = ) XeH(f)ei2mst
k

This is the root of the Fourier series.

Proposition 1.1. Let x(t) be period with period T, so that the frequencies f;, = ; = kfy, and
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x(t) = ¥y Xpe ™" - SYNTHESIS EQUATION
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Then, x(t) = x(t £ mT), and

.k
X =2 [, x(t)e” "1 dt - ANALYSIS EQUATION
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Proof: Use the property that
r ., (m-n
f e ™ T tdt = T§[m —n|
0

Then we have
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OK, so how do we use this. Well, for periodic signals with period T, then we just have to evaluate
the Fourier series coefficients Xj,.

Example 1.1.

1. x(t)=constant, then Xy=constant and X;, = 0,k # 0 for any period T.

2. x(t) = e2™ot then T = f—lo X, =1,X, =0k=1.

3. x(t) = cos(2nf,t), then T = % X;=X_1 =72 X =0k #%l.

4. x(t) = sin(2rfyt), then T = % X, = % X = —zij, X, =0,k ++1.

1.2 Relationship of Fourier Series and Fourier Transform

So, Fourier series is for periodic signals. Fourier transform is for non-periodic signals. Let’s
examine and construct the Fourier transform by allowing the period of the periodic signals go to
oo, see what we get.

Let’s define X(t) to be the periodic version of x(t), where x(t) has finite support x(t) = 0,
|t| = T/,. Thus, #(t + mT) = x(t),t € [- T /5, T/,]

Definition 1.1. Define the Fourier transform of x(t) to be

X(f) = f_oox(t)e‘iz”ftdt

Then we have the relationship between FT and FS.

Proposition 1.2.

| 1
Xp = FX(ka) where f; = =

where

() = X, X ekt where f, = %

Example 1.2. Let x(t) = 1, t € [— A/Z’A/Z]’ and 0 otherwise. Then



X(f) = foox(t)e—izﬂftdt
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Let X(t £ mT) = x(¢t),t € [— T/Z'T/Z]' Then,

%(t) = ¥y X ekt where f, = %

_k
_1 sin (mkfoA) _ sin (g A)

X=X (kfo) == k

OK, so we see that the Fourier transform can be used to define the Fourier series. Now what we
would like to do is understand how to represent the periodic signals when the period goes to
infinity T — oo, so that we can have a synthesis pair. Let’s remind ourselves that ¥(t) is the

periodic version of x(t), where x(t) has finite support x(t) = 0, || = g

Proposition 1.3. Let %(t) be periodic with period T, and x(t) = limy_ . X(t). Then

x(6) = f " x(peinrtay
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To see this,
x(t) = lim %(t) = lim ijkel?nkfot
k
= lim ZEX(kf Yei2mkfot
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