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Vascular disease, cancer, stroke, neurodegeneration,
diabetes, inflammation, asthma, obesity, arthritis—

the list of conditions that involve angiogenesis reads
like main chapters in a book on pathology. Angiogene-

sis, the growth of capillaries from preexisting vessels, also occurs
in normal physiology, in response to exercise or in the process of
wound healing. Why and when is angiogenesis prevalent? What
controls the process? How can we intelligently control it? These
are the key questions driving researchers in fields as diverse as
cell biology, oncology, cardiology, neurology, biomathematics,
systems biology, and biomedical engineering. As bioengineers,
we approach angiogenesis as a complex, interconnected system
of events occurring in sequence and in parallel, on multiple lev-
els, triggered by a main stimulus, e.g., hypoxia.

In response to hypoxia, the transcription factor hypoxia-
inducible factor 1 (HIF1) activates hundreds of genes [1], [2],
including vascular endothelial growth factor (VEGF). VEGF
proteins stimulate chemotaxis and proliferation in endothelial
cells (ECs) during capillary sprouting. There are seven known
isoforms of VEGF, each with a different effect on cell behav-
ior, and ultimately, on vascular pattern formation [3]–[5].

Although VEGF is a main angiogenic growth factor, numer-
ous other proangiogenic factors exist, including fibroblast
growth factor, angiopoietin, tumor necrosis factor, and trans-
forming growth factor. The balance of proangiogenic factors
with antiangiogenic factors, e.g., endostatin, thrombospondin-1,
and angiostatin, controls the extent of microvascular growth.
At the onset of angiogenesis and throughout the process, cell
activation, cell migration, and cell proliferation are a function
of local growth factor concentrations and gradients (Figure 1).
Furthermore, angiogenic sprouting also involves cell–matrix
interactions by a complex synergy of chemical and mechanical
cues. Matrix metalloproteinases (MMPs) are the key molecules
involved in the process of an activated cell proteolyzing its sur-
rounding extracellular matrix (ECM), forming a moving sprout
tip, and releasing ECM-bound factors as it migrates. Once a
capillary sprout develops, its fate is determined by the sur-
rounding vascular network and tissue: it can anastomose and
attach to adjacent vessels; it can retract; it can split or it can
branch. As sprouts form and connect, a new capillary network

arises, eventually capable of carrying blood and bringing oxy-
gen to hypoxic regions.

To put the complexity of this process into perspective, at the
molecular level, various degrees and durations of hypoxia yield
different activity of HIF degradation enzymes, HIF synthesis
and reactive oxygen species (ROS), and hence oxygen sensitiv-
ity; there are three known isoforms of HIF, three main isoforms
of HIF prolyl hydroxylases (PHDs), seven isoforms of one
VEGF gene, five VEGF genes, five VEGF cell-surface recep-
tors [5], three isoforms of MMP2, one of the 26 MMPs [6], and
hundreds of peptides endogenous to the local matrix capable of
altering cell migration or proliferation. At the single and multi-
ple cell level, other ligand–receptor combinations such as notch
and delta-like ligand 4 (Dll4) change tip cell density and capil-
lary branching properties [7]. Furthermore, the position of a cell
on a capillary sprout determines what growth factor concen-
trations it sees, its activation and protein expression, and its
locomotive properties [8], [9]. In addition, while ECs are the
cellular focus for this review, pericytes, precursor cells, and
stromal cells, among others, play important roles in cell signal-
ing, growth factor production, EC movement, vessel stability
and capillary permeability [10]. Finally, tissue composition and
heterogeneity ultimately determine network structure, and para-
crine signaling from different organs and organ systems, blood
flow, inflammatory response, and lymphatics can alter angio-
genesis [10]. Not only is multiscale modeling a useful tool in
determining how these factors interact, deciphering new experi-
mental findings in angiogenesis and proposing new experi-
ments, one could argue it is an essential tool to truly understand
a process of such biological complexity.

Modeling Approaches
Before describing modeling approaches, we first define what
we mean by multiscale modeling. In our context, it is computa-
tional modeling across levels of biological organization, with
respect to space or time. We revolve our discussion around four
main biological spatial levels: molecule (subcellular), cell, tis-
sue, and organ system. For further explanation of multiscale,
recent reviews have been devoted to defining multiscale in bio-
logical systems, and offered detailed critiques of linking
between scales [11], [12]. Here we focus strictly on multiscale
models of angiogenesis and their integration.
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The basis of this review is molecular models and how multi-
scale modeling emerges from their development. However,
even before VEGF or HIF1 or the MMPs were isolated and
characterized, computational modeling of microvascular
growth had begun. Mathematical representations of angiogen-
esis date to the 1970s and earlier, and some of the first models
used differential equations to represent a generic growth factor
as a chemotactic stimulus, produced and released by a tumor
mass, and inducing growth of vessels into the tumor [13]–
[15]. Models have since included detailed equation-based net-
work models of tumor-induced angiogenesis [16], a model of
capillary growth in a corneal pocket assay [17], molecular
level interactions of VEGF and its receptors coupled to vessel
oxygenation [18], a cell-level rule-based model of network
growth in mesenteric tissue [19], Potts models of angiogenic
and vasculogenic growth [20], [21], network formation stem-
ming from capillary movement through a matrix composed of
aligned collagen fibers [22], VEGF-driven angiogenic growth
applied to a vascular engineering construct environment [23],
among many others [24]–[26]. Each model brings a new
perspective on the biological phenomenon behind neovascula-
rization, and together, they give insight on the multiple condi-
tions affecting angiogenesis and the multiple conditions
affected by angiogenesis. Here, we describe angiogenic proc-
esses modeled at different biological scales, introduce diverse
types of computational models, report on progress toward
integrating multiscale representations, and summarize exam-
ples of multiscale model applications from work in our labora-
tory and from other investigators in the field. In this brief
review, we do not attempt to cover
all existing models of angiogenesis
nor provide a comprehensive analy-
sis of multiscale modeling approaches.
Throughout the text and in the conclud-
ing summary, we list several additional
resources and reviews that delve deeper
into subjects covered in this article.

Angiogenesis

Multiscale Modeling
Table 1 highlights the models of
angiogenesis and their properties
across the molecular, cellular, tissue,
and organ system levels. Reaction
and reaction-diffusion-based differ-
ential equation approaches using the
continuum approximation so far
have the dominated models of angio-
genesis; they are the first method to
have been used at all four biological
scales. In areas where differential
equations have limited utility, other
methodologies have been intro-
duced. Discrete models have the
benefit of being able to represent
biological components as single,
complete entities with guiding prop-
erties and rules that can be independ-
ent of adjacent compartments—this
has been primarily applied at the
cellular level, where cells are the

discrete objects [19], [20], [27]–[29] and growth factor gra-
dients may be discretized from continuous equations. The
utility of hybrid approaches is being explored with emerging
multiscale models that can couple previously developed
detailed, differential equations with discrete representations of
growth factors, cells, ECMs or tissues. A benefit of the hybrid
approach is that it is intrinsically designed with modularity,
whereas continuous models may need significant internal code
changes, e.g., to introduce a new molecular compound in-
volved in binding reactions, and for example, discrete models
may introduce error in their assumption that cells are in a single
discrete state at every time step. Besides model integrative
properties, the biological levels of interest, the hypotheses
being tested, the availability and type of experimental data, and
spatial resolution determine the optimal methodology. Such
diverse approaches as fractals and wave equations have charac-
terized patterns in capillary formation and offered phenomeno-
logical hypotheses about the system that other methodologies
would be unable to capture. Logic-based models have also
emerged in angiogenesis and tumor growth models as a means to
represent biological processes as rules. Rules can be of any form
expressed logically or mathematically—equations, Boolean
rules, and probabilities are examples employed so far.

The degree of complexity introduced in angiogenesis models
can be designed to parallel or extend beyond the biological resolu-
tion attainable by experiments. High model resolution comes at
the cost of requiring exhaustive literature searches or experimen-
tal comparisons and parameter analysis. Like other models, all
multiscale modeling approaches risk under- or overfitting of
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Fig. 1. Schematic of processes involved in angiogenesis. 1) Hypoxia-inducible factor 1
(HIF1) is upregulated in a hypoxic cell. HIF1 activates the transcription of vascular
endothelial growth factor (VEGF), which is then secreted by the cell. 2) VEGF-VEGFR
binding on the capillary surface. 3) Vessel permeability changes. 4) An activated EC
(the tip cell) starts to break down the basement membrane. 5) Stalk cells proliferate
behind the tip cell. 6) The leading edge of the moving sprout releases MMPs which
proteolyze the surrounding extracellular matrix, allowing the cell to migrate.
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